Linear mathematics
for applications

Background to the course

» This course is mainly about the theory of matrices.
» The (i,j)'th entry in a matrix could represent
» The brightness of the (i, j)'th pixel in a digitised image (relevant to image
processing).
» The probability that the i"th word in the dictionary will be followed by the
J'th word, in typical english text (relevant to machine translation).
» The number of links from the i'th website to the j'th website, in some list
of websites (relevant to search engine design).
» The response of the i'th patient to the j'th drug in a clinical trial.
» Many other things.

» We will learn how to calculate many things using matrices. Row reduction
is a key ingredient in many methods of calculation. We will either use
matrices for which row reduction is easy, or get Maple to do the work. Our
main task is to learn how to convert other kinds of questions to
row-reduction questions, and to interpret the results.

» Eigenvalues and eigenvectors will be another important ingredient.

» A few applications will be treated in more detail: solution of difference
equations; solution of differential equations; long-term behaviour of
random systems known as Markov chains.

> R is the set of all real numbers (“scalars”) so 17, 7, 12 € R but
1+i¢R.
» R" is the set of column vectors with n entries, so

10 7‘—2 12.38
20| e R® T er { ‘ } € R
30 7r4 -9.14

s

» Mpmxn(R) is the set of all m x n matrices (with m rows and n columns, ie
height m and width n)

1 2 3 L2
(S M2><3(R) 3 4| € M3><2(R)
4 5 6
5 6
a 2 x 3 matrix a 3 X 2 matrix

> M,(R) = Maxn(R) is the set of all n x n square matrices. I, is the n X n
identity matrix.

12 2 1 1000
2 3 3 2 010 0
2 3 3 2| €M(R) =10 o 1 of €M®)
12 2 1 000 1



» The transpose of an m x n matrix A is the n x n matrix AT obtained by
flipping A over, so the (i,/)'th entry in A7 is the same as the (j,i)'th
entry in A. For example, we have

- al b1

aa a a a| _ |a b
|:b1 b b3 b4:| o a3 bz
as b4

» Note also that the transpose of a row vector is a column vector, for
example

5 6 7 8 =

~N o o

8

> We will typically write column vectors in this way when it is convenient to
lay things out horizontally.

Product of a matrix and a vector

We can multiply an m x n matrix by a vector in R” to get a vector in R™, for
example

a b X _ |ax+by +cz
d e f T |ldx+ey+ 1z

(2 x 3 matrix)(vector in R*) = (vector in R?)

General rule: divide A into n columns u; (each u; in R™) or into m rows va
(each vj in R")

V1T
A= U1 Un =
_—
Vm
T . .
Now let t = [tl t,,] be a vector in R”. The rule is then
V1T vi.t
At = t = =tiu + -+ + toln.
Vi Vm.t

Reminder about dot products

For column vectors u, v € R", the dot product is
n
uv=uwmvi+- -+ Uvy = E ui V.
i=1

1 1000
2 100
3171 10
4 1

For example: = 1000 + 200 + 30 4 4 = 1234.

Product of a matrix and a vector

In the example

X
a b ¢ _ |ax+ by +cz
d e f T |ldx+ey+fz

(2 x 3 matrix)(vector in R*) = (vector in R?)

we have
a d X
. - . _|wi.t| _ |ax+ by +cz
vi=|b 2= € t= |y At = [vz.t} - {dx—l—ey—kfz}
c f z
Also

SO

__|a b cl _|ax+by+cz| _
t1U1+t2U2+t3U3—X|:d:|+y|:e:|+2|:f:| = |:dX+ey+f2:| = At

as expected.



Product of two matrices

We can multiply an m X n matrix A by an n X p matrix B to get an m X p

matrix AB:
A =
AB =
(AB)T = BTAT
o
AB = :
ug
—U1.V1
(AB)" = |
LU1-Vp
o
B'AT = :
L

VT

-

Vi

Um.Vv1

Um.Vp

un

Vb

_V1.U1

LVp-U1

Um

Vi.w1

Vim. W1

uy.vi

Um.v1

Vi.Um

Vp.Um

vi.u1

Vp.U1

Vi.Wp

Vim Wp

ui.vp

Um.Vp

Vi.Um
— (AB)7

Vp.Um

If A and B are numbers then of course AB =

AB + BA

BA, but this does not work in

general for matrices. Suppose that A is an m X n matrix and Bisan n X p

matrix, so we can define AB as before.

(a) Firstly, BA may not even be defined. It is
columns of B is the same as the number
p=m.

(b) Suppose that p=m, so Aisan mx nm
and both AB and BA are defined. We fin

only defined if the number of
of rows of A, or in other words

atrix, and B is an n X m matrix,
d that AB is an m X m matrix

and BA is an n x n matrix. Thus, it is not meaningful to ask whether

AB = BA unless m = n.
(c) Suppose that m = n = p, so both A and

B are square matrices of shape

n x n. This means that AB and BA are also n x n matrices. However,
they are usually not equal. For example, we have

1 0 Of|1 1 1

0 2 0 10 10 10
0 0 3] (100 100 100
1 1 1 1 0 0
10 10 10 0 2 0
100 100 100] [0 O 3

(AB)T = BT AT for 2 x 2 matrices

ForA:[a b] and B:{p q} we have
c d r s

1 1 1
=120 20 20
300 300 300
1 2 3
=110 20 30
100 200 300

~[a b][p q] TJap+br aq+bs
AB = d]{ ]7_cp+dr ]

C r s

r 4T
(AB)T: ap+ br aq+ bs _
lcp+dr  cq+ ds|

cq + ds

ap+ br cp+dr
aqg+ bs cq+ds

BTAT _ [P r} [a c] _ [patrb pc+rd] — (4B)".

lg s||b d

|ga+sb qc+sd



Matrices and linear equations Matrices and linear equations

Systems of linear equations can be rewritten as matrix equations. Consider the Systems of linear equations can be rewritten as matrix equations.

equations
w+2x+3y+4z=1 a+b+c=10 1 ; 1 ;8
1 4 a
5w +6x+7y+8z=10 a+2b+4c=20 13 o9 bl — |30
9w + 10x + 11y + 12z = 100 a+3b+9c=30 1 4 16| |c 40
Note that a+4b+ 16¢c =40 1 5 25 50
a+5b+25¢c =50
w
1 2 3 4 w+2x + 3y +4z . . . )
5 6 7 8| |%|=| swtbx+7y+sz The augmented matrix for an equation Au = v is [A|v]:
9 10 11 12 52’ 9w + 10x + 11y + 12z 11 1110
1 2 4|20
So our system of equations is equivalent to the single matrix equation 1 3 9|30
1 4 16|40
1 2 3 4 w 1 1 5 25|50
5 6 7 8| || =]10
9 10 11 12] |7 100

Sometimes we need to tidy up first.

p+7s=qg+1 p —q +0r +47s =1
5r+1=7q—p p —79 +45r 40s =-1

p +q —r —-s =
r+s=p+gq

—
|
~
1
o
nw QT
Il
|
—

The augmented matrix is



(Reduced) row-echelon form (Reduced) row-echelon form

Definition 5.1: Let A be a matrix of real numbers. Recall that A is said to Example 5.2:
be in reduced row-echelon form (RREF) if the following hold:

1 2 0 0 2 0

RREFO: Any rows of zeros come at the bottom of the matrix, after all the nonzero A=10 0 0 B=1lo o 1
rows. 0 0 1 0 0 O

RREF1: In any nonzero row, the first nonzero entry is equal to one. These entries 01 0 1 0 2
are called pivots. C=1l0o o 1 D=0 1 0

RREF2: In any nonzero row, the pivot is further to the right than the pivots in all 1 0 O 0 0 1

previous rows.

Ais not in RREF because the middle row is zero and the bottom row is not
(RREFO fails). The matrix B is also not in RREF because the first nonzero
entry in the top row is 2 rather than 1 (RREF1 fails). The matrix C is not in

RREF3: If a column contains a pivot, then all other entries in that column are zero.

We will also say that a system of linear equations (in a specified list of RREF because the pivot in the bottom row is to the left of the pivots in the
variables) is in RREF if the corresponding augmented matrix is in RREF. previous rows (RREF2 fails). The matrix D is not in RREF because the last
column contains a pivot and also another nonzero entry (RREF3 fails). On the
If RREFO, RREF1 and RREF?2 are satisfied but not RREF3 then we say that A other hand, the matrix
is in (unreduced) row-echelon form. 1 203 0 4
E— 0 01 5 0 6
~]10 0 0 0 1 7
0 0 0 0 0 O
is in RREF.
RREF for systems of equations Solving RREF systems
Example 5.3: The system of equations If a system of equations is in RREF, it can be solved very easily.
x—z=1 o3 — 10 1 2 0 3|10
y=2 Wt etz = 0 0 1 4|20
y+4z =20.

is in RREF because its augmented matrix is in RREF: . . . .
Variables in non-pivot columns are independent; they can take any value, and

10 —-1]1 we move them to the right hand side. Variables in pivot columns are
A= . ;
01 02 dependent; they stay on the left. The equations now express the dependent
variables in terms of the independent ones.

The system of equations _
g 9 xty+z=1 w=10—2x—3z
ytz=2 y=20—4z
z = 3 . . . . . .
Sometimes it is convenient to introduce new letters for the independent
is not in RREF because its augmented matrix is not in RREF: variables, say A and p. Then the solution is
1 1 1]1 w=10—-2\—-3u
B=]0 1 1|2 X =A
0 0 1|3 y =20 — 4y
z=1L

where A and p can take arbitrary values.



Solving RREF systems — degenerate cases

The augmented matrix

1 0 0 0]10
0 1 0 0|11
0 01 0|12
0 0 0 1|13
has a pivot in every column to the left of the bar, so there are no independent

variables. It corresponds to the system
w =10 x =11 y=12 z=13

which is its own (unique) solution.
The augmented matrix

1.0 0 110
0 1.1 0|0
0 0 0 0|1
0 0 0 00

has a pivot in the last column, to the right of the bar. It corresponds to the
system

w+z=0 x+y=0
0=1 0=0

so there is clearly no solution.

To reduce a matrix A to RREF, we do the following.
(a) If all rows are zero, then A is already in RREF, so we are done.

(b) Otherwise, we find a row that has a nonzero entry as far to the left as
possible. Let this entry be u, in the k'th column of the j'th row say.
Because we went as far to the left as possible, all entries in columns 1 to
k — 1 of the matrix are zero.

(c) We now exchange the first row with the j'th row (which does nothing if j
happens to be equal to one).

(d) Next, we multiply the first row by u~!. We now have a 1 in the k'th
column of the first row.

(e) We now subtract multiples of the first row from all the other rows to
ensure that the k'th column contains nothing except for the pivot in the
first row.

(f) We now ignore the first row and apply row operations to the remaining
rows to put them in RREF.

(g) If we put the first row back in, we have a matrix that is nearly in RREF,
except that the first row may have nonzero entries above the pivots in the
lower rows. This can easily be fixed by subtracting multiples of those lower
rows.

Row operations

Let A be a matrix. The following operations on A are called elementary row
operations:

ERO1: Exchange two rows.
ERO2: Multiply a row by a nonzero constant.

ERO3: Add a multiple of one row to another row.

We write A — B if A can be converted to B by a sequence of EROs. As all
EROs are reversible, we see that if A — B then also B — A.

Theorem
Let A be a matrix.

(a) By applying a sequence of row operations to A, one can obtain a matrix B
that is in RREF.

(b) Although there are various different sequences that reduce A to RREF,
they all give the same matrix B at the end of the process.

In a moment we will recall the standard procedure for row-reduction. It is not
hard to prove (by induction on the number of rows) that this procedure always
works as advertised, so (a) is true. Statement (b) is an important fact but we
will not prove it in this course.

Row reduction example

Consider the following sequence of reductions:

0 0 -2 -1 -13] ;| [-1 -2 -1 1 2] , [1 2 1 -1 2 3
-1 -2 -1 1 —2| = |o 0 —2 -1 -—13] 5 |o 0 —2 -1 —13| =
-1 -2 0 -1 -8 -1 -2 0 -1 -8 -1 -2 0 -1 -8

12 1 -1 2 s P2 1 1 2 s 12 1t -1 2 6

oo -2 -1 -—13 3 fo o 1 1/2 132 |0 0o 1 1/2 13/2 | 2

o o 1 -2 —6 o 0o 1 -2 —6 0 0 0 —5/2 —25/2
1 2 1 -1 2 ;2 1 -1 2] o1 2 0 -1 2] g1 2 0 0 3
o o 1 12 172 Hjo o 1 o 4 =S fo o 1 o 4 0o 0o 1 o0 4
0o 0 o0 1 5 0 0 o0 1 5 o 0 0 1 5 o 0 0 1 5

Exchange the first two rows; Multiply the first row by —1; Add the first row
to the third row; Divide the second row by —2; Subtract the second row from
the third; Multiplying the third row by —2/5; Subtract half the bottom row
from the middle row; Subtract the middle row from the top row; Add the
bottom row to the top row.



Row reduction example Deleting columns

Consider the following sequence of reductions: We previously saw the following row-reduction:

0 0 -2 -1 —13 —1 -2 —1 1 -2 1 2 0 0 3
—1 -2 —1 1 -2 = 0 0 -2 —1 —13] —» .- — |0 0 1 0 4
1 2 -3 3 2 0 1 2 -3 3 2 0 1 2 -3 3 2 0 —1 -2 0 —1 —8 —1 -2 0 —1 —8 0 0 0 1 5
—1 —1 3 0 1 3 1 0 1 0 3 3 3 Py 0 1 0 3 3 3 3
C= 1 2 0 1 0 1{ — |0 0 3 -2 -2 1| = |0 0 3 -2 -2 1| = . . .
2101 o0 4 s o4 b 7 0 0 -3 & PR We can delete the middle column and it still works the same way:
1 2 1 7 6 8 0 0 4 4 4 8 0 0 1 1 1 2
0 0 —1 —13 —1 -2 1 -2 1 2 0 3
12 -3 3 2 0 12 -3 3 2 0 12 -3 3 2 0 -1 -2 1 =21 = |0 0 -1 13 == 10 0 o 4
0 1 0 3 3 3|, [0 1 0 3 3 3| 5 [0 1 0 3 3 3 -1 =2 -1 -8 -1 =2 -1 -8 o 0 15
0 0 1 1 1 2| — |0 0 1 1 1 2 — |0 0 1 1 1 2] —
0o 0 -3 4 4 1 0 0 0 7 7 7 0 0 0o 1 1 1 o 0 -1 —13 1 2 1 _2 1 2 o 3
0o 0 3 —2 -2 1 0o 0 0 -5 -5 -5 0o 0 0 0 0 0 21 -2 ) Py N o 1 —13| .5 lo o o a4
—1 -2 —1 —8 —1 -2 —1 —8 0 0 1 5
1 0 -3 -3 —4 —6 1 0 0 0 —1 0 1 0 0 0 —1 0
0 1 0 3 3 3 0 1 0 3 3 3 0 1 0 0 0 0 . H H .
o 0 1 ; H Sl ol o 13 3 & le o 6 o (However, the final result is no longer in RREF; we need further row
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1 H H
o0 0 111 O o 0 0 1 1 operations to fix that.)

Add row 1 to rows 2 and 4, and subtract it from rows 3 and 5; Subtract row In general: suppose that A — A’ and that B is obtained by deleting some

. columns from A, and that B’ is obtained by deleting the corresponding columns
2 from row 4 Exchange rows 3 and 5 _Add 3 times row 3 to row 4_, and from A" Then B —s B’
subtract 3 times row 3 from row 5; Divide row 4 by 7, then add 5 times row 4
to row 5; Subtract 2 times row 2 from row 1; Add 3 times row 3 to row 1;
Subtract 3 times row 4 from row 2, and subtract row 4 from row 3.

Solution by row-reduction Example solution by row-reduction

Theorem 6.8: Let A be an augmented matrix, and let A’ be obtained from A
by a sequence of row operations. Then the system of equations corresponding

We will try to solve the following system:

g 8 . : 2x + y + z = 1

to A has the same solutions (if any) as the system of equations corresponding 4x + 2y + 3z = -1
/

to A", 6x + 3y z = 11

This should be fairly clear. The three types of elementary row operations
correspond to reordering our system of equations, multiplying both sides of one
equation by a nonzero constant, and adding one equation to another one.
None of these operations changes the solution set. We thus have the following [
method:

Method 6.9: To solve a system of linear equations:

We construct and then row-reduce the augmented matrix:

(a) Write down the corresponding augmented matrix. There is a pivot in the rightmost column, which means that there are no

(b) Row-reduce it to RREF solutions for the original system.

(c) Convert it back to a new system of equations, which will have exactly the
same solutions as the old ones.

(d) Read off the solutions (which is easy for a system in RREF).

Each of the equations defines a plane. These are arranged like the three faces
of a Toblerone packet, so there is no point where they all meet.




Example solution by row-reduction Homogeneous systems

We will solve the equations a+b+c+d=4 A system of linear equations is homogeneous if the values on the right hand

atb—c—d=0 side are all zero. Example:
a—b+c—-d=0 at+b+c+d+e+f=0
a—b—c+d=0. 2a+2b+2c+2d—e—f=0
. . 3a+3b—c—d—e—f=0
The corresponding augmented matrix can be row-reduced as follows:

The last column of the augmented matrix is zero all through the row reduction,

o S o R I - S N so we need not write it in; we can work with the unaugmented matrix.
1 -1 1 —1|lo | 7|1 -1 1 -1]o0 1 -1 1 -1|o |
1 -1 -1 1 |o o o -2 2 | o o o 1 -1]o0 11 1 1 1 1 1 1 0 0 0 O
22 2 2 -1 -1 -]0 0 1 1 0 O
1 1 0 0 2 1 1 0 0 2 1 1 0 0 2
[0 0o 1 1 Z}i}|:0 o 1 1 2}3’[00112}3’ 3 3 -1 -1 -1 -1 0 0 0 0 1 1
1 -1 0 0 0 0 -2 0 0 -2 0 1 0 0 1
0 0 1 —1 0 0 0 0 —2 —2 0 0 0 1 1
a+b=0 c+d=0 e+ f=0.
10 0 01 1 0 0 o0]1 . X .
S I B O A Move the independent variables (from non-pivot columns) to the RHS:
0 0 0 1 1 0 0 0 1 1 2= _b c= _d e = —f
Subtract row 1 from row 2, and row 3 from row 4; Multiply rows 2 and 4 by . .
—1/2; Subtract row 2 from row 1, and row 4 from row 3; Subtract row 1 Iefnvg(:alprse(;eurtivc\)lre; icsan introduce new variables A, 1 and v, and say that the
from row 3, and row 2 from row 4; Multiply rows 3 and 4 by —1/2; Subtract &
row 3 from row 1, and row 4 from row 2; Exchange rows 2 and 3. a=-A C=—N €= -V
The final matrix corresponds to the equationsa=1, b=1,c=1land d =1, b=\ d=p f=v

hich gi h i luti h iginal f ions. .
which give the unique solution to the original system of equations for arbitrary values of A,  and v.

Definition 7.1: Let vi,..., v and w be vectors in R". We say that w is a
linear combination of vi, ..., vk if there exist scalars A1, ..., A\« such that

W:)\1V1+---+)\kvk.

Example 7.2: Consider the following vectors in R*:

1 0 0 1
vy = -1 Vo = ! V3 = 0 w = 10

0 -1 1 100

0 0 —1 —111

If we take A1 =1 and A2 = 11 and A3 = 111 we get

1 0 0 1
-1 11 0 10

Avi + Aava + Azvz = 0 + —11 + 11| 10| =™
0 0 —111 —-111

which shows that w is a linear combination of v1, v» and vs.



Linear combinations example

w is a linear combination of vi,. .., vk if there exist scalars A1, ..., A« such that
w=Aivi+ -+ Aevk.
Consider the following vectors in R*:
0 0 [0 0 1
1 1 1 |1 |1
172 2= |a "= 8 = 16 Y=
3 9 127 81 1
Any linear combination of vi,..., v4 has the form

Avi+ Xove + A3vz + Aava =

0
M+ + A3+ A
21 +4) + 83 + 16\,

_3)\1 + 9\ +27)3 + 81\

Thus, the first component of any such linear combination is zero.
(You should be able to see this without writing out the whole formula.)

As the first component of w is not zero,
combination of vi, ..., va.

we see that w is not a linear

Two vectors in R3 span a plane

Any vector that lies in the grey plane can be expressed as a linear combination

of the two blue vectors.
Any vector that does not lie in the grey
combination of the two blue vectors.

plane cannot be expressed as a linear

Linear combinations example

w is a linear combination of vi,. .., vk if there exist scalars A1, ..., A« such that

w=Aivi+ -+ Aevk.

Consider the following vectors in R®:

1 1 1 1 1 -1
Vi = 1 Vo = 2 V3 = 3 V4 = 4 Vs = 5 w = 0

1 1 1 1 1 1
Any linear combination of vi,..., vs has the form

MFA+ A3+ A+ As
Avi+ -+ Asvs = [ A1+ 22+ 3X3 +4X + 5
MAA+ A3+ A+ As

The first and last components of any such linear combination are the same.
Again, you should be able to see this without writing the full formula. As the
first and last components of w are different, we see that w is not a linear
combination of vi, ..., vs.

Method for finding linear combinations

Suppose we have vectors vi, ..., vk € R” and another vector w € R”,
and we want to express w as a linear combination of the v;

(or show that this is not possible).

Let A be the matrix whose columns are the vectors v;:

A=[wvi|- | vk | € Mpxk(R).

For any k-vector A = [\ e " we have

A1
=Mvi+ - Ak
Ak

M=l w]

Thus, to express w as a linear combination of the v; is the same as to solve
the vector equation AX = w, which we can do by row-reducing the augmented
matrix

B=[Alw]=[wu||w|[w]



Example of finding a linear combination

Is w a linear combination of v1, v» and v37?

11
11
1
1

Vi = Vo =

We write down the relevant augmented matrix and

1
11
11

1

1 1 1| 121 1 1 11
1 11 1 | 221 11 1 1
1 11 11|1211 || 11 11 1
1 1 111111 1 11 11
1 1 11| 1111 1 10
5 0 1 121210 0 1 0
0 0 1| 100 0 01
01 O 10 0 1 0

1111
121
221

1211 |

11
10
100
10

121
221
1211
1111
row-reduce it:
1 1 11
0 —-10 -120
0 0 —-120
0 10 0
1 0 0| 1
5 0 1 0] 10
0 0 11100
0 0 0| O

1111
—12100
—12000

100

Move the bottom row to the top; Subtract multiples of row 1 from the other
rows; Divide rows 2,3 and 4 by —10, —120 and 10; Subtract multiples of row 3
from the other rows; Subtract multiples of row 2 from the other rows.

Example of finding a linear combination

11 1 (1 121
|1 |11 1 221
T 27 s Y= 1211
1 1 111 1111
11 1 1 | 121 1 0 0] 1
11 11 1 | 221 RN 0 1 0| 10
1 11 11 | 1211 0 0 1100
1 1 111111 L0 0 0] O
The final matrix corresponds to the system of equations
=1 A =10 Az =100 0=0

so we conclude that w = vi + 10v» + 100vs.
In particular, w can be expressed as a linear combination of vi, v» and vs.

We can check the above equation directly:

11 10
11 110
vi + 10w, + 100v; = 1 =+ 110
1 10

100
100
1100
1100

121
221
1211
1111

Example of not finding a linear combination Example of not finding a linear combination

Is b a linear combination of a;, a; and az?

2 3 0 1
2 3 0 1 a=|-1 =0 aa=|3 b= |2
a=|-1 a=10 az=| 3 b= |2 0 —1 ) 3
0 -1 -2 3
2 3 0|1 1 0 =310
We write down the relevant augmented matrix and row-reduce it: -1 0 3 /2| —...>[0 1 2|0
0 -1 -2]3 0 0 0|1
2 3 0 |1 1 0 —-3|-2 1 0 —-3|-2
-1 0 3|2 —-»]01 2|-3| =01 2|-3]|=
0 -1 -213 2 3 0 1 0 3 6 5 The final matrix has a pivot in the rightmost column, corresponding to the
equation 0 = 1. This means that the equation A1a1 + A2a» + A3a3 = b cannot
1 0 —-3]|-=2 1 0 —-3|-=2 1 0 =310 be solved for A1, A2 and A3, or in other words that b is not a linear combination
01 2|-3(—=]01 2|-3(—=]01 210 of a1, a and as.
0 0 O 14 00 O 1 00 0 |1 We can also see this in a more direct but less systematic way, as follows. It is

easy to check that b.a; = b.a, = b.a3 = 0, which means that
b.(A1a1 + Az2a2 4+ Azaz) = 0O for all possible choices of A1, A2 and A3. However,
b.b =14 > 0, so b cannot be equal to A\i1a1 + A2a2 + Azas.

Move the top row to the bottom, and multiply the other two rows by —1;
Subtract 2 times row 1 from row 3; Subtract 3 times row 2 from row 3; Divide
row 3 by 14; Subtract multiples of row 3 from rows 1 and 2.



Linear independence

Definition 8.1: Let V = wi,..., vk be a list of vectors in R".
A linear relation between the v; is a relation of the form A\jvi + -+ + A\evk =0,
where A1,..., A¢ are scalars.

For any list we have the trivial linear relation Ov; 4+ Ov2 4 - - - 4+ Ovx = 0.
There may or may not be any nontrivial linear relations.

If V has a nontrivial linear relation, we say that it is (linearly) dependent.
If the only linear relation on V is the trivial one, we instead say that V is
(linearly) independent.

Example 8.2: Consider the list V given by

Vi = Vo =

0
0
1
1

= O OoOR

1
1
0
0

There is a nontrivial linear relation vi + v — v3 — v4 = 0, so the list V is
dependent.

Pivots in every column

Definition 8.6: Let B be a p x g matrix.
We say that B is wide if p < q, or square if p = q or tall if p > q.

1 2 1 1 1

129 Pz oo
1 2 1 1 1

wide square tall

Lemma 8.7: Let B be a p x g matrix in RREF.
(a) If B is wide then it is impossible for every column to contain a pivot.
(b) If B is square and every column contains a pivot then B = /.

(c) If B is tall then the only way for every column to contain a pivot is if B
consists of Iy with (p — q) rows of zeros added at the bottom.

o= o]
O(P—q)Xq

Linear dependence example

The list v1, ..., vk is dependent if there is a relation A1vs + - - - + Axvk = 0 with
not all \; being zero. Otherwise, it is independent.

Example 8.3: Consider the list A given by

N 12 [ 3
31—2 ay = 1 a3 = _1 a4—1.
Just by writing it out, you can check that 3a; + a2 + 3az — 4a, = 0.

This is a nontrivial linear relation on the list A, so A is dependent.

Example 8.4: Claim: the following list I/ is independent.

w=[1 10 0 w=1[0 1 1 o] wm=[0 0 1 1]"

Indeed, consider a linear relation Aju1 + Aowo + A\3us = 0. This gives

A1

0

Att+ A |Of _ 0 _o _o _

ol = ol A =0; A3 =0; A+ A2 =0; A2 = 0.
A3 0

As the only linear relation is the trivial one, we see that I/ is independent.

Checking dependence by row-reduction

Method 8.8: Let V = Vi,...,Vm be a list of vectors in R".
We can check whether this list is dependent as follows.

(a) Form the n x mmatrix A= | vi | ... | vm | whose columns are the

vectors v;.
(b) Row reduce A to get another n X m matrix B in RREF.

(c) If every column of B contains a pivot (as on the previous slide) then V is
independent.

(d) If some column of B has no pivot, then the list V is dependent. Moreover,
we can find the coefficients A; in a nontrivial linear relation by solving the
vector equation BA = 0 (which is easy because B is in RREF).

Remark 8.9: If m > n then V is automatically dependent and need not do
any more.

(Any list of 5 vectors in R® is dependent, any list of 10 in R? is dependent, ... ")
Indeed, in this case B is wide, so it cannot have a pivot in every column. This
only tells us that there exists a nontrivial relation \jvi + -+ + Apvn =0, it
does not tell us the coefficients A\;. To find them we do need to go through the
whole method as explained above.



Example of checking for (in)dependence

We previously considered the list

=
k=)

Vi =

o O =
== O O
o

We can write down the corresponding matrix and row-reduce it as follows:

1 0 1 0] 1 0 1 0 1 0 1 0 1 0 0 1
1 0 0 1 EN 0 0 -1 1 2, 01 0 1 3 0 1 0 1
0 1 01 0 1 O 1 00 1 -1 0 01 -1
0 1 1 0] 00 1 -1 00 -1 1 0 0 0 O

The end result has no pivot in the last column, so the original list is
dependent. To find a specific linear relation, we solve the equation

1 00 1 A1 0 A =—X
01 0 1 A2 |0 A= —Xs
0 0 1 —1| x| |0 A3 =

0 0 0 O A4 0 A4 arbitrary

Taking A\s = 1 gives (A1, A2, A3, \s) = (—1,-1,1,1),
corresponding to the relation —v; — vo + v3 + va = 0.

Example of checking for (in)dependence

We previously considered the list U given by

=

N

Il
S

N

w

\
== oo

We can write down the corresponding matrix and row-reduce it as follows:

0

—

[ =
e =N=)
== O O
== oo
ol oo

10
01
0 0
0 0

O O o
[eNelN o]

1
0
0
0

O O =
O R =

The final matrix has a pivot in every column. It follows that the list I/ is
independent.

Example of checking for (in)dependence

We previously considered the list

T R =

Here we have 4 vectors in R?, so they must be dependent. Thus, there exist
nontrivial linear relations A1a1 + Az2a2 + Azaz + Asas = 0.

To actually find such a relation, we write down the corresponding matrix and
row-reduce it as follows:

1 12 -1 3 1 12 -1 3 1 0 -11/23 9/23
2 1 -1 1 0 1 -1/23 5/23 0 1 -1/23 5/23

We now need to solve the matrix equation

A1
1 0 —11/23 9/23] | x| [0
0 1 -1/23 5/23| |

A4

This gives A1 = %/\3 — 2%/\4 and A = %)\3 — 2%)\4 with A3 and A4 arbitrary.
If we choose A3 =23 and Az = 0 we get (A1, A2, A3, As) = (11,1,23,0) so we
have a relation 11a; + a» + 23a3 + 0as = 0.

Proof of correctness of the method

Put A= | w1 |-+ | vm | asin step (a), and let B be the RREF form of A.
Note that for any vector A = [A1 ... An] T € R™, we have
A1
A\ = Vil | Vm =Avi+ -+ AnVm.
Am

Thus, linear relations on our list are just the same as solutions to the
homogeneous equation A\ = 0. We saw earlier that these are the same as
solutions to the equation BA = 0, which can be found by the standard method
for RREF equations. If there is a pivot in every column then none of the
variables \; is independent, so the only solution is A1 = X2 =--- =\, =0.
Thus, the only linear relation on V is the trivial one, which means that the list
V is linearly independent.

Suppose instead that some column (the k’th one, say) does not contain a pivot.
Then the variable Ax will be independent, so we can choose A\x = 1. This will
give us a nonzero to solution to BA = 0, or equivalently A\ = 0, corresponding
to a nontrivial linear relation on V. This shows that V is linearly dependent.



Definition 9.1: Suppose we have a list V = vy, ..., v, of vectors in R". Then
V spans R" if every vector in R" can be expressed as a linear combination of
Viyeeoy Vm.

Example 9.2: Consider the list V = vi, V2, v3, va, Where

0 0 0 0
Vi = L Vo = 1 V3 = 1 Vy = 1
2 4 8 16
3 9 27 81

. T. .
Previously we saw that the vector w = [1 1 1 1} is not a linear
combination of this list, so the list V does not span R*.

Example 9.3: Consider the list V = Vi, V2, V3, V4, V5, where

1 1 1 1 1
vi= |1 vo = |2 vz = |3 vs = |4 vs = |5
1 1 1 1 1

. T. .
Previously we saw that the vector w = [-1 0 1] is not a linear
combination of this list, so the list V does not span R3.

Spanning example Spanning example

Consider the list U = u1, up, us, where Consider the list A = ay, a», a3 where

1 1 0 L[ N L3
u = |1 w= 10 u = |1]. 1= 12 27|13 5= ||
1 1

0

X . . 2
) T 5 Let v = be an arbitrary vector in R*. Note that
We will show that these span R®. Indeed, for any vector v =[x y z] €R y

we can put
1 2 3| |2y —4x 2x — 2y 3x| _ |x
N s e[ o = (78]« B3]+ ] =[]
2 2 2
or in other words
and we find that
iy )2 xfy+z)/2 v=(2y —4x)a; + (x — y)az + xas.
Arur + Xt + Az = | (x+y —2)/2 —X +y +z)/2 This expresses an arbitrary v € R? as a linear combination of aj, a» and as,
0 (x—y + z)/2 —Xx+y+z)/2 proving that the list A spans R?.
(x+y—z4+x—y+2)/2 X
= |(x+y—z—x+y+2)/2| =|y| =v. In this case there are actually many different ways in which we can express v as
(x—y+z—x+y+2)/2 z a linear combination of a;, a» and as. Another one is

This expresses v as a linear combination of the list U/, as required. v=(y —3x)a1 + (2x — 2y)az + yas.



Checking spanning by row-reduction

Method 9.7: Let V = wi,..., vy be a list of vectors in R".
We can check whether this list spans R" as follows.

VlT

(a) Form the m x n matrix C = : whose rows are the v, .

Vi

(b) Row reduce C to get another m x n matrix D in RREF.
In

then V
O(mfn)xn :|)

(c) If every column of D contains a pivot (so D = {

spans R".
(d) If some column of D has no pivot, then the list V does not span R".

Remark 9.8: This is almost exactly the same as the method for checking
independence, except that here we start by building a matrix C whose rows are
v;", instead of building a matrix A whose columns are v;. These are transposes

i

of each other: A=C" and C= A".

Warning: transposing does not interact well with row-reduction, so the matrix
D is not the transpose of B.

Example of spanning check

Consider the list V given by

1 1 1 1 1
Vi = 1 Vo = 2 V3 = 3 Vg = 4 V5 = 5
1 1 1] 1 1
The relevant row-reduction is
1 1 1 1 1 1] 1 0 1
1 2 1 01 0 01 0
1 3 1 -0 2 0|l -0 O O
1 4 1 0 3 0 0 0 O
1 5 1 0 4 0] 0 0 O

At the end of the process the last column does not contain a pivot (so the top
3 X 3 block is not the identity), so V does not span R3. Again, we saw this
earlier by a different method.

Example of spanning check

Consider the list

0 0 0 0
_ |1 _ |1 |1 e
REE T4 s %=l
3 9 27 81
o 1 2 3
.. 0 1 4 9
The relevant matrix is C = 01 8 27
0 1 16 81

The first column is zero, and will remain zero no matter what row operations
we perform. Thus C cannot reduce to the identity matrix, so V does not span
(as we already saw by a different method). In fact the row-reduction is

C—

o O oo
O OO+
oo+~ OoO
o~ OO

but it is not really necessary to go through the whole calculation.

Example of spanning check

For the list _
2 3 0
A= |-11, 01, 3
0 —1] -2
the relevant row-reduction is
2 -1 0 1 -3 0] 1 -3 0
3 0 -1l -3 0 -1f — |0 % -1 —
0 3 =2 0 3 -2 0 3 =2
1 —% 0 1 0 —%
0 1 —% - 10 1 =3
0 0 0 0 O

In the last matrix the third column has no pivot, so the list does not span.



Example of spanning check Example of spanning check

Consider the list U = u1, up, us Consider the list A = B} , E} , E} The relevant row-reduction is
1 1 0]
n=|1 w= |0 us = |1]. 1 2 1 2 1 2 1 0
0 1 1] 2 3 -0 -1 |0 1| |0 1
3 5 0 -1 0 -1 0 0

The relevant row-reduction is
In the last matrix, the top 2 x 2 block is the identity. This means that the list

110 1 1 0 11 0 A
10 1| -0 -1 1| =-1]0 1 -1 — A spans R”.
01 1 0 1 1f 00 2|

1 1 0 1 0 0

01 0l (0 1 0

0 0 1 0 0 1

The end result is the identity matrix, so the list I spans R3.

Proof of correctness of the method Proof of correctness of the method

Lemma 9.15: Let C be an m x n matrix, and let C’ be obtained from C by a C € Mmxn(R); C’ obtained from C by a single row operation; s a row vector of

single elementary row operation. Let s be a row vector of length n. Then s can length n. Claim: s is a linear combination of rows of C iff it is a linear

be expressed as a linear combination of the rows of C if and only if it can be combination of rows of C’.

expressed as a linear combination of the rows of C’.

Proof: Let the rows of C be 1, ..., r,. Suppose that s is a linear combination (b) Suppose instead that C’ is obtained from C by multiplying the first row by

of these rows, say a nonzero scalar u, so the rows of C’' are ury, s, ..., rm. The sequence of
numbers u"A1, A2, ..., Am then satisfies

s= n+Xn+ X+ + Anrm.
s = (U_l)\l)(url) + )\2“2 + -4 /\mrmy

which expresses s as a linear combination of the rows of C’.The argument

(a) Suppose that C’ is obtained from C by swapping the first two rows, so the
is essentially the same if we multiply any other row by a constant.

rows of C’ are ry,r1,13,. .., rm. The sequence of numbers
A2, A1, A3, ..., Am satisfies (c) Suppose instead that C’ is obtained from C by adding u times the second
row to the first row, so the rows of C’ are ri + ur2, r2,13,..., rm. The
s =X+ Ain+Asrs 4+ Anfi, sequence of numbers A1, A2 — uA1, As, ..., A, then satisfies
which expresses s as a linear combination of the rows of C’. The A (rtur)+a—uA) 4 Asrs+- -+ Anfm = A+ Xar2 -+ Amfm = 5

argument is essentially the same if we exchange any other pair of rows.
which expresses s as a linear combination of the rows of C’. The

argument is essentially the same if add a multiple of any row to any other
row.



Proof of correctness of the method

C € Mmxn(R); C’ obtained from C by a single row operation; s a row vector of
length n. Claim: s is a linear combination of rows of C iff it is a linear
combination of rows of C’.

We have now proved half of the lemma: if s is a linear combination of the rows
of C, then it is also a linear combination of the rows of C’. We also need to
prove the converse: if s is a linear combination of the rows of C’, then it is also
a linear combination of the rows of C. We will only treat case (c), and leave
the other two cases as an exercise. The rows of C’ are then

n—+ur,rn,rm,...,rm. As s is a linear combination of these rows, we have
s =pui(n + ur) + por + -+ - + pimrm for some numbers p1, ..., pm. Now the
sequence of numbers p1, (p2 + upa), 43, . . ., um satisfies

s=pin + (2 + vp)r + pzrs + - + pimfm,

which expresses s as a linear combination of the rows of C.

Proof of correctness of the method

Lemma 9.17: Let D be an m x n matrix in RREF.
(a) Suppose that every column of D contains a pivot, so D = {17"}
0(mfn)><n
Then every row vector of length n can be expressed as a linear
combination of the rows of D.

(b) Suppose instead that the k'th column of D does not contain a pivot.
Then the k'th standard basis vector e, cannot be expressed as a linear
combination of the rows of D.

Proof of (a): In this case the first n rows are the standard basis vectors

n=e =[1 0 0 - 0
n=e =[0 1 0 -+ 0]
rh=el=[0 0 0 --- 1]
and r; = 0 for i > n. This means that any row vector v=1[v1 v2 - v,
can be expressedas v=[wu 0 0 --- 0]+
[0 v 0 .- 0]+...+
0 0 0 - v

=vin + van 4+ v3rs+ -+ Vo,

which is a linear combination of the rows of D.

Proof of correctness of the method

C € Mmxn(R); C’ obtained from C by a single row operation; s a row vector of
length n. Claim: s is a linear combination of rows of C iff it is a linear
combination of rows of C’.

Corollary 9.16: Let C be an m x n matrix, and let D be obtained from C by
a sequence of elementary row operation. Let s be a row vector of length n.
Then s can be expressed as a linear combination of the rows of C if and only if
it can be expressed as a linear combination of the rows of D.

Proof.
Just apply the lemma to each step in the row-reduction sequence. O

Proof of correctness of the method

Lemma: Let D be an m x n matrix in RREF.
. . I
(a) Suppose that every column of D contains a pivot, so D = {07"}
(m—n)xn
Then every row vector of length n can be expressed as a linear
combination of the rows of D.

(b) Suppose instead that the k'th column of D does not contain a pivot.
Then the k'th standard basis vector e, cannot be expressed as a linear
combination of the rows of D.

Example for proof of (b): Consider the matrix

01 2 3 0 4 50
D=1]0 0 0 0 1 6 7 0
0 0 00O 0O 0 O0 1

This is in RREF, with pivots in columns 2, 5 and 8. Let r; be the i'th row, and
consider a linear combination
A+ Ao+ A3 = [0 A 2M1 33X X 44X +6X B T )\3] .
The entries in the pivot columns 2, 5 and 8 of s are just the coefficients A1, A2
and A3. This is not a special feature of this example: it simply reflects the fact
that pivot columns contain nothing except the pivot. Now consider

e&=[0 0 0 0 0 1 0 0
For this to be A1r1 + A2r> + Asrs we need A1 = 0 and X\ =0 and A3 =0 (by
looking in the pivot columns). But that means Air1 + d2r + A3z = 0 # e.



Lemma: Let D be an m x n matrix in RREF. Consider an n X m matrix
(b) Suppose instead that the k'th column of D does not contain a pivot. W
Then the k'th standard basis vector e, cannot be expressed as a linear E—
combination of the rows of D. P=lwvl||vm | = : € Maxm(R)
w,
n

This line of argument works more generally.
Suppose that D is an RREF matrix and that the k'th column has no pivot. v

We claim that e is not a linear combination. of the rows of D. . Pl |y | o | wy | = . € Muxcn(R)
We can remove any rows of zeros from D without affecting the question, so we :

may assume that every row is nonzero, so every row contains a pivot. Vm

Suppose that ex = A1 + -+ + Amrm say.

By looking in the column that contains the first pivot, we see that A\; = 0.
By looking in the column that contains the second pivot, we see that A\, = 0.
Continuing in this way, we see that all the coefficients \; are zero, so if and only if the vectors w; span R™.
Z, Airi = 0, which contradicts the assumption that ex = A1+ -+ 4+ Amrm.

» The vectors v; are linearly independent in R” if and only if P — [IT"']

> The vectors v; span R” if and only if PT — g’ ,

We conclude that in fact it is impossible to write ex as A\1ri + -+ + Amrm, SO € if and only if the vectors w; are linearly independent in R™.
is not a linear combination of the rows of D. In other words:
» The columns of P are independent if and only if the columns of PT span.

» The columns of P span if and only if the columns of PT are independent.

Definition 10.1: A basis for R" is a linearly independent list of vectors in R”
that also spans R".

Remark 10.2: Any basis for R” must contain precisely n vectors. Indeed, we
saw before that a linearly independent list can contain at most n vectors, that a
spanning list must contain at least n vectors. As a basis has both these
properties, it must contain precisely n vectors.



Basis example Basis criterion

Consider the list U = (tn, u2, u3), where Proposition 10.4: Given V = (w1,...,v,) in R, put

1 1 1 A= vi| ... Vn S Mnxn(]R)
up = |0 uwp =1 uz3 = |1

0 0 1 Then V is a basis iff A\ = x has a unique solution for every x € R". Proof:
Suppose that V is a basis. In particular, this means that any vector x € R" can

. T
For an arbitrary vector v =[x y z] we have be expressed as a linear combination x = Ajvy + -+ - + A,

b b ¢ c R Thus, if we form the vector A = [A\1 -+ Aj] " we have
(a—bun+(b—c)uat+cus=1| 0 |+ |[b—c|+ |c| = |b| =v, A
0 0 C Cc A\ = il Vi :A1V1+"'+)\nVnZX,
which expresses v as a linear combination of vy, up and ws. This shows that U/ An
3 . . = .
spans R”. Now suppose we have a linear relation Arus + Ao + Asus = 0. This so A is a solution to AX = x. Suppose that p is also a solution, so
means that
A1+ A2+ A3 0 Pivi 4 -+ fnVa = X.
A2+ A3 =10}, . ) . .
s 0 By subtracting this from the earlier equation, we get
from which we read off that A3 = 0, then that A\ = 0, then that \; = 0. This (A1 = p)va+ -+ (An = ptn)va = 0.
means that the only linear relation on U is the trivial one, so U is linearly This is a linear relation on the independent list V, so it must be the trivial one,
independent. As it also spans, we conclude that U{ is a basis. so the coefficients \; — u; are zero, so A = u. In other words, X is the unique

solution to A\ = x, as required.

Proposition 10.4: Given V = (wv1,...,v,) in R”, put Let V = (vi,...,Vm) be a list of vectors in R".
(a) If m# nthen V is not a basis.
A=l vl | vi | € Moxo(R) (b) If m= n then we form the matrix

Then V is a basis iff A\ = x has a unique solution for every x € R".

A= vi| ... | Vm
We now need to prove the converse. Suppose that for every x € R”, the
equation A\ = x has a unique solution. Equivalently, for every x € R", there is
a unique sequence of coefficients A1,..., A, such that \ivi +...+ A\pv,y, = x. and row-reduce it to get a matrix B.
Firstly, we can temporarily ignore the uniqueness, .and .JUSt note that every (c) If B = I, then V is a basis; otherwise, it is not.
element x € R" can be expressed as a linear combination of vi,...,v,. This
means that the list V spans R". Next, consider the case x = 0. The equation Proof:
AX = 0 has A = 0 as one solution. By assumption, the equation A\ = 0 has a (a) Has been discussed already: any basis of R” has n vectors.
unique solution, so A = 0 is the only solution. Using the standard equation for (b) If A — I, then the same steps give [A|x] — [/|x'], then A = x' is the
AX, we can restate this as follows: the only sequence (A1, ..., An) for which unique solution to A\ = x. Thus V is a basis.

Aivi + -+ -+ Apvp, = 0 is the sequence (0, ...,0). In other words, the only linear
relation on V is the trivial one. This means that V is linearly independent, and
it also spans R", so it is a basis.

(c) If A— B # I, then B cannot have a pivot in every column. By our
method for checking independence, the list V is dependent and so is not a
basis.



Basis example Basis example

Consider the vectors
Consider the vectors

1 1 1 1
1 3 1 1 5 1 11 1 11
2 2 1 3 3 Pr= 111 P2=14 Ps =14 P+ =111
vi= |3 vw=|1 vs= |1 vs = |5 vs = |1 1 11 11 11
2 2 1 3 3
1 3 1 1 5 To decide whether they form a basis, we construct the corresponding matrix A
and row reduce it:
To decide whether they form a basis, we construct the corresponding matrix A
and start row-reducing it: 11 1 1 1 1 1 1 1111
1 11 1 11 0 10 0 10 0 1 01
— — —
1 3115 1 3 1 1 5 1 3 1 1 5 11 1 1 11 0 -10 —-10 O 0 1.1 0
2 21 3 3 0o -4 -1 1 -7 0o -4 -1 1 -7 1 11 11 11 0 10 10 10 0 1 11
3115 1 —-|0 -8 -2 2 —-14 -0 O 0 0 O
2 21 3 3 0o -4 -1 1 -7 0 O 0 0 O 1 111 111 1 1 01 O
1 3115 0 0 0 0 O 0 0 0 0 O 01 01 N 01 0 1 N 01 0 1
0110 0 01 -1 0 01 -1
Already after the first step we have a row of zeros, and it is clear that we will 0 0 0 1 00 0 1 00 0 1

still have a row of zeros after we complete the row-reduction, so A does not

reduce to the identity matrix, so the vectors v; do not form a basis. After a few more steps, we obtain the identity matrix. It follows that the list

p1, P2, P3, P4 is a basis.

Coefficients in terms of a basis Example of coefficients in terms of a basis

Suppose that the list V = v1,..., v, is a basis for R”, and that w is another We will express g = [0.9 09 0 10.9} " in terms of the basis p1, P2, P3, Pa in

vector in R". By the very definition of a basis, it must be possible to express w the previous example. We form the relevant augmented matrix, and apply the
(in a unique way) as a linear combination w = Ajvi + - - - + A,v,. If we want to same row-reduction steps as before, except that we now have an extra column.

find the coefficients A;, we can use the following: 101 1 1] 00 11 1 1| o9 11 1 1] 09
1 11 1 11 0.9 _ 0 10 0 10 0 N 0 1 0 1 0 N
Method 10.8: Let V = w1,..., v, be a basis for R”, and let w be another wer oy ony o PO N B FEE R I
vector in R".
. 1 1 1 1 0.9 1 1 1 1 0.9 1 0 1 0 0.9
(2) Let B be the matrx HERSIEAEE R R AT R R AP
0 0 0 1 0.01 0 0 0 1 0.01 0 0 0 1 0.01
B = [ Vi ‘ ‘ Vn ‘ w } € Max(n11)(R)- 1 0 1 ol o9 1 0 0o o —o1
. 0 1 0 0 —0.01 N 0 1 0 0 —0.01
(b) Let B’ be the RREF form of B. Then B’ will have the form [/,|\] for some [ 0 0 1 0| 1 } [ o 0 1 0| 1 }
0 0 0 1 0.01 0 0 0 1 0.01
column vector -
AL The final result is [l4|A], where A= [-0.1 —0.01 1 0.01] . This means
A= :1. that g can be expressed in terms of the vectors p; as follows:
An q=—0.1p; — 0.01p, + ps + 0.01px.

(c) Now w = A1vi + -+ + Apva.
It is clear from our recent discussion that this is valid.



Example of coefficients in terms of a basis

One can check that the vectors w1, s, us and us below form a basis for R*.

1 1/2 1/3 1/4 1
12 113 |1/ Y 1
=13 2= 11/4 “B= 115 “=11/6 T
1/4 1/5 1/6 1/7 1

We would like to express v in terms of this basis. The matrix formed by the
vectors u; is called the Hilbert matrix; it is notoriously hard to row-reduce.
We will therefore use Maple.

Duality for bases

Proposition 10.11: Let A be an n x n matrix. Then the columns of A form
a basis for R" if and only if the columns of AT form a basis for R”.

Proof.

Recall:
» The colums of A span iff the columns of AT are independent.
> The columns of A are independent iff the columns of AT span.
» A list is a basis iff it is independent and also spans.

The claim is clear from this. O

Example of coefficients in terms of a basis

with(LinearAlgebra) :

RREF := ReducedRowEchelonForm;
ul1] := <1,1/2,1/3,1/4>;

ul2] :=<1/2,1/3,1/4,1/5>;
ul3] :=<1/3,1/4,1/5,1/6>;
ul4] := <1/4,1/5,1/6,1/7>;

v = <1,1,1,1>;

B := <ul1] [ul2] [u[3] [ul4] |v>;

RREF(B) ;
1 1/2 1/3 1/4|1 1 0 0 O —4
1/2 1/3 1/4 1/5|1 . 0 1 0 O 60
1/3 1/4 1/5 1/6|1 0 0 1 0] -180
1/4 1/5 1/6 1/7|1 0 0 0 1| 140

We conclude that

v = —4u; + 60ur, — 180u3 + 140u4.

Numerical criteria

Proposition 10.12: Let V be a list of n vectors in R” (so the number of
vectors is the same as the number of entries in each vector).

(a) If the list is linearly independent then it also spans, and so is a basis.

(b) If the list spans then it is also linearly independent, and so is a basis.

Proof.
Let A be the matrix whose columns are the vectors in V.

(a) Suppose that V is linearly independent. Let B be the matrix obtained by
row-reducing A. By the standard method for checking (in)dependence, B
must have a pivot in every column. As B is also square, we must have
B = I,. It follows that V is a basis.

(b) Suppose instead that V (which is the list of columns of A) spans R". By
duality, we conclude that the columns of A7 are linearly independent. Now
AT has n columns, so we can apply part (a) to deduce that the columns of
AT form a basis. By duality again, the columns of A must form a basis as
well.

O



Definition 11.1: Fix an integer n > 0. We define n x n matrices as follows.

(a) Suppose that 1 < p < n and that X is a nonzero real number. We then let
D,()\) be the matrix that is the same as I, except that (Dp(A))pp = A

(b) Supose that 1 < p, g < n with p # g, and that p is an arbitrary real
number. We then let Epq(u) be the matrix that is the same as I, except

that (Epg(A))pg = 4.

(c) Supose again that 1 < p, g < n with p # q. We let Fpq be the matrix that
is the same as /I, except that (Fpq)pp = (Fpq)qq = 0 and
(qu)pq = (qu)qp =1

An elementary matrix is a matrix of one of these types.

Example 11.2: In the case n = 4, we have

100 0 100 0 100 0
o A 00 o1 0 4 oo 0 1
DN=10 0 1 o Ea)=19 0 1 0 Fa=10 0 1 0
00 0 1 00 0 1 010 0

Elementary matrices and row operations Elementary matrices and row operations

Proposition 11.3: Let A be an n x n matrix, and let A’ be obtained from A Corollary 11.4: Let A and B be n x n matrices, and suppose that A can be
by a single row operation. Then A’ = UA for some elementary matrix U. In converted to B by a sequence of row operations. Then B = UA for some
more detail: matrix U that can be expressed as a product of elementary matrices.
(a) Le/:t A’ be obtained from A by multiplying the p'th row by X. Then Proof.
A" = Dp(A)A. The assumption is that there is a sequence of matrices Ao, A1, ..., A, starting
(b) Let A’ be obtained from A by adding u times the g'th row to the p'th with Ao = A and ending with A, = B such that A; is obtained from A;_; by a
row. Then A" = Epq(u)A. single row operation. By the Proposition, this means that there is an
(c) Let A’ be obtained from A by exchanging the p'th row and the g'th row. elementary matrix U; such that A; = U;Ai—1. This gives

r_
Then A" = F,4A. A1 = UiAg = UIA

Ax = U, A1 = UL,UA
Az = UsA; = UsUL UL A

and so on. Eventually we get B = A, = U,U,_1 - - - U1A. We can thus take
U= UU—_1--- U and we have B = UA as required. O



Invertibility

Theorem 11.5: Let A be an n x n matrix. Then the following statements are
equivalent: if any one of them is true then they are all true, and if any one of
them is false then they are all false.

(a) A can be row-reduced to /.
The columns of A are linearly independent.
The columns of A span R".

The columns of A form a basis for R”.

The columns of A7 are linearly independent.
The columns of AT span R”.

The columns of AT form a basis for R".
There is a matrix U such that UA = I,.

(J) There is a matrix V such that AV = I,.

Moreover, if these statements are all true then there is a unique matrix U that
satisfies UA = I,, and this is also the unique matrix that satisfies AU = I, (so
the matrix V in (j) is necessarily the same as the matrix U in (i)).

)

)

)
(e) AT can be row-reduced to /.
(f)

)

)

)

Invertibility

A can be row-reduced to /,.

The columns of A span R".

The columns of A form a basis for R".
(€).(f).(g).(h): same for AT

(i) There is a matrix U such that UA = I,.
(j) There is a matrix V such that AV = I,.

(a)
(b) The columns of A are linearly independent.
(c)
(d)

» If (a) holds then each row operation corresponds to an elementary matrix,
and the product of those is a matrix U with UA = I,; so (i) holds.

» Similarly, if (e) holds then there exists W with WAT = I,, so AWT = |,
so can take V = W7 to see that (j) holds.

> Conversely, suppose that (i) holds. Let vi,..., v, be the columns of A. A
linear relation A\ivi 4 - -+ + Apv, = 0 gives a a vector A with AX =0. As
UA = I, this gives A = UAX = U0 = 0, so our linear relation is the trivial
one. Thus the columns v; are linearly independent, so (b) holds.

» Similarly, (j) implies (f).

> Now (a)& -+ < (h) and (a)=(i)=(b) and (e)=(j)=(f); so (a) to (j) are
all equivalent. O

Invertibility — what we already know

a) A can be row-reduced to /,.

(a)

(b) The columns of A are linearly independent.

(c) The columns of A span R".

) The columns of A form a basis for R".
(€),(f).(g).(h): same for AT

(i) There is a matrix U such that UA = I,.

(j) There is a matrix V such that AV = I,.

(d

Statements (a) to (d) are equivalent to each other by the “numerical criteria’
(Proposition 10.12).

Similarly statements (e) to (h) are equivalent to each other.

Moreover, (a) to (d) are equivalent to (e) to (h) by “duality for bases”
(Proposition 10.11).

The real issue is to prove that (a) to (h) are equivalent to (i) and (j).

Invertibility

a) A can be row-reduced to /,.

c) The columns of A span R".

(a)
(b) The columns of A are linearly independent.
(c)
(d)

The columns of A form a basis for R".
(€),(f).(g).(h): same for AT

(i) There is a matrix U such that UA = I,.
(j) There is a matrix V such that AV = I,.

Definition 11.6:

We say that A is invertible if (any one of) the conditions (a) to (j) hold.
If so, we write A~? for the unique matrix satisfying A"*A= [, = AA~!
(which exists by the Theorem).

Remark 11.7: It is clear that A is invertible if and only if AT is invertible.



Elementary matrices are invertible

All elementary matrices are invertible. More precisely:
(@) Do(A"Y)Dp(N) = In, 50 Dp(N) is invertible with inverse Dp(A™1).
For example, when n =4 and p = 2 we have

1 0 0 0]t 0 0 0 100 0
iy _ |0 A 0 0o X' 0o of |01 0 of _
DNPA) =19 9 1 0/lo 0o 1 0l =jo 01 o =M
0 00 1//0 0 0 1 0 0 0 1
(b) Epq(1)Epg(—p) = In, so Epq(p) is invertible with inverse Epq(—p).
For example, when n =4 and p =2 and g = 4 we have
1 00 0]t 00 0O 100 0
o1 0 ullo1 0 —p 01 0 0
Ex(mBx(-1)=10 o 1 o|]o 0 1 o] =|o o 1 of =™
000 1//0 0 0 1 0 0 0 1

(c) F,fq = In, so Fpq is invertible and is its own inverse. For example, when
n=4and p=2and g =4 we have

1 0

[y

2
Fs =

o O o

o~ OO
[N el =]
= O O o
o= OO
[ el =)
OO O+
[N o]
o= OO
= O O O

0
0
1

o O o

Row reduction and invertible matrices

Corollary 11.10: Let A and B be n x n matrices,
and suppose that A can be converted to B by a sequence of row operations.
Then B = UA for some invertible matrix U.

Proof.

» Corollary 11.4 tells us that B = UA for some matrix U that is a product of
elementary matrices.

» Example 11.8 tells us that elementary matrices are invertible.
» Proposition 11.9 tells us that products of invertible matrices are invertible.
» Thus, U is invertible.

O

Products of invertible matrices are invertible

Proposition 11.9:
If A and B are invertible n X n matrices, then AB is also invertible,
and (AB)™' = B7'A7%

Proof.
Put C=ABand D=B A%

DC=B'A'AB=B"',B=B'B=1I,

CD=ABB 'A=AlLA'=AA" =1,
This shows that D is an inverse for C, so C is invertible with C™! = D as
claimed. m
More generally, if A1, Az, ..., A, are invertible n X n matrices, then the product
A1A>--- A, is also invertible, with
(AtAr---A) P =A L ATAT

The proof is similar.

Finding inverses by row-reduction

To check whether A is invertible, row-reduce it and see whether you get the
identity. We can find the inverse by a closely related procedure.

Method 11.11: Let A be an n x n matrix.
(a) Form the augmented matrix [A|l,] and row-reduce it.
(b) If the result has the form [I,|B], then A is invertible with A™! = B.

(c) If the result has any other form then A is not invertible.

Proof of correctness.

Let [T|B] be the row-reduction of [A|l,].

Then T is the row-reduction of A, so A is invertible if and only if T = I,.

Suppose that this holds, so [A|l,] reduces to [I,|B]. As in Corollary 11.4 we see

that there is a matrix U such that [I,|B] = U[A|l,] = [UA|U]. This gives
1

B=Uand UA=1I,so BA=1,, so B=A"". O



Example of finding an inverse

1 a
Consider the matrix A= [0 1 c¢|. We have the following row-reduction:
0 0 1
1 a b|1 0 O 1 0 b—ac|l —a O
[Alk]=[ 0 1 ¢|0 1 O|—=|0 1 c 0 1 0
0 0 1/]0 0 1 0 0 1 0 0 1
1 0 0|1 —a ac—b»b
- 10 1 0|0 1 —c
0 0 1/]0 O 1
1 —a ac—-b
We conclude that A= = |0 1 —c

0 0 1
It is a straightforward exercise to check this directly:
1 a b|[1 —a ac—0»b 1 00 1 1 a b
0 1 cf]|0 1 —c =1]/0 1 0| =0 1 —c 01 ¢
0 0 1[0 O 1 0 0 1 0 0 0 1

Example of finding an inverse

1 11
Consider the matrix A= [1 2 4]|. We have the following row-reduction:
1 3 9
11 1|1 0 O 11 1|1 00
1 2 4/0 10| —=(013]-110]|—
1 3 9|0 0 1 0 2 8/—-1 0 1
10 212 -1 0 1 00 3 -3 1
01 3|-1 1 0|—=]|01 0|-5/2 4 =32
0 0 2 1 -2 1 0 0 1|12 -1 1/)2

We conclude that

3 -3 1
Al=|-5/2 4 -3)2
1/2 -1 1/2

Definition : For a 2 x 2 matrix A = {i Z} the determinant is defined as

det(A) = ad — bc.

b c

f| the determinant is defined by

a
Fora3 x3 matrix A= |d e
g h i

e f d f d e
det(A)fadet[h i]fbdet{g ,}+Cdet[g h}

= aei + bfg + cdh — afth — bdi — ceg.

We will now discuss determinants for square matrices of any size. There are
more details in an appendix to the printed notes, which will not be examined.



Definition 12.1: Let A be an n x n matrix, Example 12.4: Let A be an n x n matrix.
and let a; denote the entry in the i'th row of the j'th column. (a) If all the entries below the diagonal are zero, then the determinant is just
We define n the product of the diagonal entries: det(A) = ai1az - am =[], ai.
det(A) = Z sgn(o) H 3j,o(i)s For example, we have
7 = 1 2 3 4
where the sum runs over all permutations o of the set {1,..., n}. Here sgn(o) 05 6 7
is the signature of o. This means that sgn(o) = +1 if o can be written as the det 008 o~ 1 x5 x 8 x 10 = 400.
product of an even number of transpositions, and sgn(c) = —1 otherwise. 0 0 0 10

One can check that this agrees with the standard formulae on the previous

dide fn—2orn—3 (b) Similarly, if all the entries above the diagonal are zero, then the

determinant is just the product of the diagonal entries.

(c) In particular, if A is a diagonal matrix (so all entries off the diagonal are
zero) then both (a) and (b) apply and we have det(A) =T\, aii.

(d) In particular, we have det(/,) = 1.

Basic facts about determinants Determinants and row operations

Example 12.5: If any row or column of A is zero, then det(A) = 0. Method 12.9: Let A be an n x n matrix. We can calculate det(A) by
applying row operations to A until we reach a matrix B for which we know

Proposition 12.6: The determinants of elementary matrices are det(B), keeping track of some factors as we go along.
det(Dp(A)) = A and det(Epq(1)) = 1 and det(Fpq) = —1. (a) Every time we multiply a row by a number )\, we record the factor A.

1 0 0 0 1 00 0 100 0 (b) Every time we exchange two rows, we record the factor —1.

o x 0 o0 001 0 u |0 0 0 1 Let 4 be the product of these factors: then det(A) = det(B)/pu.

P:N=10 0 1 0 Exm)=10 0 1 0 Fe=1o 0 1 0

0 0 01 0 0 0 1 01 0 0 Most obvious approach: continue until we reach B in RREF.

» If B = I, then det(B) =1 and det(A) = 1/u.

- » If B# I, then B t h f det(B) = 0 and det(A) = 0.
Proposition 12.7: For any square matrix A, we have det(A”) = det(A). ) 7 en mus ave a row of zeros so é (B) an. et(4)
It will often be more efficient to stop the row-reduction at an earlier stage.

Theorem 12.8: If A and B are n x n matrices,
then det(AB) = det(A) det(B).



Example determinant by row-reduction Example determinant by row-reduction

3 5 5 5 02274101172 1 2 3 4 1 2 3 4 1 2 3 4
A:1355_>0242£>0121_> A:2345—>1111—>1111:B.
1 1 3 5 0 0 2 2 0 0 1 1 3 4 5 6 2 2 2 2 0 0 0 O
1 1 1 3 1 11 3 1 1 1 3 4 5 6 7 3 3 3 3 0 0 0 O
8 (1) 1 ;2 8 é é ;2 » (1) 1 1 32] ) (1) i i 32 » Subtract row 1 from each of the other rows: no factor.
001 1| 7Joo 1 1 001 1| “joo 1 1 > Subtract multiples of row 2 from rows 3 and 4: no factor.
11 1 3 11 1 3 0 00 2 0 0 0 2 As B has two rows of zeros, we see that det(B) = 0.
The method therefore tells us that det(A) = det(B)/p = 0 as well.
» Add multiples of row 4 to the other rows: no factor.
> Multiply each of the first three rows by 1: overall factor of 2 x 2 x 1 = 1.
» Subtract row 1 from row 2: no factor.
» Subtract row 3 from row 2: no factor.
» Exchange rows 2 and 4: factor of —1.

» Exchange rows 1 and 2: another factor of —1.

The final matrix B is upper-triangular, so the determinant is just the product of
the diagonal entries, which is det(B) = 2. The product of the factors is
u=1/8, so det(A) = det(B)/u = 16.

Warning: 1100
. . 01 1 0 . .
Consider the matrix P = . The minor matrices are:
Most slides for this lecture have many transitions overlaying each other, so they 00 11
cannot be printed in a useful way. Those slides have been omitted from this 0 001
file. You should look at the printed notes and/or the version of the slides - - - - - - - -
designed for online display instead. 110 0 10 0 10 0 11
Mi=10 1 1 Mp=10 1 1 M= 10 0 1 Ma=10 0 1
10 0 1] 0 0 1) 0 0 1] 10 0 0]
[1 0 0] [1 0 0] 1 1 0] [1 1 0]
My= (0 1 1 My=|({0 1 1 Myy= |0 0 1 My = |0 0 1
10 0 1] 0 0 1) 0 0 1] 10 0 0f
(1 0 0] (1 0 0] (1 1 0] [1 1 0]
My =11 1 0 Mp =10 1 0 Msz= 10 1 0 My =10 1 1
0 0 1] 10 0 1) 0 0 1] 10 0 0f
[1 0 0] [1 0 0] 1 1 0] [1 1 0]
Muyu=1(1 1 0 Mipy=10 1 0 M= 1|0 1 0 M= |0 1 1
0 1 1] 0 1 1) 0 0 1] 0 0 1]

Each of these matrices is either upper triangular or lower triangular,
so the determinant is the product of the diagonal entries.



Inverse of a Jordan block

Consider the matrix

The corresponding minor determinants are as follows:

11 0 0
01 1 0
P_0011
0 0 0 1

mp =1 mp =0 mi3 =0 ms =0

my =1 my =1 my3 =0 my, =0

mz =1 mszp =1 m33 =1 mzs =0

my =1 ma =1 my3 =1 mas =1

and thus

+mi1 —mp1 +mz1 —may 1 -1 1 -1

adj(P) = —mi2 +ma2 —m2 +me| |0 1 -1 1
W= ems —ms 4mss —ma| — 0 0 1 -1

—Mmig  +Myg —M3g  +Myg 0 O 0 1

As P is upper triangular it is easy to see that det(P) =1
and so P! is the same as adj(P).

Eigenvalues and eigenvectors

Definition 13.1: Let A be an n x n matrix, and let A be a real number. 1 1 1 1
A X-eigenvector for A is a nonzero n-vector v with the property that Av = Av. A= 1 1 =1 b= :
We say that A is an eigenvalue of A if there exists a \-eigenvector for A.

Eigenvector example

Consider the case

> This is for square matrices only. We have

» If v is a A-eigenvector, then Av points in the same direction as v |1 1T (2] _ (1 11| _1|0] _
. . . ) ) . Aa = = =2a Ab = = =0b
(if A > 0) or the opposite direction (if A < 0) or Av =0 (if A = 0). 1 1)1 2 1 1] -1 0

» Some things would work better if we considered complex eigenvalues, and
eigenvectors in C", even if the entries in A are real. However, we will stick
with the real case for the moment.

so a is a 2-eigenvector and b is a O-eigenvector, so 2 and 0 are eigenvalues.

We claim that these are the only eigenvalues, or equivalently that when

A ¢ {0, 2} the only solution to (A— Ak)v = 0is v = 0, or equivalently that the

» The equation Av = Av is equivalent to the homogeneous equation
(A= Xly)v = 0. We can solve this by row-reducing A — A/, to get a matrix
B say. If B has a pivot in every column then (because it is square) it
must be the identity, so the reduced equation Bv = 0 says v = 0, so there
are no A-eigenvectors. If B does not have a pivot in every column then
there will be at least one independent variable, so the equation Bv =0
will have some nonzero solutions, which are the A-eigenvectors for A.

matrix A — \h = {1 I A 1 i /\] row-reduces to b.
0 1—(1— A)T
1 1-A ’
Here 1 — (1 — A\)? = 2X\ — A% = A(2 — )\), which is nonzero because ) ¢ {0,2}.

Subtract 1 — A times row 2 from row 1 to get {

- . 0 1 | . 1 0f
Divide the row 1 by this to get L 1_ /\], more steps then give [O 1] = b.



Eigenvector example The characteristic polynomial

Consider Definition 13.8: Let A be an n x n matrix. We define xa(t) = det(A — t/,)
1 1 1 1 1 1 3 8 (where I, is the identity matrix). This is the characteristic polynomial of A.
— 0222 ~ |0 ~ |t 4 _ |12 Example 13.9: ForA:{a b} wehaveAftI:[a_t b }so
A=1o 0 3 3 o b= 1o T2 =19 P c d Tl e d-t
0 0 0 4 0 0 0 3 , b
We have xa(t) = det [a: d— J = (a—t)(d—t)— bc = t*>—(a+d)t+ (ad — bc).
11 11 8 32
0 2 2 2f]12 48
A4=1o 0 3 3| |o| = [36] = WhenA:[; i]wehave
0 0 0 4] [3 12
which means that d is a 4-eigenvector for A, and 4 is an eigenvalue of A. xa(t) =t —(1+4)t+(1x4—-2x3)=1t>"—5t—2.

Equally direct calculation shows that Aa = a and Ab = 2b and Ac = 3¢, so a,
b and c are also eigenvectors, and 1, 2 and 3 are also eigenvalues of A. Using
the general theory that we will discuss below, we can show that
(a) The only 1-eigenvectors are the nonzero multiples of a.
) The only 2-eigenvectors are the nonzero multiples of b.
(c) The only 3-eigenvectors are the nonzero multiples of c.
)
)

Theorem 13.11: The eigenvalues of A are the roots of the characteristic
polynomial.

The only 4-eigenvectors are the nonzero multiples of d.

There are no more eigenvalues: if X is a real number other than 1, 2, 3
and 4, then the equation Av = Av has v = 0 as the only solution, so there
are no A-eigenvectors.

Characteristic polynomial example Eigenvalue example

2 -1 2 2—t -1 2 -1 1 0 -1-t 1 0
Consider A= -1 3 —1{,soxa(t)=det| -1 3—-t -1 Consider A= [-1 0 1{,soxa(t)=det| -1 -t 1
2 -1 2 2 -1 2-t -1 0 O -1 0 -t
-t 1 -1 1 -1 -t
3_¢+ -1 -1 -1 1 3—¢ :(—1—t)det[0 —t] — det [_1 _t}—FOdet {_1 0]
7(2—t)det[_1 2_t]—(—1)det{2 2_t]+2det{2 _1}

= tP(1+t)—(t+1)+0=—(1+)(1+1).

det |:3__1t 2—_1t: =B-t)2-1t)—(-1)(-1) = 2 _5t45
P B CED RO
det |:_21 3__1t =(-1)(-1)-(3-1t)(2)=2t-5

XA(%) =@Q2—t)(t* —=5t4+5)+t+2(2t —5) = —t> +7t> — 10t
= —t(t —2)(t —5).

The eigenvalues of A are the roots of xa(t), namely 0, 2 and 5.



Eigenvector example General method for eigenvectors

Method 13.14: Suppose we have an n x n matrix A, and we want to find the

-1 1 0 ) eigenvalues and eigenvectors.
A= :i 8 (1) xa(t) = —(1+ )1 +1) (a) Calculate the characteristic polynomial xa(t) = det(A — tl,).
(b) Find all the real roots of xa(t), and list them as A1,..., Ax. These are the
eigenvalues of A.
As 1+ t” is always positive, the only way —(1+ t*)(1 + t) can be zero is if (c) For each eigenvalue \j, row reduce the matrix A — \;l, to get a matrix B.

t = —1. Thus, the only real eigenvalue of A is —1. When A = —1 we have . . L o
(d) Read off solutions to the equation Bu = 0 (which is easy because B is in
0 1 0 RREF). These are the \i-eigenvectors of the matrix A.
A-ANs=A+hL=1|-1 1 1
0 1

-1

To find an eigenvector of eigenvalue —1, solve (A+ h)u =0, or

0 1 0] [x 0
-1 1 1|y 0
-1 0 1| |z 0

or(y=0and —x+y +z=0and —x + z = 0). These equations reduce to
x =z with y =0, so [X y z] [ ] This means that the

(—1)-eigenvectors are just the nonzero multlples of the vector [1 0 1] 7

Eigenvector example Nasty eigenvalues

Consider the matrix 126 126 i i Using Maple, we find that one eigenvalue of the matrix
A=11 1 16 2 —11 (1’ 01 —}
1 1 2 16 _ -1 - :
A=11 1 1 o °
We will take it as given here that xa(t) = (t — 14)*(t — 16)(t — 20). -1 -1 -1 -1

Thus, the eigenvalues of A are 14, 16 and 20. To find the eigenvectors of
eigenvalue 14, we write down the matrix A — 14/, and row-reduce it to get a

3 2/3
matrix B as follows: —1/241/12 \/EJ 10 VEszt30 JZZE:ZZJZ;@) ki
2 211 0 0 -3 -3 0 011 11 0 0 3 23 3 23
2 2 11 00 -3 -3 0000 00 11 20 Yoy, | (VR VA (enziao ET) e 10 Vo216 VERT (e02420 VR TTE (s
1122 711 2 27|t 100 7joooo 112 /8 S R 7
3
N 10 /892136 /507 + (892+36 v/597) */ 428
11 2 2 00 0 o0 0 00O 0 0 0 O v892+36¢WJ eV
If we write u — {a b ¢ d] T then the equation Bu = 0 just gives This level of complexity is quite normal, even for matrices whose entries are all
a+b=c+d=0,s0a=—band c=—d (with b and d arbitrary), so 0 or 1. Most examples in this course are carefully constructed to have simple
eigenvalues and eigenvectors, but you should be aware that this is not typical.
= [_b b —d d] T The methods that we discuss will work perfectly well for all matrices, but in
practice we need to use computers to do the calculations. Also, it is rarely
for some b,d € R. The eigenvectors of eigenvalue 14 are precisely the nonzero useful to work with exact expressions for the eigenvalues when they are as
vectors of the above form. (Recall that eigenvectors are nonzero, by definition.) complicated as those above. Instead we should use the numerical

approximation A ~ 1.496698205.



Eigenvector example

Consider A = . We will take it as given that

3 0 0 2
0 0 20
0 2 00
2 0 0O
xa(t) = (t+ 1)(t +2)(t — 2)(t — 4), so the eigenvalues are —1, —2, 2 and 4.
To find the eigenvectors of eigenvalue 2, we write down the matrix A — 2/, and
row-reduce it to get a matrix B in RREF:

1 0 0 2 1 0 0 2 1
0 -2 2 0 N 0 -2 2 0 N 0
0 2 —2 0 0 2 —2 0 0
2 0 0 —2 0 0 0 —4 0

If we write u = [a b ¢ d] T, then the equation Bu = 0 just gives
a=b—c=d=0,so

-1

0 2 0
2 0 1

0 o| 7 )
[ —" 0o o

o~ oo

oo
I
®

o oo

——

cowno

u=[0 ¢ ¢ 0"=cfo 1 1 0.

for some ¢ € R. The eigenvectors of eigenvalue 2 are precisely the nonzero

. T.
vectors of the above form. In particular, the vector [0 1 1 0] isan
eigenvector of eigenvalue 2.

Eigenvector example

0 0 1
A=10 3 0 eigenvalues —2, 2 and 3
4 0 0

For the eigenvectors of eigenvalue 2:

-2 0 1 1 0 -1/2
A-2=|(0 1 0| — |0 1 0
4 0 -2 0 0 0
This gives a— ¢/2=0and b= 0.
Take ¢ = 2 to get the eigenvector [1 0 2] T
For the eigenvectors of eigenvalue 3:
-3 0 1 1 0 -1/3 1 0 -1/3 1 00
A-3k=(0 0 0| —-|0O O O | =00 O | —=1|0 01
4 0 -3 4 0 -3 0 0 -5/3 0 0 O

This gives a = c = 0. Take b =1 to get the eigenvector [0 1 O] T,

Eigenvector example

0 0 1
We will find the eigenvalues and eigenvectors for A= [0 3 0].
4 0 0
—t 0 1
xat)=det |0 3—t 0| ——tdet|> 7t O] 4qet|® 3¢
4 0 _y 0 —t 4 0

= P 43t° +4t—12=(4—t°)(t — 3) = —(t — 2)(t + 2)(t — 3)

Thus, the eigenvalues are —2, 2 and 3.
For the eigenvectors [a b (] T of eigenvalue —2:

2 01 1 0 1/2
A+2=10 5 0f = 1|0 1 O
4 0 2 0 0 O

The eigenvectors of eigenvalue —2 are solutions to the equation

1 0 1/2] [a 0
01 o] |b|=]o0],
00 0] |c 0

ora+c/2=0and b=0. Take c = 2 to get the eigenvector [1 0 2] T

Independence of eigenvectors

Proposition 13.19: Let A be a d x d matrix, and let vi,..., v, be

eigenvectors of A. Suppose that the corresponding eigenvalues A1, ..., \, are
all different.

Then the list vi,..., v, is linearly independent.

Proof for n = 2.

Suppose we have a linear relation oavi + azve = 0. (P)

We now multiply both sides of this vector equation by the matrix A — A2/
a1(A1 — A2)vi + a2(d2 — X)ve =0

As the number A\; — A2 and the vector vi are nonzero, we can conclude that
ag = 0. If we instead multiply equation (P) by A — A1/ we get

az()\Q — )\1)V2 =0.

As the number X\ — A1 and the vector v» are nonzero, we can conclude that
a2 = 0. We have now seen that az = a2 = 0, so the relation (P) is the trivial
relation. As this works for any linear relation between vi and v», we see that
these vectors are linearly independent. O



Independence of eigenvectors

Proposition 13.19: Let A be a d x d matrix, and let vi,..., v, be

eigenvectors of A. Suppose that the corresponding eigenvalues A1, ..., \, are
all different. Then the list w1, ..., v, is linearly independent.

Proof for n = 3.

Suppose we have a linear relation aivi + axve + azvs = 0. (P)

Multiply both sides by A — A3/, then by A — X»/

Otl()\l — )\3)V1 + a2(/\2 — A3)V2 -+ (},3(/\3 — )\3)V3 =0
al(/\1 — A3)(>\1 — )\2)V1 -I—(}Q(/\Q - /\3)(/\2 - )\2)V2—|—(},3(/\3 - )\3)()\2 - )\2)V3 = 0

As the eigenvalues are all different (A1 — A3)(A1 — A2) # 0. As vy is an
eigenvector it is nonzero. It follows that ay = 0. Similarly, multiplying (P) by
(A — A1l)(A — A3l) makes the first and third terms go away leaving
a2(A2 — A1)(A2 — Az)va = 0 and so ap = 0. Similarly, multiplying (P) by
(A — )\1/)(/4 — )\2/) gives Oz3(A3 — )\1)()\3 — )\2)V3 =0 and a3 = 0.

We now see that az = a2 = a3 = 0, so relation (P) is the trivial relation. This

means that the list vi, v2, v3 is linearly independent. O

A generalisation

Suppose we have:
> A d x d matrix A

> Alist A\1,..., A, of distinct eigenvalues

» A linearly independent list Vi = (v1,1,...,v1,n ) of eigenvectors, all with
eigenvalue \;

» A linearly independent list Vo = (v2,1,. .., va,n,) Of eigenvectors, all with
eigenvalue A2

P e e e e

» A linearly independent list V; = (v,1,. .., vr,n ) of eigenvectors, all with
eigenvalue A,

We can then combine the lists Vi, ..., V, into a single list
W= (V1717 oy VL V2,150 s V2 kst t s VL, nyl"r)'

One can show that the combined list WV is linearly independent.
The problem sheet asks you to prove this.

Independence of eigenvectors

Proposition 13.19: Let A be a d x d matrix, and let vi,..., v, be
eigenvectors of A. Suppose that the corresponding eigenvalues A1, ..., \, are
all different. Then the list w1, ..., v, is linearly independent.

Proof for general n.

Suppose we have a linear relation aivi + -+ apv, = 0. (P)
For any k, we can multiply (P) by the product of all the matrices A — \;/ for

i # k. This makes all the terms go away except for the k'th term. All that is
left is

(67 H()\k — A,’) VK = 0.
ik
As all the eigenvalues are assumed to be different, the product in brackets is
nonzero, so we can divide to get a,vk = 0. As vi # 0 this gives ax = 0. This
holds for all k, so relation (P) is the trivial relation. This means that the list
Vi,...,Vy is linearly independent. O



Eigenvector bases

Let A be an n X n matrix. Recall:

(a) If ug,..., ux are eigenvectors, with eigenvalues A1, ..., Ak, and these
eigenvalues are all different, then the vectors u1, ..., ux are independent.

(b) The eigenvalues are the roots of xa(t), which is a polynomial of degree n.
Thus, there are at most n different eigenvalues.

(c) Suppose there are exactly n distinct eigenvalues, say A1, ..., A\,. We can
then choose an eigenvector u; for each eigenvalue )\, and part (a) says
that the list i/ = w1, ..., u, is independent. As U is an independent list of
n vectors in R”, it is in fact a basis.

Eigenvector basis example

. 10 1 - -t 1|
Consider A = {_1 0], so xa(t) = det [_1 —t} =t 41
For all t € R we have t> +1 > 1 > 0, so the characteristic polynomial has no
real roots, so there are no real eigenvalues or eigenvectors.

However, there are complex eigenvalues i and —i, with corresponding

eigenvectors u; = {ﬂ and up, = [71’} which form a basis for C2.

This example and the previous one are typical. If we pick an n X n matrix at
random, it will usually have n different eigenvalues (some of which will usually
be complex), and so the corresponding eigenvectors will form a basis for C".
However, there are some exceptions, as we will see soon. Such exceptions
usually arise because of some symmetry or other interesting feature of the
problem that gives rise to the matrix.

Eigenvector basis example

1 1 1
Consider A= |0 2 2[,s0 xa(t)=det(A—t/)=(1-1t)(2—t)(3—1),
0 0 3

so the eigenvalues are 1, 2 and 3. Suppose we have eigenvectors ui, w2 and us,
where u, has eigenvalue k. By the previous slide: the list ui, w2, u3 is a basis for
R®. We can find the eigenvectors explicitly by row-reduction:

011 010 1
A-1 =10 1 2 |00 1 w= 10
0 0 2 0 0 0 0
-1 11 1 -1 0 1
A-2l =|0 0 2 — 10 0 1 w= |1
[0 0 1 0 0 o0 0
-2 1 1 1 0 -3)2 [3/2
A-31 =|0 -1 2 =0 1 -2 = |2
L0 0 o0 0 0 o |1

We can check more directly that the u; form a basis:

1 1 3/2 1 1 0 1 0
[w|wolus]=f0 1 2| - |0 1 Of - |0 1
0 0 0 0 1 0 0

0
0| =&k
1 1

Eigenvector basis example

5 5 0
Consider A= |0 5 5], so xa(t) = (5 — t)?, so the only eigenvalue is 5.
0 0 5
0 5 0] [x 0
The eigenvectors are the solutionsof [0 0 5 |y| = [0], which reduces
0 0 0] |z 0
1
to by =5z=0s0 y =z =0, so the eigenvectors are the multiples of |0].
0

This means that any two eigenvectors are multiples of each other, and so are
linearly dependent. Thus, we cannot find a basis consisting of eigenvectors.



Eigenvector basis example Diagonalisation

_ 0 0 5 o o Definition 14.1: We write diag(\1, ..., As) for the n x n matrix such that the
Consider A= |0 5 0]. The characteristic polynomial is entries on the diagonal are A1,..., A, and the entries off the diagonal are zero.
5 0 0
—t 0 5 5 0 0 O
5—t 0 0 65—t
xa(t)=det| 0 5-t 0] = —fdet{ 0 _J + 5det [5 0 ] Example 14.2: diag(5,6,7,8) = 8 8 g 8
5 0 —t
) ) 0 0 0 8
=t°(5—-t)—25(5—t)=—(t—5)(t"—25) = —(t—5)(t —5)(t+5)
= —(t—5)°(t +5). Definition 14.3: Let A be an n x n matrix.
The only eigenvalues (even in C) are 5 and —5. As there are only two distinct » To diagonalise A means to give an invertible matrix U and a diagonal
eigenvalues, we do not automatically have a basis of eigenvectors. However, it matrix D such that U"*AU = D (or equivalently A= UDU™').
turns out that there is a basis of eigenvectors anyway. Indeed, we can take » We say that A is diagonalisable if there exist matrices U and D with these
mw=[1 o 1]" w=1[0 1 0" wm=[1 0 -1 . properties.
We can check that Au; = 5u1 and Aup = 5up and Aus = —5us, so the u; are

eigenvectors with eigenvalues 5, 5 and —5 respectively. We can also check that
the u; form a basis, either by row-reducing [u1|u2|us] or using the formula

x (x+2)/2 0 (x—12)/2

y| = 0 + |y| + 0 ZX;ZU1+yU2+XEZU3.
z (x+2)/2 0 (z—x)/2
Diagonalisation and eigenvectors A matrix multiplication lemma
Proposition 14.4: Suppose we have a basis w1, ..., u, for R” such that each Lemma 14.5: Let A and U be n x n matrices, let Ay, ..., A, be real numbers,
vector u; is an eigenvector for A, with eigenvalue \; say. and put D = diag(A1,...,An). Let ui, ..., u, be the columns of U. Then

Put U = [u1]---|un] and D = diag(A1, ..., An).

Then U7*AU = D, so we have a diagonalisation of A. AU = | Aup |- | Aup UD =1 A | - | Antin

Moreover, every diagonalisation of A occurs in this way.
The proof will be given after a lemma. Proof: Let the rows of A be af ,...,a]. By the definition of matrix
multiplication, we have

ai.ux .o ai.up
AU =
an.lh v+ an.Up
ai.up
The p'th column is - |, and this is just the definition of Au,. In other
an.Up

words, we have

AU=| Aui | --- | Au,



A matrix multiplication lemma

Lemma 14.5: Let A and U be n x n matrices, let A1, ..., A, be real numbers,
and put D = diag(A1,..., An). Let ui, ..., u, be the columns of U. Then

AU=| Auy | --- | Au, UD = Atur | -0 | Anun

Proof continued: For the second claim, we just do the 3 x 3 case:

a b C )\1 0 0 )\12 )\2 b )\3C
UD = |d e f 0 )\2 0 = )\1 d )\26 A3 f
g h i 0 0 A3 )\1g )\2h )\3f

Everything in the first column gets multiplied by A1, everything in the second
column gets multiplied by A2 and everything in the third column gets multiplied
by As. In other words, we have

A 0 0
u up us 0 )\2 0 = )\1 u )\2 uz )\3 us
0 0 X3

as claimed.

Diagonalisation example

Example 13.23: the matrix A = has

1 1 1
0 2 2
0 0 3
eigenvalues Ay = 1 and A\, = 2 and A3 = 3; and eigenvectors

m=[1 0 0" w=[1 1 0"  w=[32 2 1.

It follows that A = UDU™?, where

1 1 3/2 M 0 0 1 00
U: uy uz us = 0 1 2 D: 0 )\2 0 = 0 2 0
0 0 1 0 0 A3 0 0 3
1 a b]™' 1 —a ac—b 1 -1 1/2
01 ¢/ =10 1 —c | uUlt=1]lo 1 -2
0 0 1 0 1 0 0 1
We thus have
1 0 0] [t -1 1,2 1 -1 1/2
put=1o 2 o|llo 1 —2|=|0 2 -4
0 0 3/|/0 0 1 0o 0 3
11 3/2][1 -1 1/2 11 1
ubut=1o0 1 2|0 2 -4l =10 2 2| =A
00 1|0 0o 3 0 0 3

Diagonalisation and eigenvectors

Proposition 14.4: Suppose we have a basis w1, ..., u, for R” such that each
vector u; is an eigenvector for A, with eigenvalue \; say. Put U = [u1]- - - |ua]
and D = diag(\1, ..., \s). Then UTYAU = D, so we have a diagonalisation of
A. Moreover, every diagonalisation arises in this way.

Proof.
» The columns u; of U form a basis for R”, so U is invertible.

» First half of the lemma: AU = [Aui|---|Aus]. But u; is an eigenvector of
eigenvalue A;, so Auj = Ajuj, so AU = [Aru| - -« |Antn].
> Second half of the lemma: UD = [Ajuy]- - |Aqun]. So AU = UD.
> It follows that U"'AU = U™'UD = D and UDU™' = AUU™' = A.
Conversely: suppose we have an invertible matrix U and a diagonal matrix
D = diag(A1, ..., An) such that UT'AU = D. Let ui,.. ., u, be the columns of

U. By reversing the above steps: u; is an eigenvector of eigenvalue J\;, and
ui,..., U, is a basis for R". O

Diagonalisation example

0 1
-1 0
real eigenvalues or eigenvectors, but that over the complex numbers we have

In Example 13.24 we showed that the matrix A = does not have any

eigenvectors u; = {ﬂ and w» = {71’} with eigenvalues Ay =/ and \» = —/.

We thus have a diagonalisation A = UDU™! with

T o P IR (i S T B
R B 1A N il
This gives

T T s A [ s B

As expected, this is the same as A.



Powers and eigenvectors

Let A be an n x n matrix. We can form the powers A%> = AA, A®> = AAA and
so on, and these are again n X n matrices. It is conventional to take A° = I,
and A' = A,

Now let u be an eigenvector of eigenvalue .
Au=lu=u
Alu= Au=du
APy = AAu=AXu= Mu= Nu
Au=AAu=ANu=NAu=X\u
Alu=AAu=ANu=NAu=2\u

and in general A*u = \<u for all k > 0.

This is a key point in many applications of eigenvalues and eigenvectors.

Non-diagonalisation example

5 5 0
Consider the matrix A= [0 5 5.
0 0 5

The characteristic poly is (t — 5)3, so the only eigenvalue is A = 5.

z]" must satisfy (A — 5h)u =0 so

Any eigenvector u = [x y
0 5 0] |x 0 5 =0
0 0 5| |yl=10 bz =0
0 0 0f |z 0 0 =0

-
sou=[x 0 0] .
It follows that there is no basis of eigenvectors, so A is not diagonalisable.

It is possible to understand non-diagonalisable matrices using the theory of
“Jordan blocks”. However, we will not cover Jordan blocks in this course.

Powers of diagonalised matrices

Proposition 14.9: Suppose we have a diagonalisation A = UDU™!, where
D = diag(A1, ..., A\n) say. Then for all k > 0 we have D* = diag(\f,...,\¥)
and

A= UD U™ = U diag(\},..., A5 U

Proof: For example:
A* = (UDU™* = (UDU Y (UDU Y (UDUYY(UDU™)
= UD(U'U)D(WUTTU)D(UTTU)DUT = UDDDDU ! = UD*UT!

It is clear that the general case works the same way, so A¥ = UD*U™? for all k.
(More formal proof by induction.) Next:

diag(A1, ..., A\n)diag(pa, ..., pn) = diag(A1pa, . . ., Anten)-
It follows that
D* = diag(\1, ..., A" = diag(f, ..., \5).

(Again, a formal proof would go by induction on k.)



Diagonalisation example

321 0

We will diagonalise the matrix A = 000 -1 and thus find AX.
0 0 0 -2
0 0 0 -3

As A — tls is upper-triangular we see that the determinant is just the product of
the diagonal terms. This gives

xa(t) = det(A — th) = t*(t — 3)(t + 3),

and it follows that the eigenvalues are A\ = A2 =0 and A3 =3 and \s = —3.
Consider the vectors
1 2 1 2
u = 0 u = _3 uz = 0 Us = _3
-3 0 0 —6
0 0 0 -9

It is straightforward to check that Au; = Auz = 0 and Aus = 3usz and

Aus = —3ua, so the vectors u; are eigenvectors for A, with eigenvalues 0, 0, 3
and —3 respectively.

(These vectors were found by row-reducing the matrices A — Ails.)

Diagonalisation example

1 2 1 270 o0 o0]fo o -3 2
-1 1]0 -3 0 =3(|o 00 0|0 -3 0 1
A=UDU =513 o 0 —6/lo 0 3 o|lo 6 3 -2
0 0 0 -9/|0 00 -3/0 0 0 -1
1 2 1 27[0 0 0 0 0 0 -3 2
x k-1 110 -3 0 =30 0 0 0 [0 =3 0 1
AT=U0DU 9(-3 0 0 -6/|0 0 3 0 9 6 3 -2
0 0 0 -9/[0 0 0 (=3[0 0o 0o -1
1 2 1 270 0 o0 0
g2]0 -3 0 =310 0 0 0
-3 0 0 —-6/|9 6 3 -2
0 0 0 —-9] [0 0 0 (—1)
9 6 3 —2(1+(-1)%
_42(0 0 0 3(-1)*
N 0 00 6(—1)
0 0 0 9(—1)*

Diagonalisation example

A1 = X2 =0and A3 =3 and \y = —3; Auj = \ju; where

1 2 1 2
u 0 u _3 u 0 Us = _3
1= =3 = o *~ o * = -6
0 0 0 -9
Now put 1 2 1 2 0 0 -3 2
-3 0 -3 110 =3 0 1
U=lufelulul=| 5 o o _g V=510 6 3 -2
0 0 0 -9 0 0 0 -1
One can check that UV = Iy, so U™t = V.
(V was found by row-reduction [l4]U] — [V|L4].)
We now have A = UDU™! = UDV, where
000 O
) 000 O
D :dlag(/\1,)\2,)\3,A4) = 0 0 3 0
00 0 -3

Diagonalisation example

2 2 2 2
o . . . 2 5 5 2
We will diagonalise the matrix A = 5 5 5 ol Recall xa(t) = det(B),
2 2 2 2
where
2—t 2 2 2
2 5—t 5 2
B=A-th=1\, 5 5—t 2
2 2 2 2—t

Method 12.9: row-reduce B and keep track of row operation factors.

2t 2 2 2 2t 2 2 2 , [2-t 2 2 2
2 5t 5 2| 2 5t 5 2 1/t 2 5t 5 20
2 5 5—t 2 0 t —t 0 0 1 -1 0
2 —t —t 1 -1

t 0 0

—

—~ooo
oroo

=

15
‘I-b

—-

-

N
| on |
[

y
-
—_—

1 0 0 -1

0 0 10 —t 4 -1
0 1 —1 0

0 0

» Subtract row 1 from row 4, and row 2 from row 3.
> Multiply rows 3 and 4 by 1/t (factor 1/t?)
» Subtract multiples of rows 3 and 4 from rows 1 and 2.

» Swap rows 1 and 4 (factor —1); Swap rows 2 and 3 (factor —1).



Diagonalisation example

1 0 0 -1
A 10 1 -1 0 |. 2
B=A-th - C= 00 10—t a4 ; product of factors =1/t
0 0 4 4—t

Expand down the columns to get

10—t 4

det(C):det{ 4 4t

] = (10—t)(4—t)—16 = t*—14t4+24 = (t—2)(t—12).

Thus xa(t) = det(B) = det(C)/p = (t — 2)(t — 12)¢°.
This means that the eigenvalues of A are 2, 12 and 0.

Diagonalisation example

10 0 -1
0 1 -1 0 .

B=A-th - C= 0 0 10—+t 4 ; eigenvalues 2,12, 0.
0 0 4 4—t

To find an eigenvector of eigenvalue 2 we need to row-reduce the matrix
A — 2ly, which is just the matrix B with t = 2. We can therefore substitute
t =2 in C and then perform a few more steps to complete the row-reduction.

10 0 -1 1.0 0 -1 10 0 -1
A2l 01 -1 0 5 01 -1 0 5 01 0 1/2

0 0 8 4 00 1 1)2 0 0 1 1/2

0 0 4 2 0 0 O 0 0 0 0 O

The eigenvector u; = [W X y z] T of eigenvalue 2 must therefore satisfy
w—z=x+z/2=y+2z/2=0,som=2z[1 —1/2 —1/2 l]T,Withz
arbitrary. It will be convenient to take z =2 so u; = [2 -1 -1 2] T.

Diagonalisation example

2 2 2 2
2 5 5 2
A= 2 5 5 2
2 2 2 2
1 0 0 -1
. o1 -1 o | o
B=A-tlh - C= 0 0 10—+t 4 ; product of factors =1/t
0 0 4 4 —t

xa(t) = det(B) = det(C)/u = (t — 2)(t — 12)¢°

Eigenvalues are 0, 2 and 12.

Diagonalisation example

10 0 -1
0 1 -1 0 .

B=A-th — C= 0 0 10—+t 4 ; eigenvalues 2,12, 0.
0 0 4 4—t

To find an eigenvector of eigenvalue 12 we need to row-reduce the matrix
A — 1214, which is just the matrix B with t = 12. We can therefore substitute
t =12 in C and then perform a few more steps to complete the row-reduction.

10 0 -1 10 0 -1 100 -1
01 -1 0 01 -1 0 010 —2
A-Rh=1g 0 2 4| 7]oo 1 -2 7o 01 -2
00 4 -8 00 0 0 000 O

The eigenvector u» = [W X y z] T of eigenvalue 12 must therefore satisfy
W*Z:X7221y72Z:0,SOU2:Z[1 2 2 I}T,Withzarbitrary. It
will be convenient to take z =1 so u, = [1 2 2 1] T.



Diagonalisation example Diagonalisation example

10 0 -1
01 -1 0 AL =2 2 1 1 0
B=A—th—C= ; eigenvalues 2,12,0. X =12 1 2 0 1
0 0 10—t 4 = U = us = Uy =
00 4 4-¢ A = -1 2 0 -1
A =0 2 1 -1 0
Finally, we need to find the eigenvectors of eigenvalue 0. Our reduction B — C
involved division by t, so it is not valid in this case where t = 0. We must Now put
therefore start again and row-reduce the matrix A — 04 = A directly, but that
is easy: 2 1 1 0 2 0 0 0
-1 2 0 1 0 12 0 O
2 2 2 2 2 2 2 2 100 1 U=lulwlulu]l=| 1 5 o D=19 0o 0 o
2 5 5 2 - 0 3 3 0 . 01 10 2 1 -1 0 0 0 0 O
2 5 5 2 00 0 O 0 0 0O
2 2 2 2 0 0 00 0 0 00O Row reduce [U|lL] — [ls|U"]. Answer is
We conclude that the eigenvectors of eigenvalue 0 are the vectors 2 1 -1 2
[W Xy z] T with w +z = x4+ y = 0. These form a two-dimensional 1 1 /1 2 2 1
space, and the vectors U= 1015 0 0 -5
0 5 -5 0

w=[1 0 0o -1]" w=1[0 1 -1 o

form a basis. We now have a diagonalisation A = UDU™!.

> If x = ax with x = c at t = 0, then x = ce.
> If x; = ajx; with x; =cjatt =0 (for = 1,2,3), then x; = ¢; et

> Put
X1 C1 ail 0 0 e"’lt 0 0
x=|x c=lo D=1{0 a 0 =10 e 0
X3 C3 0 0 as 0 0 ea3t

D

The equations are x = Dx with x = ¢ at t = 0; the solution is x = e"*c.

» Suppose instead x = ¢ at t = 0 with

X1 = auxt + anx: + aizxs a1 a2 a3
Xo = arX1 + axnxe + anxs so X = Ax where A= [a»1 ax» ax
X3 = auxt + as2x2 + axs a3 a8 as3

> To solve this, diagonalise A = UDU™* with D = diag(\1, A2, A3) say, so
x=UDU x. Puty =U"'xand d = U lc so
y = U"1% = DU 'x = Dy, with y = d at t = 0. This gives y = e”'d,
where

At )\3t)_

D . Py
e’ = diag(e™', ™2, e™");

so x = Uy = UePd = UeP* U 1c.



Differential equations example Differential equations example

If x=Ax,x=catt=0, A= UDU™!, then x = UeP*U~'c where Suppose x =y =z=x+y+zwithx=z=0and y =1at t =0.
D = diag(\1, ..., As) and P = diag(e™?, ..., eM"). X 1 1 1 0
Thus v=Av, wherev= [yl and A= |1 1 1|;v=|1] att=0
Example 15.1: Suppose x1 = x1 +x2 + X3, % = 2x2 +2x3; X3 = 3x3 z 11 1 0
with x1 = x» =0 and x3 = 1 at t = 0. This can be written as x = Ax, where The characteristic polynomial is
1 1 1
A= |0 2 2|.ByExample 14.6: A= UDU™!, where 1I-t 1 1 s s
0 0 3 xa(t)=det | 1 1-t 1 =3t"—t"=t"(3-1t).
~ 1 1 11—t
1 1 3/2 1 00 1 -1 1/2
uU=10o 1 2 D=10 2 o0 uUl=1]lo 1 =2]. Eigenvalues are A1 =0, A, =0 and A3 = 3. If we put
0 0 1 0 0 3 0 0 1 1 0 1
So x = UeP U~'c, where ¢ = initial value =[0 0 1]7. Thus = —01 uz = 11 us = 1
1 1 3/2 et 1 -1 1/2 [0 . .
x=1lo 1 2 0 1 0 we find that Au; = Au, = 0 and Aus = 3us. Thus, the vectors u; form a basis
00 1 0 1 for R® consisting of eigenvectors for A. This means that we have a
- - diagonalisation A = UDU™!, where
t 2t 3 3t l 2 2t 3 3t
° th 263t 1/2 © 2? N 3te 1 0 1 000
=0 " 2e —2 —2e +2e : U=|-1 1 1 D=10 0 0.
0 &* 0 -1 1 00 3
Differential equations example Differential equations example
v=UDU v and v =c at t = 0 where v=UDU 'vand v =c at t = 0 where
1 0 1 0 0 O 0 1 0 1 0 0 O 1 2 -1 -1 0
u=(-1 1 1 D=0 0 O c=|1 Uu=1]-1 1 1 D=0 0 O U71_§ 1 1 =2 c=|1
0 -1 1 0 0 3 0 0 -1 1 0 0 3 1 1 1 0
We can find U™! by the following row-reduction: The solution to our differential equation is now v = UeP*U™?
1 0 1|1 0 O 1 0 1j1 0 O X 1 1 0 1f{fr1r 0o O 2 -1 -1]10
-1 1 1|0 1 O —-]10 0 3|1 1 1 — y| = 3 -1 1 1]]0 1 O 1 1 -=-2] |1
0 -1 1/0 0 O 0 -1 1({0 0 O z 0 -1 1[]0 0o €| |1 1 1 0
3¢ 3t
1 0 0| 23 -1/3 -1/3 10 0]2/3 -1/3 -1/3 ! _11 (1) :-’“ 11 B g:_% +3?§
0 0 1] 1/3 1/3 1/3 -0 1 01/3 1/3 -2/3|. 3 0 _1 o 1 - (e*—1)/3 '
0 -1 0|-1/3 -1/3 2/3 0 0 1(1/3 1/3 1/3

The conclusion is that



Solving difference equations

Problem: find a formula for the sequence where ap = —1, a; = 0, and
aj42 = 6aj+1 — 8a; for all i > 0.
822631—8ao=6><0—8><(—1)=8
8'5:622—831:6><8—8><0:48
a; =633 —8a, =6 x43—-8x8=224 etc.

Vector formulation: put v; = Lai } €R? so v = [701} and

i+1
v _|ant+1| _ an+1 o 0 1 dn o 0 1 v
m = dn42 - 63n+1 - 8an - *8 6 dn+1 - 78 6 n~
. 0 1
We write A = [78 6} so the above reads v,+1 = Av,. Thus vi = Aw,

vo = Avi = A%v, v3 = Av, = Alvg, v, = A"

We can be more explicit by finding the eigenvalues and eigenvectors of A.

Solving difference equations

(i T T R Y e A

Vo = —2u1 + b v = A"y Ay =2"u, A"ur=4"w,

It follows that
Vo =A"vg = A", —2A"th = 4", — 2 x 2"y

N 1 N 1 22n _ 2n+1
=22 [4] — ot {2} = |:22n+2 _ 2n+2:| .
an

, SO an is the top entry in v,, so we
dn+1

Moreover, v, was defined to be [

conclude that
a, = 22n _ 2n+1.

We will check that this formula does indeed give the required properties:
a=2"-2"=1-2=-1
a=2"-2"=0

6aji1 —8a; = 6(2712 —2M2) (2% — 2" ) =24 x 2% — 24 x 2" —8x 2% +16 x 2’

— 16 x 2% — g % 2 — p%th _ pit3 _ 2(i+2) _ p(i+2)+1 _ aisa.

Solving difference equations

an | _ an |10 1 -1
V"_L,,H}_AVO A_{fS 6] vo—[o}.
The characteristic polynomial is

Xxa(t) = det [:; Git} =t —6t+8=(t—2)(t—4),

so the eigenvectors are 2 and 4. Using the row-reductions

co[21-h Y] e[k Y

1 1
we see that u; = {2] and u» = {4

(forming a basis for R?). Recall that A"ty = 2"u; and A"u; = 4"wp. We can

} are eigenvectors of eigenvalues 2 and 4

express vo = _01 in terms of this basis by row-reducing [u1|u2|vo]:
11—1_)11—1_)11—1_)10—2
2 410 0 2| 2 0 1|1 0 1|1 ’

By reading off the last column, we deduce that vo = —2u; 4 w2 (which could

also have been obtained by inspection).

Another difference equation

We will find the sequence satisfying by = 3 and by = 6 and b, = 14 and
bit3 = 6b; — 11bj11 + 6b;42.

The vectors Vi = [bl bi+1 bi+2] T satiSfy Vo = [3 6 14} T and

bit1 bit1 0 1 Of] bi
Visl = | biy2| = biy2 =0 0 1| |biy1| =Bv.
biy3 6b; — 11bi11 + 6bjy2 6 —11 6| |bit2

It follows that v, = B"v for all n, and b, is the top entry in the vector v,.
Now write vy in terms of the eigenvectors of B. The characteristic polynomial is

& 10 —t 1 0 1
xs(t) =det | 0 —t 1 :—tdetL11 6—t}_det[6 67t]
6 —11 6t
= —t(t* —6t+11) — (—6) =6 — 11t +6t° — > = (1 — t)(2 — t)(3 — 1),

so the eigenvalues are 1, 2 and 3.



Another difference equation

b 3 0 1 0
Vo= |boy1| =B" | 6 B= |0 0 1| has eigenvalues 1,2, 3.
bni2 14 6 —11 6
Now find the eigenvectors:

[—1 1 0] 1 0 -1 (1]
B-1 =10 -1 1 - |0 1 -1 u = |1
|6 —11 5 0 0 0 |1]
[—2 1 0 (1 0 -1/4 (1]
B-2I =10 -2 1 - [0 1 -1/2 wm =2
|6 —11 4] 0 0 0 14 ]
-3 1 0] (1 0 -1/9 (1]
B-31 =10 -3 1 -0 1 -1/3 u3 = |3
|6 —11 3] 0 0 0 19]

Fibonacci numbers

The Fibonacci numbers are given by Fo =0 and F; =1 and Fo42 = Fp + Fpia.

The vectors v; = Fi therefore satisfy vo = 0 and
F[+1 1

SR AR B ]

It follows that v, = A"vp. We have xa(t) = t?> — t — 1, which has roots
A = (1++/5)/2 and X2 = (1 — v/5)/2. To find an eigenvector of eigenvalue
A1, we must solve

0 1] x| _ X y =Ax
[1 1] M e M T x4y =y
Substituting y = A1x in x + y = A1y gives x + A\1x = \2x, or
(A2 = A1 — 1)x = 0, which is automatic, because \; is a root of t* — t —1 = 0.

Take x =1 to get an eigenvector u; = [ } of eigenvalue A;.

AL

. . 1
Similarly, we have an eigenvector u> = {

] of eigenvalue X;.
A2

Another difference equation

3 1 1 1
v, =B" | 6 m=|1 =2 3= |3 Buy = kuy.
14 1] 4 9
3 (17 1] 1
By inspection: vo = | 6 | = |1| + |2| 4+ |3| = u1 + tr + us.
14 | 1] 4] 9
This could also have been obtained by row-reducing [u1|u2|us|vo]:
1 1 1|3 1 1 1|3 1 0 0|1
1 2 3|6 -0 1 2|3 —---—= (0 1 0|1
1 4 9|14 0 3 8|11 0 0 11
As ux is an eigenvector of eigenvalue k, we have B"ux = k"ux, so
1 1 1 142"43"
Vo = B"vo = B"u1+B " tp+B"uz = |1| +2" [2|+3" |3]| = |1+ 2" 43+
1 4 9 1422 4 372

Moreover, b, is the top entry in v,, so we conclude that

b,=1+2"+3".

Fibonacci numbers

n [0 1 At = (14 /5)/2
n = A = A =
; H N H e = vt do = (1-5)/2
We now need to find a and 8 such that au + Bu2 = w, or equivalently
1 1] o B =-a
S RN VAV
Now A1 — X2 =+v5soa=1/vband §=—1/v/5 and vy = (tn — 12)/V/5.
Vo= A,,V _ A"u1 - AnUQ _ )\fU1 - )\SuQ _ i |: )\f — )\5 :|
n 0 \/g \/g \/g AT+1 _ Angl

Moreover, F, is the top entry in v,, so we obtain the formula

MM (1+VE) - (- VB
V5 2" /5 '
It is also useful to note here that A\; ~ 1.618033988 and \» ~ —0.6180339880.

As |A1] > 1 and |A2| < 1 we see that |A{| — oo and |A3| — 0 as n — co. When
n is large we can neglect the X term and we have F, ~ A\/v/5.

Fa



Consider a system that can be in three different states.

0.3 0.4 1.0
0.7 Q 0.6 8
(% ) :
Once per second, it can change state in a random way. If it is in state 1, it
jumps to state 2 with probability 0.7 and stays in state 1 with probability 0.3.

If it is in state 2, it jumps to state 3 with probability 0.6 and stays in state 1
with probability 0.4. If it is in state 3, it stays there (with probability 1).

This is an example of a Markov chain. These are widely used to model
(pseudo)-random processes in economics, population biology, information
technology and other areas. Some questions about a Markov chain:

» How much time to we spend in state /, on average?
> If we start in state /, what is the average wait before reaching j?
» If we start in state i, what is the probability of reaching j before k7

We will take the first steps towards answering such questions.

Suppose that the probability of being in state i (at a certain time) is g;.

0.3 0.4 1.0 - L .
Let qJ’- be the probability of being in state j one second later. Then
q = > Pi+idi-
1 0.7 5 0.6 3
N In terms of distribution vectors g = [q1 -+ qu] Tand ¢ = [¢ - q T

. ;.
Notation: pj«; is the probability of jumping from state i to state . this says that ¢' = Pq. For example, when there are three states we have

The transition matrix has pj«; in the i"th column of the j'th row. q PLe1q1 + Pre2qo + P1e—sqs pleo1 P2  Pires Ch
!’ / . _ —
Pt pres  pres 03 00 00 q = q% = | p—1q1 + pPr—2Go + p23q3 | = |poe—1 P2 P3| |q2| =Pq.
P=|poci prs pres| =07 04 00 q3 P3<—141 + pP3<—2q2 + p3<—3Qq3 P31 P3<—2 P33 a3
P3<—1 P32 P33 0.0 0.6 1.0
All entries are probabilities so they lie between 0 and 1. Thus, if r; is the distribution vector at time t we have r; = P'ry. This can be
The entries in column 1 are the probabilities of all possible steps when we start calculated using the eigenvalues and eigenvectors of P.

in state 1, so they must add up to 1.
Similarly, each column has nonnegative entries adding up to 1, in other words it
is a probability vector. By definition, this means that P is a stochastic matrix.



Markov chain example

Consider a two-state Markov chain which stays in the same state with
probability 0.8, and flips to the other state with probability 0.2.

0.2

08 02
03@@“ P= [0.2 0.8]

0.2

The characteristic polynomial is xp(t) = t?> — 1.6t + 0.6 so the eigenvalues are
(1.6 +1/2.56 — 4 x 0.6)/2, which works out as A\; = 0.6 and X2 = 1.

Corresponding eigenvectors: u; = {jl and w = {ﬂ Now P = UDU™! and
so P" = UD"U™!, where

1 1 06 0 _ 0.5 -05
U=[u|w] = {_1 1] b= |:0 1] vt = |:0.5 0.5]

=4 ][ 08 s =[030 S0k 05006

Markov chain example

0.3 0.4 1.0
03 0.0 00

P=107 04 00

)97 o) 06 00 06 1.0

We start in state 1 at t = 0. What is the probability that we are in state 3 at
t=5? Wearegiven o =[1 0 0] and we need to find rs = P°rp.

03—t 0.0 0.0
xp(t)=det| 07 04—t 0.0 =(0.3—-1)(0.4 —t)(1 — 1),
0.0 0.6 10—t

so the eigenvalues are 0.3, 0.4 and 1.
To find an eigenvector of eigenvalue 0.3, we row-reduce the matrix P — 0.3/:

0 0 0 0 O 0 1 1/7 0 1 0 -1/6
7/10 1/10 0 -1 17 0| —=|f0 1 7/6] - |0 1 7/6
0 6/10 7/10 0 1 7/6 0 0 0 0 0 0

Thus take u1 = [1 —7 6] T as an eigenvector of eigenvalue 0.3.

Eigenvectors u> and uz can be found similarly.

Markov chain example

0.2

Ty . _ 0.5(1+0.6") 0.5(1—0.6")

08 C@\/@O 0.8 P"= {0.5(1 ~0.6") 0.5(1— 0.6”)}
0.2

. . 1
Suppose we are given that the system starts at t = 0 in state 1, so rp = ol It
follows that

ro=P"ry = {0.5(1 +06") 0.5(1— 0.6")} H _ {0,5(1 +0.6n)}

0.5(1—0.6") 0.5(1—0.6") 0.5(1—0.6")|
Thus, at time n the probability of being in state 1 is 0.5(1 + 0.6"), and the
probability of being in state 2 is 0.5(1 — 0.6").

When n is large, we observe that (0.6)" will be very small, so r, ~ {82] so it

is almost equally probable that X will be in either of the two states. This
should be intuitively plausible, given the symmetry of the situation.

Markov chain example

0.3 0.0 0.0 1 0 0

P = 0.7 0.4 0.0 u = -7 U = 1 uz = 0
0.0 06 1.0 6 -1 1

A1 =03 A =04 =1

We have P = UDU™! where

03 O 0 1 0 O
D= diag(/\1,>\2,)\3) = 0 0.4 0 U= [U1|U2|U3] = | -7 1 0
0 0 10 6 -1 1

Now find U™ by row-reducing [U|h]:

1 0 0 1 0 0 1 0 0
-7 1 0 0 1 0 — 0 1 0
1 1 1

6 —1 0 0 0 —1 —6 0 0 0
1 0 0] [(3)* o 100
Pi=uDUT=1|-7 1 0 0 (o.4)k o 710
6 -1 1 0 11 1

(0.3)% 0

= | 7(0.4)F —7(0.3)* (0. 4 0

1+6(0.3)F —7(0.4) 1— (0. 4)k 1



Markov chain example

(0.3)% 0 0
P = | 7(0.4)F —7(0.3) (04 o0
1+6(0.3)F —7(0.4) 1-(04) 1

We are definitely in state 1 at t =0, so rp = [1 0 0]T. It follows that

(0.3)% 0 0] 1
no=Prn=1 7(0.4)—7(0.3) (0.4)< of |0
1+6(0.3) —7(0.4) 1-(04)¢ 1] |0

(0.3)
=| 7(0.4)F —7(0.3)*
1+6(0.3)F — 7(0.4)%
For the probability p that X is in state 3 at time t = 5, we need to take k =5
and look at the third component, giving

p = 6(0.3)° — 7(0.4)° 4+ 1 ~ 0.94290.

A and AT have the same eigenvalues

Lemma: Let B be an n X n matrix.
Then 0 is an eigenvalue of B iff 0 is an eigenvalue of BT .

Proof: We can divide B and BT into columns, say
B=| vi|-|w B"=| wi |- | wy

Now 0 is an eigenvalue of B

iff 3o # 0 with Ba =0 or ajvi + -+ + apvy, =0

iff the columns v; are linearly dependent

iff the v; are not a basis (using the fact that there are n columns)
iff the w; are not a basis (by duality)
iff the w; are linearly dependent (using the fact that there are n columns)
iff 38 # 0 with Sywy + -+ Bow, =0 0or BT =0

iff 0 is an eigenvalue of BT. [J

Stochastic matrices have eigenvalue 1

In both of the last two examples, one of the eigenvalues of the transition
matrix P was equal to one. This was not a coincidence.

Proposition 17.10: If P is an n x n stochastic matrix, then 1 is an
eigenvalue of P.

We will prove this after two lemmas.

A and AT have the same eigenvalues

Corollary: For any n x n matrix A, the eigenvalues of A are the same as the
eigenvalues of AT

Proof.

Let A be an eigenvalue of A, so there is a nonzero vector u with Au = Au.
This means that (A — A,)u =0, so 0 is an eigenvalue of A — Al,.

The lemma then tells us that 0 is also an eigenvalue of (A — A,)" = AT — \l,.
This means that there is a nonzero vector v with (AT — Al,)v =0, or
equivalently ATv = Av.

This proves that X is also an eigenvalue of AT,

The whole argument can be reversed to prove the converse as well: if A is an
eigenvalue of AT, then it is also an eigenvalue of A. O



Stochastic matrices have eigenvalue 1

Corollary: For any n x n matrix A, the eigenvalues of A are the same as the
eigenvalues of AT

Proposition 17.10: If P is an n x n stochastic matrix, then 1 is an
eigenvalue of P.

Proof.
Let the columns of P be wv1,..., v,.
Putd=[1 1 -~ 1 1] eRr"

Because P is stochastic we know that the sum of the entries in v; is one, or in
other words that v;.d = 1. This means that

vi 1 vi.d 1
Pld=| =1 = =
vy 1 Vn.d 1

Thus, d is an eigenvector of PT with eigenvalue 1.
It follows by the Corollary that 1 is also an eigenvalue of P, as required. O

Stationary distribution example

We will use a heuristic argument to guess

what the stationary distribution should 0.8 0.8
be, and then give a rigorous proof that Q
it is correct. @
At each time there is a (small but) 0.2
nonzero probability of leaving state 1 and 0.99
entering the square, so if we wait long

0.01

0.2 0.2
enough we can expect this to happen. 0.2
After we have entered the square there is
no way we can ever return to state 1, so
0.

the long-run average probability of being 8 0.8
in state 1 is zero.
Once we have entered the square things are symmetric so we spend % of the
time in each of states 2,...,5. Thusg=[0 025 025 025 0.25]"
should be a stationary distribution. It is a probability vector and

099 0 0 0 0 0 0
0.01 08 O 0 0.2 ]0.25 0.25
Pg=1| 0 02 08 O 0 0.25| = [0.25| = g as required.
0 0 02 08 O 0.25 0.25

0 0 0 02 0.8f ]0.25 0.25

Stationary distribution

Definition 17.11: A stationary distribution for a Markov chain is a probability
vector g that satisfies Pq = g (so q is an eigenvector of eigenvalue 1).
Remark 17.12: It often happens that the distribution vectors r, converge (as
n — o0) to a distribution ro, whose i'th component is the long term average
probability of the system being in state /. Because Pr, = r,+1 we then have

Proo = P lim r, = lim Pr, = |lim rpp1 = reo,

n—oo n—oo n— oo

SO rs IS a stationary distribution. Moreover, it often happens that there is
only one stationary distribution. There are many theorems about this sort of
thing, but we will not explore them in this course.



PageRank as an eigenvector

Pages Si1, ..., Ss; rankings r; > 0 with ZI. ri =1; S; links to N; pages;

Consistency condition r; = E
pages S; that link to S;

1/ Nj.

Define matrix P by P;j

Consistency condition is r; = Ej Pjjrj, so r = Pr, so r is an eigenvector for P

1/N; if there is a link from §; to S;

0 otherwise.

with eigenvalue 1. Column j has N; entries of 1/N; so P is stochastic.

@)

p=

0
1/3
1/3
1/3
0

0

0

0
1/2
1/2

0
0
0

1/2

1/2

0
1/2
1/2

0

0

0
1/2
0
1/2
0

PageRank

Google assigns to each web page a number called the PageRank, calculated
using eigenvectors; pages with higher rank come higher in search results.
We will describe a simplified version.

| 2
>

Imagine pages S, ..., Sn, with some links between them.
Say S; links to N; different pages, and assume N; > 0.

We want rankings r; > 0, normalised so that Z, rr=1,sorisa
probability vector in R".

A link from S; to S; is a vote by S; that S; is important.

Links from important pages should count for more;
links from pages with many links should count for less.

We use this rule: a link from S; to S; contributes r;/N; to r;.
Thus, the following consistency condition should be satisfied:

ri = > rj/ Nj.

pages S; that link to S;

PageRank as a Markov chain

0O 0 0 0 0
13 0 0 1/2 1/2
(::> P=11/3 0 0 1/2 0
1/3 1/2 1/2 0 1/2
0 1/2 1/2 0 0

Imagine a surfer who clicks a randomly chosen link on the current page once
per minute. This gives a Markov chain X with transition matrix P.

The PageRank vector r must satisfy ;, >0and ) ,ri=1and Pr=r,soitisa
stationary distribution for X.

Take g=[1/n -+ 1/n] T (distribution for a uniformly random page).
Typically there is a unique stationary distribution r, and P*q converges quickly
to r as k — co. When n is millions or billions, this is the best way to find r.
Conceptually: r; is the long run average proportion of time that a random
surfer spends on page /.



Calculating PageRank in Maple Calculating PageRank as a limit

with(LinearAlgebra) : with(LinearAlgebra):
n := 5; n := 5;
P:=<<0l0l0]lO0] 0>, P:=<<0l0l0]lO0] 0>,
<t/3 1ol ol 1/2 | 1/2 >, <t/3 1ol ol 1/2 | 1/2 >,
<1/3 10l 01 1/2 ] 0 >, <1t/3 1 0ol o0l 1/2 | 0>,
<1/3 | 1/2 | 1/2 1 0 | 1/2 >, <1/3 1 1/2 1 1/2 1 0 | 1/2 >,
<O 1/2 1 1/2 1 0| 0 >; <O 1/2 1 1/2 1 01 0 >
NS := NullSpace(P - IdentityMatrix(n)); q := Vector(n,[1/n $ nl);
r := NS[1]; r := evalf(P"10 . q);
r :=r / add(r[i],i=1..n);
r := evalf(r); 0.0 0.0
0.2783203125 0.2777777778
0.0 page 1 has rank 0.0 Result: r = |0.1667317708 |, close to the exact value of |0.1666666667
0.2777777778 page 2 has rank 0.2777777778 0.3332682292 0.3333333333
Result: r = |0.1666666667 | ; so page 3 has rank 0.1666666667 0.2216796875 0.2222222222
0.3333333333 page 4 has rank 0.3333333333
0.2222222222 page 5 has rank 0.2222222222 q is a vector of length n, whose entries are 1/n, repeated n times.
We have seen that r = limy_0 P“q, so r = P°q should be approximately

right.

Google found it useful to modify the PageRank algorithm with a damping
factor d, where 0 < d < 1. Consider a surfer who clicks a random link on the
current page with probability d, but with probability 1 — d chooses a uniformly
random page (whether or not there is a link to it).

This gives a new transition matrix:

Qj =

n
1-d
n

Nij + 129 if there is a link from S; to S;
otherwise.

Equivalently: let R be the stochastic matrix with R; = 1/n for all i and J;
then @ = dP + (1 — d)R. Now the PageRank vector r should satisfy
(Q — I,)r = 0. We can approximate r by finding Qg for large g.

d := 0.85;

R := Matrix(n,n,[1/n $ n"2]1);

Q :=d * P + (1-d) * R;

NS := NullSpace(Q - IdentityMatrix(n));
r := NS[1];

r :=r / add(r[i],i=1..n);
or
r := Q710 . q;



In R? and R3, lines and planes are important, especially through the origin. We A subspace must contain 0, and be closed under addition and scalar
now discuss analogous structures in R”, where n may be bigger than 3. multiplication.
Definition 19.1: A subset V C R" is a subspace if Let L be the line in R? with equation y = x/7.

(a) The zero vector is an element of V.

(b) Whenever v and w are two elements of V/, the sum v 4+ w is also an

v+w
element of V. (In other words, V is closed under addition.)

(c) Whenever v is an element of V and t is a real number, the vector tv is 0 Y
again an element of V. (In other words, V is closed under scalar ‘

multipication.)

> The point 0= [0 0] lies on L.

> Suppose we have v,w € L, so v = [a a/ﬂ']T and w = [b b/ﬂT for

some numbers a and b. Then v+w = [a+b (a+ b)/n] " which again
lieson L. Thus, L is closed under addition.

» Suppose again that v € L, so v = {a a/W]T for some a. Suppose also

T . - .
that t € R. Then tv = [ta ta/ﬂ , which again lies on L, so L is closed
under scalar multiplication.

So L is a subspace.

Consider the following subsets of R?:

Subspace non-examples V1 is not a subspace
N

Vi=7%= {[ﬂ eR’ | x and y are integers }

([ ex1e205)

w={[] ext ik = {[] ext1x=s)

Vi = { [ﬂ € R?| x and y are integers }

|
It is clear that the zero vector has integer coordinates and so lies in V. Next, if

v and w both have integer coordinates then so does v + w. In other words, if
v,w € Vi then also v + w € V4, so V; is closed under addition. However, it is

1
0} and t =05

not closed under scalar multiplication. Indeed, if we take v = {

0
(This is generally the best way to prove that a set is not a subspace: provide a
completely specific and explicit example where one of the conditions is not
satisfied.)

then v € V; and t € R but the vector tv = [O } does not lie in Vj.

Vi Vo V3

None of these are subspaces.



V5 is not a subspace

Y VQ:{[ﬂGR2|x§0§y}

L]
tvZVy

As 0 <0 <0 we see that 0 € V5.

Suppose we have vectors v = [x ] Tand v/ = X" y] Tin Vs,
sox<0<yandx' <0<y’ Asx,x" <0 it follows that x + x’ < 0.

As y,y’ > 0 it follows that y + y’ > 0. This means that the sum

vV = [x+x" y+y] T is again in V5, so Vs is closed under addition.
However, it is not closed under scalar multiplication.

Indeed, if we take v = [—-1 1] Tand t = —1then v € Vs and t € R but the

vector tv = [1 —1] T does not lie in Vs.

Two extreme cases

(a) The set {0} (just consisting of the zero vector) is a subspace of R".
(b) The whole set R" is a subspace of itself.

V3 is not a subspace

veVs V3 = {

v+wg V3

weVs

It is again clear that 0 € V3.

Now suppose we have v = [x ] TeVs(sox’*=y*)and t €R.
It follows that (tx)? = t°x* = t2y? = (ty)?,

so the vector tv = [tx ty] again lies in V3.

This means that V3 is closed under scalar multiplication.
However, it is not closed under addition,

1 } lie in V3,

because the vectors v = {1 and w = [_1

1
but v + w does not.

Linear combinations in subspaces

Proposition 19.6: Let V be a subspace of R”. Then any linear combination
of elements of V is again in V.

Proof.

Suppose we have elements v1,..., vk € V, and suppose that w is a linear
combination of the v;, say w = ), Ajv; for some A1,..., A €R. Asv; € V
and A\; € R and V is closed under scalar multiplication we have A;jv; € V. Now
A1vi and A\av2 are elements of V/, and V is closed under addition, so

Aivi + Aava € V. Next, as A1vi + Xove € V and A\3v3 € V and V is closed
under addition we have A1vi + Aava + Asvs € V. By extending this in the
obvious way, we eventually conclude that the vector w = Ajvy + - -+ + A vk lies
in V as claimed.

O



Dependent lists of length two

Lemma 8.5: Let v and w be vectors in R", and suppose that v # 0 and that
the list (v, w) is linearly dependent. Then there is a number « such that
w = V.

Proof.

Because the list is dependent, there is a linear relation Av + pw = 0 where A
and p are not both zero. There are apparently three possibilities: (a) A # 0 and
w#0; (b) \=0and p#0; (c) A # 0 and . = 0. However, case (c) is not
really possible. Indeed, in case (c) the equation Av + puw = 0 would reduce to
Av =0, and we could multiply by A~ to get v = 0; but v # 0 by assumption.
In case (a) or (b) we can take & = —\/u and we have w = av. O

Subspaces of R?

Proposition 19.7: Let V be a subspace of R?. Then V is either {0} or all of
R? or a straight line through the origin.

Proof.
(a) If V = {0} then there is nothing more to say.

(b) Suppose that V contains two vectors v and w such that the list (v, w) is
linearly independent. As this is a linearly independent list of two vectors in
R?, it must be a basis. Thus, every vector x € R? is a linear combination
of v and w, and therefore lies in V by the last Proposition. Thus, we have
V=R

(c) Suppose instead that neither (a) nor (b) holds. As (a) does not hold, we
can choose a nonzero vector v € V. Let L be the set of all scalar multiples
of v, which is a straight line through the origin. As V is a subspace and
v € V we know that every multiple of v lies in V, or in other words that
L C V. Now let w be any vector in V. As (b) does not hold, the list
(v, w) is linearly dependent, so the last Lemma tells us that w is a
multiple of v and so lies in L. This shows that V C L, so V = L.

Subspaces of R?

Proposition 19.7: Let V be a subspace of R?. Then V is either {0} or all of
R? or a straight line through the origin.

The proof will rely on two lemmas from last week.

Proposition 19.6: Let V be a subspace of R”. Then any linear combination

of elements of V is again in V.

Lemma 8.5: Let v and w be vectors in R", and suppose that v # 0 and that
the list (v, w) is linearly dependent. Then there is a number « such that

w = V.



Spans and annihilators

Definition 19.8: Let W = (w1, ..., w;) be a list of vectors in R”.

(a) span(W) is the set of all vectors v € R” that can be expressed as a linear
combination of the list W.

(b) ann(W) is the set of all vectors u € R" such that u.wy =

Remark 19.9: The terminology in (a) is related in an obvious way to the

terminology used earlier: the list W spans R” if and only if every vector in R" is

a linear combination of W, or in other words span(WW) = R".

=uw, =0.

Span and annihilator example

Put
V={[w x y z]T€R4|w+2x—|—3y—|—4z:4w—|—3x—|—2y—|—z:0}.

lfweputa=[1 2 3 4] andb=1[4 3 2 1] then
w+2x+3y+4z = a. [W Xy Z]T 4w+3x+2y+z = b. [W Xy Z}T

so we can describe V as ann(a, b).

On the other hand, suppose we have a vector v=[w x y Zz] Tin V, so
that
w+2x+3y+4z=0 (A)
4w +3x+2y+z=0 (B)

If we subtract 4 times (A) from (B) and then divide by —15 we get
equation (C) below. Similarly, if we subtract 4 times (B) from (A) and divide

by —15 we get (D).
Ix+23y4+2z=0 Q)
w+3ix+3y=0 (D)

Span and annihilator example

span(wi, ..., w,) = { linear combinations of w1, ..., w;};
ann(wy,...,w,) ={v|vw =--- =v.w, =0}

Consider the plane P in R® with equation x + y 4+ z = 0. More formally:

X
P=Sly| eR’|x+y+z=0

z

If we put v = [X y Z]T and t = [1 1 1]T, then we have
v.t =x 4y + z. It follows that

P ={veR®|v.t =0} =ann(t).

On the other hand, if x+y +z=0then z=—x—y so

X X 1 0
Y| = y =x|0|+y]|1
z —X—y -1 -1

Thus, ifweput uy=[1 0 —1]"andwx=[0 1 —1]" then

P = {xui+yw | x,y € R} = { linear combinations of u; and u>} = span(uy, u>).

Span and annihilator example

{[W X y z] €R4|W+2x+3y+4z:4w+3x+2y+z:O}

T
{W - 2] Jw=-3x-3y, z=-ix-3y}
-2/3 -1/3
1
[ xyeRp =qx| o | +y 2 |x,y €R
-1/3 -2/3
Thus, if we put
_2 _1
7’ 0
Cc = 0 d = 1
_1 _2
3 3

then
V ={xc+yd | x,y € R} =span(c, d).



Annihilators are subspaces

A subspace must contain 0, and be closed under addition and scalar
multiplication.

Proposition 19.23: For any list W = (wa,...,w,) of vectors in R", the set
annW) ={x eR" | x.wy = --- = x.w, = 0}

is a subspace of R".

Proof.

(a) The zero vector clearly has 0.w; = 0 for all i, so 0 € ann(W).

(b) Suppose that u, v € ann(W). This means that u.w; = 0 for all i, and that
v.w; = 0 for all i. It follows that (u+ v).w; = u.w; + v.w; =0+ 0 =0 for
all i, so u+ v € ann(W). Thus, ann(W) is closed under addition.

(c) Suppose instead that u € ann(W) and t € R. As before, we have u.w; =0

for all i. It follows that (tu).w; = t(u.w;) = 0 for all i, so tu € ann(W).
Thus, ann(W) is closed under scalar multiplication.

Bases for subspaces

Definition 20.1: Let V be a subspace of R". A basis for V is a linearly
independent list V = (v1,...,v,) of vectors in R" such that span(V) = V.
Definition 20.2: Let V be a subspace of R”. The dimension of V (written
dim(V)) is the maximum possible length of any linearly independent list in V.
The empty list always counts as linearly independent, so dim(V) > 0.

Any linearly independent list in R" has length at most n, so dim(V) < n.
Proposition 20.3: Let V be a subspace of R”, and put d = dim(V).

Then any linearly independent list of length d in V is automatically a basis.
In particular, V has a basis.

Spans are subspaces

A subspace must contain 0, and be closed under addition and scalar
multiplication.

Proposition 19.24: For any list W = (wa,...,w,) of vectors in R", the set
span(W)
(of linear combinations of W) is a subspace of R".

Proof.

(a) The zero vector can be written as a linear combination
0=0wi +---+ 0w, so 0 € span(W).

(b) Suppose that u, v € span(W). This means that for some sequence of
coefficients \; € R we have u = ZI. Aiw;, and for some sequence of
coefficients p; we have v = Z, wiw;. If we put vi = \i + i we then have
u+v=>,viw;. This expresses u + v as a linear combination of W, so
u+ v € span(W). Thus, span(W) is closed under addition.

(c) Suppose instead that u € span(W) and t € R. As before, we have
u =, A\iw; for some sequence of coefficients A;. If we put k; = tA; we
find that tu =}, k;w;, which expresses tu as a linear combination of W,
so tu € span(W). Thus, span(W) is closed under scalar multiplication.

O

Independent lists of the right length are bases

Proposition: Let V be a subspace of R”, and put d = dim(V). Then any

linearly independent list V = (v1,- - , vg) of length d in V is a basis.
Proof.
Let u be an arbitrary vector in V. Consider the list V' = (wv1,..., v4,u). This is

a list in V of length d + 1, but d is the maximum possible length for any
linearly independent list in V/, so the list V' must be dependent. This means
that there is a nontrivial relation

Avi+ -+ Agvg + pu = 0.

We claim that i cannot be zero. Indeed, if 1t = 0 then the relation would
become A\ivi + -+ Agvg = 0, but V is linearly independent so this would give

A =-+-=MAg =0 as well as u = 0, so the original relation would be trivial,
contrary to our assumption. Thus p # 0, so the relation can be rearranged as
AL Ad
Uu=——v — -+ — —Vg,
I

which expresses u as a linear combination of V. This shows that an arbitrary
vector u € V can be expressed as a linear combination of V, or in other words
V =span(V). As V is also linearly independent, it is a basis for V. O



Any d-dimensional subspace is RY in disguise

Proposition 20.4: Let V be a subspace of R”, and let V = (w1, ..., vq) be a
basis for V.

Define a function ¢: RY — V by ¢(A) = Avi + -+ - + Agva.

Then there is an inverse function ¢: V — R with ¢(1(v)) = v for all v € V,
and 1(¢()\)) = X for all A € RY. Moreover, both ¢ and ¥ respect addition and
scalar multiplication:

(A + 1) = &(A) + (k) P(tA) = tp(A)
(v +w) =p(v) +9(w) P(tv) = tip(v).

Proof.

By assumption the list V is linearly independent and span(V) = V. Consider an
arbitrary vector u € V. As u € span(V) we can write u as a linear combination
u =), Aiv; say, which means that u = ¢(\) for some X\. We claim that this X
is unique. Indeed, if we also have u = ¢(u) = >, uivi then we can subtract to
get > ;(Ai — pi)vi = 0. This is a linear relation on the list V, but V is assumed
to be independent, so it must be the trivial relation. This means that all the
coefficients A\; — pu; are zero, so A = p as required. It is now meaningful to
define 1(u) to be the unique vector A with () = u. Properties are left as an
exercise. ]

Numerical criteria

Corollary: Let V be a d-dimensional subspace of R".

) Any linearly independent list in V has at most d elements.

(a
(b) Any list that spans V has at least d elements.
c) Any basis of V has exactly d elements.

(

(

d) Any linearly independent list of length d in V is a basis.

(e) Any list of length d that spans V is a basis.

Proof:

(e) Recall: we have inverse functions R 2 v 2 RY with d(A) =D, Aivi.
Let W = (w, ..., wy) be a list of length d that spans V.
As in (b) we use ¢ and 1 to see that the list (¢)(w1), ..., ¥ (waq)) spans R,
This is a list of length d that spans RY, so it must be a basis.
In particular, it is linearly independent.
Claim: the original list WV is also linearly independent.
To see this, consider a linear relation ZJ. Ajw; = 0.
By applying ¢ to both sides, we get >, A\jeb(w;) = 0.
As the vectors 1)(w;) are independent we see that \; = 0 for all j.
This means that the original relation is the trivial one, as required.
As W is linearly independent and spans V/, it is a basis for V.

Numerical criteria

Corollary: Let V be a d-dimensional subspace of R".

a) Any linearly independent list in V has at most d elements.

b) Any list that spans V has at least d elements.

c) Any basis of V has exactly d elements.

d) Any linearly independent list of length d in V is a basis.

e) Any list of length d that spans V is a basis.

Proof:

(a) This is just the definition of dim(V).

(b) Recall: we have inverse functions R? 2 v 4 RY with A(A) =D Aivi.
Let W = (w,...,w,) be a list that spans V. We claim that the list
(¥(w1),...,¥(w,)) spans RY. Indeed, for any x € RY we have ¢(x) € V,
and W spans V so ¢(x) = Zj wjw; say. We can apply 1 to this to get

x = (6(3) = V(3 ) = D uiv(w),

(
(
(
(
(

which expresses x as a linear combination of the vectors 1(w;), as
required. We saw earlier that any list that spans RY must have length at
least d, so r > d as claimed.

(c) This holds by combining (a) and (b).

(d) This was proved two slides ago.



Canonical bases

Proposition 20.6: Let V be a subspace of R”. Then there is a unique RREF
matrix B such that the columns of BT form a basis for V.
(We call this basis the canonical basis for V.)

Proof of existence.

Let U = (u, ..., uq) be any basis for V, and let A be the matrix with rows
T T
ug,...,Uy4.
ol v
A= : —~B= : B'=|wv| |w
_ _
Uqg Vd
Let B be the row-reduction of A, let v{',..., v, be the rows of B, and put
V = (wvi,...,Vvq) = the list of columns of BT. We saw earlier that a row

vector can be expressed as a linear combination of the rows of A if and only if
it can be expressed as a linear combination of the rows of B. This implies that
span(V) =span(i{) = V. As Vis a list of length d that spans the
d-dimensional space V, we see that V is actually a basis for V. O

Examples of jumps

Example: Consider V ={[s —s t+s tfs]T |s,t € R} C R
If s # 0 then the vector x = [s —s t+s t— 5} T starts in slot 1.
Ifs=0butt#0thenx=1[0 0 t ¢ " and this starts in slot 3.
If s =t =0 then x =0 and x does not start anywhere.

Thus, the possible starting slots for x are 1 and 3, which means that
J(V) ={1,3}.

Example: Consider the subspace

W={[a b ¢ d e f]"eR|a=b+c=d+e+f=0}
Anyvectorw=1[a b ¢ d e f}T in W can be written as

w=[0 b —b d e —d- e]T, where b, d and e are arbitrary.

If b # 0 then w starts in slot 2.

Ifb=0butd#0thenw=[0 0 0 d e —d—e| startsinslot4.
fb=d=0bute#0thenw=[0 0 0 0 e —e]Tstartsin slot 5.
If b=d = e =0 then w =0 and w does not start anywhere.

Thus, the possible starting slots for w are 2, 4 and 5, so J(W) = {2,4,5}.

Canonical bases — towards uniqueness

Definition 20.9: Let x = [ - i " be a nonzero vector in R".
We say that x starts in slot k if xi,...,xk—1 are zero, but xx is not.

Given a subspace V C R”, we say that k is a jump for V if there is a nonzero
vector x € V that starts in slot k. We write J(V) for the set of all jumps for
V.

Example
20.10
> Thevector [0 0 1 11 111]" starts in slot 3;

» The vector [1 2 3 4 S]T starts in slot 1;

> Thevector [0 0 0 0 0.1234]" starts in slot 5.

Jumps and pivots

Lemma: Let B be an RREF matrix, and suppose that the columns of BT form
a basis for a subspace V C R". Then J(V) = {cols of B that contain pivots}.

V71T 01 o 0 B 0 y
Example proof: Consider B = vy =|0 0 01 § 0 «
vy 000 0 0 1 ¢

Put V = span(vi, v2, vs) C R’, so the v; (= cols of BT) form a basis for V.
There are pivots in columns 2, 4 and 6, so we must show that
J(V) ={2,4,6}. Any x € V has the form x = Ajvi + dova + A3v3

=0 A der A2 MB+Xd A Ay 4 e+ As(] T

Note that Ax occurs on its own in the k’'th pivot column, and all entries to the

left of that involve only A1,..., Ak—1. Thus, if A\1,..., Ak—1 are all zero but
Ak # 0 then x starts in the k'th pivot column. In more detail:
> If A #O0thenx=1[0 A\ % * * =+ " and so x starts in slot 2
(the first pivot column).
> If Ay =0 # X\ then x = [0 0 0 X % = *]Tand so x starts in

slot 4 (the second pivot column).

> If M =X =0#Xthenx=[0 0 0 0 0 )5 ] andso x starts
in slot 6 (the third pivot column).

> If Ay = X2 = A3 = 0 then x = 0 and so x does not start anywhere.



Canonical bases — proof of uniqueness

Proposition 20.6: Let V be a subspace of R”. Then there is a unique RREF
matrix B such that the columns of BT form a basis for V.

Sketch proof of uniqueness.

Suppose we have a subspace V C R" and two RREF matrices B and C such
that the columns of BT form a basis for V, and the columns of CT also form a
basis for V. Both B and C must be d x n matrices, where d = dim(V). Let
Vi,...,Vq be the columns of B and let wi, ..., wy be the columns of C. Both
B and C have all rows nonzero, and so have d pivots each. The pivot columns
are the jumps for V' and so are the same for B and C: say columns pi, ..., pq.

Now consider one of the vectors v;. As v; € V and V = span(wx, ..., wq) we
can write v; as a linear combination of the vectors w;, say

Vi =Xiwi + - - - + Agwy. By looking in slot p; we see that 1 = \;. By looking
in slot p; (where j # i) we see that A\; = 0. Thus, the sum on the right is just
w; and we get v; = w;. This holds for all i, so we have B = C as claimed. [

Example of finding the canonical basis for a span

Consider again the plane

X
P={ |yl eR|x+y+z=0
z

We showed before that P = span(uy, u2), where

1 0
uu=1|0 w=|1
-1 -1
As the matrix
A ul 10 -1
B { Uy ] o [0 1 —1}

is already in RREF, we see that the list i = (u1, u2) is the canonical basis for P.

Finding the canonical basis for a span

Method: To find the canonical basis for a subspace V = span(vi, ..., v,), form
the matrix
V1T
A= :
S
VI'

Then row-reduce to get an RREF matrix B, and discard any rows of zeros to
get another RREF matrix C. The columns of C” are the canonical basis for V.

Proof of correctness.

We showed earlier that row operations do not change the span of the rows, and
it is clear that discarding rows of zeros does not change the span of the rows
either, so the rows of C have the same span as the rows of A. Equivalently, the
span of the columns of C7 is the same as the span of the columns of AT,
namely V. Moreover, as each pivot column of C contains a single one, it is easy
to see that the rows of C are linearly independent or equivalently the columns
of CT are linearly independent. As they are linearly independent and span V,
they form a basis for V. As C is in RREF, this must be the canonical basis. [

Example of finding the canonical basis for a span

Consider again the subspace
V = {[W X y Z]T cRrR* | w+2x 43y +4z=4w + 3x + 2y + z = 0}.
We showed previously that the vectors
c=[-% 10 f%}T and d=[-1 0 1 g]T.

give a (non-canonical) basis for V. To find the canonical basis, we perform the
following row-reduction:

1 —§ o 3] [t -3 0 3 10 32
0 -3 1 -3 0 1 -2 1 01 -2 1
We conclude that the vectors u; = [1 0 -3 2] T and

U = [0 1 -2 1] T form the canonical basis for V.



Finding the canonical basis for an annihilator

Method: Suppose V = ann(u1,...,u;) ={x € R" | x.uy = --- = x.u, = 0}.
To find the canonical basis for V:
» Write out the equations x.u1 =0, ..., x.u, = 0, listing the variables in

backwards order (x. down to x1); then solve by row-reduction.

» Write the general solution as a sum of terms, each of which is an
independent variable times a constant vector.

» These constant vectors form the canonical basis for V.

Finding the canonical basis for an annihilator

Example: Put V = ann(u1, w2, u3), where

m=1[9 13 5 37 w=[ 1 1 1" w=[ 11 3 1].
The equations x.u3 = x.uy = x.u; = 0 can be written as follows:
X4+3x3+11x+7x1 = 0 Xa+Xx3+x20+x1 =0 3x4+5x3+13x2+9x1 = 0

We can row-reduce the matrix of coefficients as follows:

1 3 11 7 0 2 10 6 0 1 5 3 1 0 -4 -2
11 1 1f —-J1 1 1 1 —-|f1 1 1 1 — |0 1 5 3
3 5 13 9 0 2 10 6 0 0 0 O 0 0 O 0
This gives xa —4xo —2x1 = x3 + 5x2 +3x1 =0
so x4 = 4x2 + 2x1 and x3 = —5x2 — 3x3. We thus have
X1 X1 1 0
_|x X2 o 0 1
X = X3 —5X2 — 3X1 =X —3 + X2 —5
X4 4xy + 2x1 2 4

so[l 0 -3 2}T and [0 1 -5 4]T form the canonical basis for V.

Finding the canonical basis for an annihilator

V = ann(u1, uz, uz), where

Finding the canonical basis for an annihilator

Example: Put V = ann(u1, w2, u3), where

m=[1 2 3 4 5" w=[1 23 33" wm=[1111 1" m=[1 2 3 4 5" w=[1 23 33" wm=[1111 1"
Equations x.u3 = x.up = x.u;p = 0 give

X5 = X3 — X1 and X4 = —2X3 + 2X1 and X = —2X1

(with x; and x3 independent).

To find the canonical basis, write the equations x.u3 = x.up = x.u;y = 0 as:

Xs+X4+X3+x2+x1=0
3xs +3x4 +3x3 +2x +x1 =0

5x5 + 4x4 + 3x3 + 2x2 + x1 = 0. Thus
1 0
We now row-reduce the matrix of coefficients: x u
X2 72X1 -2 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 X=|x3| = X3 =x1 | 0| +x3| 1 = x1v1 + X3 say.
3 33 2 1] -0 0 0O -1 -2 —=10 1 2 3 4 X4 —2x3 + 2x1 2 -2
5 4 3 2 1 0o -1 -2 -3 -4 0 0 0 1 2 X5 X3 — X1 -1 1
1 1 1 0 -1 10 -1 0 1 It follows that the vectors
-0l 20 m2p =0l 202 vi=[1 -2 0 2 1" ad w=[0 0 1 -2 1]
0 0 01 2 00 0 1 2

This gives xs —x3 +x1 =0 and xs +2x3 —2x; =0 and x2 +2x; = 0 form the canonical basis for V.

S0 xs = x3 — x1 and xa = —2x3 + 2x1 and x2 = —2xq, ( x1, x3 independent)



Pure matrix method for annihilators

Method: Let A be a kK X n matrix, and let V C R” be the annihilator of the
columns of AT. We can find the canonical basis for V as follows:

(a) Rotate A through 180° to get a matrix A™.

(b) Row-reduce A* and discard any rows of zeros to obtain a matrix B* in
RREF. This will have shape m x n for some m with m < min(k, n).

(c) The matrix B* will have m pivots (one in each row). Let columns
pi, ..., Ppm be the ones with pivots, and let columns qi, ..., gs—m be the
ones without pivots.

(d) Delete the pivot columns from B* to leave an m x (n — m) matrix, which
we call C*. Let the i'th row of C* be ¢ (so ¢ € R"™™ for 1 < i < m).

(e) Now construct a new matrix D* of shape (n — m) X n as follows: the p;'th
column is —c¢;, and the g;'th column is the standard basis vector e;.

(f) Rotate D through 180° to get a matrix D.

(g) The columns of D7 then form the canonical basis for V.

Pure matrix method for annihilators

Example: Again consider V = ann(u1, u2, u3), where

m=[1 2 3 4 5" wm=[1 23 33" m=[1111 1.

1 2 3 4 5 11 1 11
A=11 2 3 3 3 A"=13 3 3 2 1
11 1 11 5 4 3 2 1
A* = matrix of coefficients in previous approach. As before:
111 11 1 0 -1 0 1
A=1(3 3 3 2 1|—=|0 1 2 0 -2|=8"
5 4 3 2 1 0 0 0 1 2
Pivot cols p1 = 1, p» = 2 and p3 = 4; non-pivot cols g1 = 3 and g = 5.
o -1 -1
Deleting pivot columns leaves C* = fox =12 =2
! 0 2
G
D'=| —a|-al|ea|-c — |7t 2 100
= 1 2 1 3 | € 1 -2 0 -2 1

1 -2 0 -2 -1 . . .
Rotate: D = 0 0 1 2 _1]. Rows of D give canonical basis for V.

Pure matrix method for annihilators

Example: Again consider V = ann(u1, w2, u3), where

mw=1[9 13 5 3" w=[1 111" wm=[ 11 3 1.

ul 9 13 5 3 1 3 11 7
A= ul =11 1 1 1 A=11 1 1 1
ul 7 11 3 1 3 5 13 9

The matrix A" is the the matrix of coefficients appearing in our previous
approach; as we saw we can row-reduce and delete zeros as follows:

1 3 11 7 1 0 —4 -2
AA=]1 1 1 1| -0 1 5 3 —>B 2 _54 _32}:5*.
3 5 13 9 00 0 O

The pivot columns are p1 = 1 and p, = 2, whereas the non-pivot columns are
g1 = 3 and g» = 4. We now delete the pivot columns to get

C*_' o [+ -2
- c 5 3

D'=| —a|-a|al|e :|:

Describing spans as annihilators

We have just discussed a method that finds a basis for an annihilator,
and so describes the annihilator as a span.
Opposite problem: describe a span as an annihilator.

In more detail: given vi,...,v, find u1, ..., us such that

span(vi,...,v,) = ann(us,..., Us).

Method:

(a) Write out the equations x.v, = 0,...,x.v; = 0, listing the variables in

backwards order (x, down to x1).
(b) Solve by row-reduction in the usual way.

(c) Write the general solution as a sum of terms, each of which is an
independent variable times a constant vector.

(d) Call these constant vectors w1, ..., us. Then V = ann(ui,..., us).



Lecture 17 Sums and intersections of subspaces

Definition: Let V and W be subspaces of R". We define

V+ W = {x €R"| x can be expressed as v + w for some v € V and w € W}
VAW ={x€eR"|x eV andalso x € W}.

Example: PutV={D]ER2\y:2X} W={{;]€R2|2y:x}

v
\-a w

Then V N W is the set of points lying on both lines, but the lines only meet at
the origin, so V. N W = {0}.

Every point a € R? can be expressed as the sum of a point on V with a point
on W, so V+ W =R

Sums and intersections of subspaces Sum and intersection example

Definition: Let V and W be subspaces of R”. We define Put

V={lw x y z]T€R4\W:yandx:z}
V+ W = {x €R"| x can be expressed as v + w for some v € V and w € W}

W:{[W X y Z]T€R4\W+zzx+y:0}.
VAW ={xeR"|xeVandalso x € W}.

Foravectoru=[w x y Z] " to liein V N W we must have
= dx=zand w=—zand x = —y
Example: Put V =4 |X| e R? |y =2 w=1{ " er?|2y = weyen ’
P ! {{y] ly =2 y |2y =x sou=[w —w w —w], soVNWisjust the set of multiples of
Algebraically: [1 11 _1]_ Now put
> If m € VN W then y = 2x and also x = 2y, so x = y = 0, s0 m =0.

U={[w x vy z]T|fofy+z:0}:ann([1 -1 -1 l}T).
Thus V N W = {0}.

We claim that V + W = U. Proof: considera u=[w x y Z] T
» Suppose u € V+ W. Then u=v + w for some v € V and w € W, say
v=[p g p glandw=[-r —s s r}T. This gives

_2y—x[1 _2x—y [2 u=v+w=[p—r g—s p+s qg+r],so
v="571, w=="—72=11"

» Consider an arbitrary point a = [ﬂ € R2. If we put

w—x—y+z = (p—r)—(q—s)—(p+s)+(q+r) = p—r—q+s—p—s+q+r =0,
we find that v € V and w € V\g and a = v + w, which shows that proving that u € U as required.
aceV+W. Thus V + W =R”. -
» Suppose u€ U,soz=x+y—w. Putv= [y X y X] and

w = [W—y 0 0 y—W]T. We find that v € V and w € W and
v + w = u, which proves that u € V + W as required.



Sum of spans, intersection of annihilators

Proposition: For lists vi,...,v, and wa, ..., ws of vectors in R", we have

(a) span(vi,...,v,) +span(wi, ..., ws) =span(vi,..., Ve, Wi, ..., Ws).

(b) ann(vi,...,v.)Nann(wi, ..., ws) =ann(vi,..., Ve, Wi, ..., Ws).

Proof.

(a) An arbitrary element x € span(vy, ..., v,) + span(wi, ..., ws) has the form
x = v+ w, where v is an arbitrary element of span(vi,...,v,) and w is an
arbitrary element of span(wi, ..., ws). This means that v =>""_ Ajv; and
w = ijl pjw; for some coefficients A1,..., Ar and pa, ..., is, so

X:>\1V1+"'+)\rVr+M1W1+"'+NsWs~

This is also the general form for an element of

span( Vi, ..., Ve, Wi, ..., Ws).

(b) A vector x € R" lies in ann(vi, ..., v,) if and only if x.vi =--- = x.v, = 0.
Similarly, x lies in ann(wi, ..., ws) iff x.wy = --- = x.ws. Thus, x lies in
ann(vi,...,v,) Nann(wi, - -, ws) iff both sets of equations are satisfied,
or in other words x.vy = --- = x.v, = x.wy = --- = x.ws = 0.

This is precisely the condition for x to lie in ann(vi, ..., v, wi, ..., ws).

O

The dimension formula

Dimensions of V, W, VN W and V + W are linked by the following formula:
dim(V N W) + dim(V + W) = dim(V) + dim(W).
Example:
V =span(er, ..., €p, i1y -+, Eptq)
W = span(er, ..., €, €tqtls- s €ptatr)
VN W =span(ey,...,e)
V + W =span(es,..., €+iqtr)
dm(VAW)+dim(V+W)=p+(p+qg+r)=2p+q+r
dim(V) +dim(W)=(p+q)+(p+r)=2p+q+r.

> If we know three of the numbers dim(V N W), dim(V + W), dim(V) and
dim(W), we can rearrange the formula to find the fourth.

» If you believe that you have found bases for V, W, VN W and V + W,
you can use the formula as a check that your bases are correct.

We will not prove the formula, except to say that one can choose bases to
make the proof like the above example. Details would be a digression.

Finding sums and intersections

Method 21.5: To find the sum of two subspaces V, W C R™:

(a) Find a list V such that V = span(V). (If V is given as an annihilator, use
earlier method to find the canonical basis V for V; then V = span(V).)

(b) Find a list W such that W = span(WV) (in the same way).

(c) Now V + W is the span of the combined list V,W. If desired, we can

make this list the rows of a matrix then row-reduce and discard zeros to
get the canonical basis for V + W.

Method 21.6: To find the intersection of two subspaces V, W C R™

(a) Find a list V' such that V = ann()’). It may be that V is given to us as
the annihilator of some list, in which case there is nothing to do.
Alternatively, if V is given to as as the span of some list, then gave a
method earlier to find a list V' such that ann(V’) = V.

(b) Find a list W' such that W = ann(W'’) (in the same way).

(c) Now V N W is the annihilator of the combined list V', W’'. Earlier we
described how to find the canonical basis for an annihilator, so we can use
that to get the canonical basis for V N W.

Sum and intersection example

Put V = span(vi, vz, v3) and W = span(wi, wz, w3) where

1 1 1 1 0 0
Vi = 0 Vo = 1 vy = 1 w; = 1 Wy = 1 w3 = 0
0 1 1 0 1 1
0 0] 1 0 0 1
Claim: V + W = R*. Systematic proof: recall
V + W = span(vi, v2, v3, w1, wo, w3)) and row-reduce:
v 1000 100 0 el
v 1110 0100 e
vy 1111 001 0] e
Wy 1100 7loo0oo0 1| | &
Wy 0 1 1 0 0 0 0 O 0
T 0 01 1 0 0 0O 0

Conclusion: (e, e, e3, e4) is the canonical basis for V+ W, so V 4+ W = R*.
More efficiently:
€ =W € =W —Vv e = Vo — Wy € = V3 — Vo.

It follows that e, e, e3 and es are all in V + W, so V + W = R*.



Sum and intersection example

1
vi = W*l Wy = w3 =
1= 1= 1o 2 = 3=

O O O+
O R H K~
b
\
T = )
o = = O
== O O

0

Now find V N W. First step: describe V' as an annihilator. Write equations
x.v3 =0, x.v2 = 0 and x.v; = 0, with the variables x; in descending order:

Xa+x3+x2+x1 =0
x3+x+x1=0

X1 = 0.
Clearly x1 = x4 = 0 and x3 = —x2, with x2 arbitrary. Thus:
X1 0 0
X2 X2 1
X = = = Xp
X3 —X2 -1
X4 0 0

Sum and intersection example

a=[0 1 -1 0o b=[1 -1 1 -1]"
We now have V = ann(a) and W = ann(b) so VN W = ann(a, b). To find the
canonical basis for this, we write the equations x.b = 0 and x.a = 0, again with
the variables in decreasing order:
—xat+x3—xx+x1=0
—x3+x =0

After row-reduction we get x4 = x; and x3 = x» with x; and xo arbitrary. This
gives

X1 X1 1 0

o X2 o X2 - 0 1
x= X3 - X2 X 0 X 1
X4 X1 1 0

We conclude that the vectors u; = [1 0 O l]T and wp = [0 1 1 O]T
form the canonical basis for V N W. As a sanity check we can note that

uw=wv—w+wneV b=wvw—veV

m=ws—wr+ws €W wm=w € W.

These equations show directly that u; and w, liein VN W.

Sum and intersection example

V3 = w3 =

O O O+
(= e
T = )

3

I

S

Il
o = = O
== O O

Next step: describe W as an annihilator. Write down the equations x.ws = 0,
x.wp = 0 and x.wy = 0, with the variables x; in descending order:

xs+x3=0
x3+x=0
x2 +x1 = 0.
This easily gives xa = —x3 = x2 = —x1, SO
X1 X1 1
X2 —X1 -1
X = = X1
X3 X1 1
X4 —X1 -1

Dimension check

We will use the dimension formula to check our calculation.
» V =span(vi, v2, v3) and one can check that this list is independent so
dim(V) = 3.
» W = span(wi, wo, w3) and one can check that this list is independent so
dim(W) = 3.
> We showed that V + W = R* so dim(V + W) = 4.
We showed that w1, u; is a basis for VN W so dim(V N W) = 2.

» Now dim(V + W) +dim(VNW)=4+2=6 and
dim(V) 4+ dim(W) = 3 4+ 3 = 6. As expected, these are the same.

v



Sum and intersection example

Put V = span(v1, v2) and W = span(wy, w,) where

1 1 -3 0
Lo "o |2 w |1 v | 1
1 3 1 -1
1 4 3 0

We will find the canonical bases for V, W, V+ W and VN W. For V:
vy S O L T O T L R e S
v | T |1 2 3 4 01 2 3 01 2 3
Thus: the vectors vi = [1 0 —1 72]Tand vw=1[0 1 2 3]Tform

the canonical basis for V.
Similarly, the row-reduction

wy -3 -1 1 3 -3 0 0 3 10 0 -1
= — —
wy 0 1 -1 0 0 1 -1 0 01 -1 0

shows that the vectors w{ = [1 0 0 fl]T andw,=[0 1 -1 O]T
form the canonical basis for W.

Sum and intersection example

V = span(v;, v3) v{:[l 0 -1 72]T VQI:[O 1 2 3]T

W =span(wi,w}) wi=[1 0 0 -1 wj=[0 1 -1 o]"
Next, to understand V N W, we need to write V and W as annihilators.
For W:putby=[1 0 0 1] andb=[0 1 1 0]

After considering the form of the vectors wi and wj we see that

X1 X1
X2 X2
W = | x1,2 €ER » = | x1+xa =x+x3=0p =ann(by, by).
—X2 X3
—X1 X4

For V: the equations x.v{ = 0 and x.v4 = 0 are
—2x4 —x3 +x1 =0 and 3x4 + 2x3 + xo = 0. Solution:

X3 = —2x> — 3x1 X4 = Xo + 2x1 ( x2 and xq arbitrary)
X1 X1 1 0
X = - X2 = X 0 + X = Xx1d1 + Xzpa2 sa
Tl T 2w —3x]| T =3 T || T T AR5

X4 x> + 2x1 2 1
Thus V = ann(ay, a2), where a; = [1 0 -3 Z]T, a = [O 1 -2 l]T.

Sum and intersection example

V = span(vi, v3) and W = span(wj, w;) where

1 0 1 0
v, = 0 vy = L wy = 0 wy = 1
1 1 2 5 1 0 ) 1
) 3 -1 0
Next find the canonical basis for V + W = span(vy, v3, wq, w3), by
row-reducing either the matrix [v{|v3|w{|w3]":
1 0 -1 =2 1 0 -1 =2 1 0 0 -1
0o 1 2 3 - 0o 1 2 3 - 01 0 1
1 0 0 -1 0 0 1 1 0 0 1 1
0 1 -1 0 0 0 -3 -3 0 0 0 O

We conclude that the following vectors form the canonical basis for V + W:

1 0
p— 0 p—
u = 0 uz =

0
0
1
1

=

-1

In particular, we have dim(V + W) = 3.

Sum and intersection example

a=[1 0 -3 2" a=0 1 -2 1]

bh=[1 0 0 1]’ b=[0 1 1 0
We now have

VN W = ann(ar, a2) N ann(bi, b2) = ann(ay, az, by, by).

To find the canonical basis, solve x.b = x.b; = x.a» = x.a1 = 0:

x3+x2 =0 X4 +x1=0
X4 —2x3+x20 =0 2x4 — 3x3 + x1 = 0.
The first two equations give x3 = —x> and x4 = —x1, which we can substitute

into the remaining equations to get x» = x1/3. This leads to

x=x[l 1/3 -1/3 —1]" sothevectorc=[1 1/3 -1/3 —1] s
(by itself) the canonical basis for V N W. In particular, we have

dim(VNn W) =1

As a check, we note that

dim(V+ W) +dim(VNW)=3+1=2+2=dim(V) +dim(W),

as expected.



Column operations

Definition 22.2: A matrix A is in reduced column echelon form (RCEF) if
AT is in RREF, or equivalently:

RCEFO0: Any column of zeros come at the right hand end of the matrix, after all
the nonzero columns.

RCEF1: In any nonzero column, the first nonzero entry is equal to one. These
entries are called copivots.

RCEF2: In any nonzero column, the copivot is further down than the copivots in all
previous rows.

RCEF3: If a row contains a copivot, then all other entries in that row are zero.

Definition 22.3: Let A be a matrix. The following operations on A are called
elementary column operations:

ECO1: Exchange two columns.
ECO2: Multiply a column by a nonzero constant.

ECO3: Add a multiple of one column to another column.

Definition 22.1: For any matrix A, put

rank(A) = dim( span of the columns of A)

= dim( span of the rows of A”).

Rank of an RCEF matrix

Proposition 22.4: If a matrix A is in RCEF, then the rank of A is just the
number of nonzero columns.

Proof.

Let the nonzero columns be w1, ..., u,, and put U = span(us, ..., ur).

This is the same as the span of all the columns, because columns of zeros do
not contribute anything to the span.

We claim that the vectors u; are linearly independent.

To see this, note that each u; contains a copivot, say in the g;'th row. As the
matrix is in RCEF we have g1 < --- < q,, and the g;'th row is all zero apart
from the copivot in u;. In other words, for j # i the g;'th entry in u; is zero.
Now suppose we have a linear relation A\ju; + -+ + Aru, = 0.

By looking at the g;'th entry, we see that \; is zero.

This holds for all i, so we have the trivial linear relation.

This proves that the list u1,. .., u, is linearly independent, so it forms a basis
for U, so dim(U) = r. We thus have rank(A) = r as claimed. O



Basic facts about column operations

Proposition 22.5: Any matrix A can be converted to RCEF by a sequence of
elementary column operations.
Proof: Analogous to Method 6.3 for row operations. O

Proposition 22.6: Suppose that A can be converted to B by a sequence of
elementary column operations. Then B = AV for some invertible matrix V.

Proof.

AT can be converted to B” by a sequence of row operations corresponding to
the column operations that were used to convert A to B.

Thus, Corollary 11.10 tells us that BT = UAT for some invertible matrix U.
We thus have B=B"" = (UAT)T = ATTUT = AUT.

Here U is also invertible, so we can take V = U". O

Proposition 22.7: Suppose that A can be converted to B by a sequence of
elementary column operations. Then the span of the columns of A is the same
as the span of the columns of B (and so rank(A) = rank(B)).

Proof: Analogous to Corollary 9.16 for row operations. O

Invariance under row operations

V =span(vi,...,vy); W =span(Pvi,..., Pv,);
if x€ V then Px € W;if y € W then P"ly € V.

Now choose a basis ai, ..., a, for V (so rank(A) = dim(V) =r).
Claim: the vectors Pay, ..., Pa, form a basis for W.
We just showed that Px € W whenever x € V, so at least Pa; € W.

Consider an arbitrary element y € W. We then have P~y € V, but the
vectors a; form a basis for V, so we have P71y = > i, wiai for some sequence
of coefficients y;. This means that y = PP~y = >=; miPai, which expresses y
as a linear combination of the vectors Pa;. It follows that the list Pay, ..., Pa,
spans W.

We need to check that it is also linearly independent.

Suppose we have a linear relation )~ A\;Pa; = 0. After multiplying by P71, we
get a linear relation ). A\;a; = 0. The list ay,. .., a, is assumed to be a basis
for V, so this must be the trivial relation, so A1 =--- = A, =0, or in other
words the original relation >, \;Pa; = 0 was the trivial one.

We have now shown that Pay,..., Pa, is a basis for W, so dim(W) =r. In
conclusion, we have rank(A) = r = rank(B) as required. O

Invariance under row operations

Proposition 22.8: Suppose that A can be converted to B by a sequence of
elementary row operations. Then rank(A) = rank(B).

Proof: Let the columns of A be vi,...,v, and put V = span(vi, ..., v,) so
rank(A) = dim(V). There is an invertible matrix P such that

B=PA=P| vi |- | v =\ Pu|- - | Pv |,
so the vectors Pv; are the columns of B. Thus, if we put

W = span(Pvi, ..., Pv,), then rank(B) = dim(W).

Claim: if x € V then Px € W. Indeed, if x € V then x = }""_, A\jv; for some

sequence of coefficients A1, ..., A,. This means that Px = >_7 | A\;Pv; , which
is a linear combination of Pvi,..., Pv,, so Px € W.

Claim: if y € W then P!y € V. Indeed, if y € W then y = 37 \;Pv; for
some sequence of coefficients A1,..., A,. This means that

Pty =37 X\iP7'Pvi =37 A\ivi, which is a linear combination of
Vi,...,Vp 50 PTly e V.

Normal form

Definition 22.9: An n x m matrix A is in normal form if it has the form

Il’ ‘ Or><(m—r) :|
A=
[ 0(n7r)><r ‘ O(n—r)x(m—r)

for some r. (r =0 is allowed, in which case A is just the zero matrix.)
If Aisin normal form as above, then rank(A) = r = the number of ones in A.

Example 22.10: There are precisely four different 3 x 5 matrices that are in
normal form, one of each rank from 0 to 3 inclusive.

00000 1/0 0 00
Ab=|0 0 0 0 0 Al=|0[0 0 0 0
00000 0j0 0 0 0
1 0/0 00 1 00|00
Ay=|0 1/0 0 0 As=10 1 0[0 0
0 0[O0 0 0 00 1[0 0



Reduction to normal form

Proposition 22.11: Any n x m matrix A can be converted to a matrix C in
normal form by a sequence of row and column operations. Moreover:

(a) There is an invertible n x n matrix U and an invertible m x m matrix V
such that C = UAV.

(b) rank(A) = rank(C) = the number of ones in C.

Proof: Perform row operations to get a matrix B in RREF.

By Corollary 11.10 there is an invertible matrix U such that B = UA.

(This has to be an n x n matrix for the product UA to make sense.)

Now subtract multiples of pivot columns from columns further to the right.

As each pivot column contains nothing but the pivot, the only effect of these
column operations is to set everything to the right of a pivot equal to zero.
However, every nonzero entry in B is either a pivot or to the right of a pivot, so
after these ops we just have the pivots from B and everything else is zero.

Now just move all columns of zeros to the right hand end, which leaves a matrix
C in normal form. As C was obtained from B by a sequence of elementary
column operations, we have C = BV for some invertible m x m matrix V. As
B = UA, it follows that C = UAV. Propositions 22.7 and 22.8 tell us that
neither row nor column operations affect the rank, so rank(A) = rank(C), and
because C is in normal form, rank(C) is just the number of ones in C.

Example of reduction to normal form

Consider the matrix

1 2 3
2 3 4
A= 3 4 5
4 5 6
This can be reduced to normal form as follows: A —
1 2 3 1 2 3 1 0 -1 1 00 1 010
0—1—2_}012_}012_}012_}010
0 -2 -4 0 -2 -4 0 0 O 0 0 O 0 0|0
0 -3 -6 0 -3 -6 0 0 O 0 0 O 0 0|0
» Subtract multiples of row 1 from the other rows
» Multiply row 2 by —1
» Subtract multiples of row 2 from the other rows
» Add column 1 to column 3

v

Subtract 2 times column 2 from column 3.

The final matrix has rank 2, so we must also have rank(A) = 2.

Example of reduction to normal form

Consider the matrix

1 3 0 1
2 6 0 2
A= 0 0 1 4
1 3 2 9
This can be row-reduced as follows:
1 3 0 1 1 3 0 1 1 3 0 1 1 3 0 1
2 6 0 2 N 0 0 0 O . 0 0 0 O N 0 0 1 4
0 0 1 4 0 0 1 4 0 0 1 4 0 0 0 O
1 3 2 9 0 0 2 8 0 0 0 O 0 0 0 O
We now perform column operations:
1 3 0 1 1 0 0 O 1 0 0 O
0 0 1 4 - 0 0 1 4 - 0 01 0 -
0 0 0 O 0 0 0 O 0 0 0O
0 0 0 O 0 0 0 O 0 0 0O

(Subtract column 1 from column 4, and 3 times column 1 from column 2;
subtract 4 times column 3 from column 4; exchange columns 2 and 3.)
We are left with a matrix of rank 2 in normal form, so rank(A) = 2.

rank(A) = rank(AT)

Proposition 22.14: For any matrix A we have rank(A) = rank(A").

Proof: We can convert A by row and column ops to a matrix C in normal
form, and rank(A) is the number of ones in C. If we transpose everything then
the row ops become column ops and vice-versa, so AT can be converted to C”
by row and column ops, and C7 is also in normal form, so rank(A”) = the
number of ones in C” = the number of ones in C = rank(A). O

Alternative terminology:
column rank of A = dim(span( columns of A)) = rank(A)
row rank of A = dim(span( rows of A)) = dim(span( cols of A™)) = rank(A")

With this terminology, the proposition says row rank=column rank.
Corollary 22.16: If Ais an n x m matrix. Then rank(A) < min(n, m).

Proof: Let V be the span of the columns of A, and let W be the span of the
columns of A™. Now V is a subspace of R”, so dim(V) < n, but W is a
subspace of R™, so dim(W) < m. On the other hand, Proposition 22.14 tells
us that dim(V) = dim(W) = rank(A), so we have rank(A) < n and also
rank(A) < m, so rank(A) < min(n, m).



Orthogonal matrices and orthonormal lists

Proposition 23.5: Let A be an n x n matrix. Then A is an orthogonal matrix
if and only if the columns of A form an orthonormal list.

Proof.
By definition, A is orthogonal if and only if A" is an inverse for A, or in other
words ATA = I,. Let the columns of A be vi,...,v,. Then
V1T Vi.vi e V1i.Vp
ATA = vi | | vy =
A VpVI st VW

In other words, the entry in the (/,) position in AT A is just the dot product
vj.vj. For AT A to be the identity we need the diagonal entries v;.v; to be one,
and the off-diagonal entries v;.v; (with i # j) to be zero. This means precisely
that the list v1,..., v, is orthonormal. O

Orthogonal matrices and orthonormal lists

Definition 23.1: Let A be an n x n matrix.
We say that A is an orthogonal matrix it is invertible and A=l = AT,

Definition 23.2: Let v1,..., v, be a list of r vectors in R".
We say that this list is orthonormal if v;.v; = 1 for all i,
and v;.v; = 0 whenever i and j are different.

Proposition 23.4: Any orthonormal list of length n in R” is a basis.

Proof: Let vi,..., v, be an orthonormal list of length n.

Suppose we have a linear relation >-7_, Aiv; = 0.

We can take the dot product of both sides with v, to get 7 ; Ai(vi.v,) = 0.
Most of the terms v;.v, are zero, because v;.v; = 0 whenever i # j.

After dropping the terms where i # p, we are left with Ap(vp.vp) = 0.

Here v,.v, = 1 (by the definition of orthonormality) so A, = 0.

This works for all p, so our linear relation is the trivial one.

This proves that the list v1, ..., v, is linearly independent.
A linearly independent list of n vectors in R” is automatically a basis by
Proposition 10.12. O

Symmetric matrices

Definition 23.6: Let A be an n x n matrix, with entries a;.
We say that A is symmetric if AT = A,
or equivalently a;j = aj; for all i and j.

Example: A 4 x 4 matrix is symmetric if and only if it has the form

a b ¢ d
b e f g
c f h |
d g i J

Example: The matrices A and B are symmetric, but C and D are not.

1 2 3 111 11 1
A=1(2 2 3 B= |11 111 11
3 3 3 1 11 111
1 2 3 1 10 1000
C=14 5 6 D= |1 10 1000
7 8 9 1 10 1000



Dot products and symmetric matrices

Lemma 23.9: Let A be an n x n matrix, and let v and v be vectors in R”.
Then u.(Av) = (A"u).v. Thus, if A is symmetric then u.(Av) = (Au).v.

Proof.

Put p=A"u and g = Av, so the claim is that u.q = p.v.

By the definition of matrix multiplication, we have g; = Zj Aijv;,

SO u.q =7 uiqi = 3, uiAjv;.

Similarly, we have p; = 3",(AT)jiui, but (AT);i = Aj so p; = 3, uiA;.
It follows that p.v =3, pjv; = 3, ; uiAjvj,

which is the same as u.q, as claimed.

Alternatively: for x,y € R" the dot product x.y is the matrix product x " y.
Thus (Au).v = (Au)"v, but (Au)™ = u” AT (by Proposition 3.4)
so (Au).v = u" (ATv) = u.(ATv). O

Eigenvalues of symmetric matrices

Proposition 23.10: Let A be an n x n symmetric matrix (with real entries).
(a) All eigenvalues of A are real numbers.

(b) If uand v are (real) eigenvectors for A with distinct eigenvalues, then u
and v are orthogonal.

Proof of (b): Suppose that u and v are eigenvectors of A with distinct
eigenvalues, say A and . This means that

Au=Au Av = pv A # .

As A is symmetric we have (Au).v = u.(Av).

As Au = Au and Av = pv this becomes A u.v = p u.v.

Rearrange to get (A — p)u.v = 0.

As X\ # 1 we can divide by A — p to get u.v =0,

which means that v and v are orthogonal. O

Eigenvalues of symmetric matrices

Proposition 23.10: Let A be an n x n symmetric matrix (with real entries).
(a) All eigenvalues of A are real numbers.

(b) If u and v are (real) eigenvectors for A with distinct eigenvalues, then u
and v are orthogonal.

Proof of (a): Let A = a + i3 be a complex eigenvalue of A (a, 8 € R).
We must show that 8 =0, so that A is actually a real number.

As ) is an eigenvalue, there is a nonzero vector u with Au = Au.

Let v, w € R" be the real and imaginary parts of u, so u=v + iw.

Av+iAw = A(v+iw) = Au = du = (a+iB)(v+iw) = (av—pBw)+i(Bv+aw).

As the entries in A are real, we see that the vectors Av and Aw are real.
Compare real and imaginary parts to get
Av = av — Bw Aw = v + aw

(Av).w = av.w — Bw.w v.(Aw) = Bv.v + av.w.

However, A is symmetric, so (Av).w = v.(Aw) by Lemma 23.9.
Rearrange to get S(v.v + w.w) = 0 or B(||v|* + ||w]|]?) = 0.
By assumption u # 0 so (v # 0 or w # 0) so ||v|*> + ||w]||? > 0.
Divide by this to get 3 =0 and A = a € R as claimed.

Alternative proof for 2 x 2 matrices

A 2 x 2 symmetric matrix has the form

a b a—t b
A:{b d} so A*f/2:|: b d—t}

SO
xa(t)=(a—t)(d —t)— b> =t* — (a+ d)t + (ad — b°).

The eigenvalues are

\ a+dx/(a+d)?2—4(ad — b2)
- 5 .

The expression under the square root is
(a+d)* —4(ad — b°) = a°+2ad + d*—4ad + 4b°
=a°—2ad + d° + 4b°
= (a—d)*+ (2b)*.

This is the sum of two squares, so it is nonnegative, so the square root is real,
so the two eigenvalues are both real.



Orthonormal basis of eigenvectors

Proposition 23.12: Let A be an n x n symmetric matrix.
Then there is an orthonormal basis for R" consisting of eigenvectors for A.

Partial proof.

We will show that the Theorem holds whenever A has n distinct eigenvalues.
In fact it is true even without that assumption, but the proof is harder.

Let the eigenvalues of A be A1,..., A, (so A\j € R).

For each i we choose a (real) eigenvector u; of eigenvalue \;.

As uj is an eigenvector we have u; # 0 and so uj.u; >0

so we can define v; = u,/m This is just a real number times uj, so it is
again an eigenvector of eigenvalue \;.

Ui U;

It satisfies v;.v; = Jot Jio =1 (so it is a unit vector).
Proposition 23.10(b): eigenvectors of a symmetric matrix with distinct
eigenvalues are orthogonal. Thus v;.v; =0 for i # j.

This shows that the sequence v, ..., v, is orthonormal.

Proposition 23.4: any orthonormal list of length n in R" is a basis.

Proposition 13.22: any n eigenvectors in R” with distinct eigenvalues form a
basis.

Either of these results implies that v1,..., v, is a basis. O

Orthonormal eigenvector example

11 1 11
11 1 11
Consider the symmetric matrix A= |1 1 1 1 1
11 1 11
11 1 11
(which appeared on one of the problem sheets) and the vectors
1 1 1 1 1
-1 0 0 0 1
u = 0 u; = -1 uz = 0 Uy = 0 Us = 1
0 0 -1 0 1
0 0 0 -1 1

These satisfy Au; = Aux = Auz = Aus = 0 and Aus = 5us,
so they are eigenvectors of eigenvalues A1 = Ao = A3 = A\s = 0 and A\s = 5.

Because Xs is different from A1, ..., A4, Proposition 23.10(b) tells us that us
must be orthogonal to ui, ..., us, and indeed it is easy to see directly that
ur.us = --- = us.us = 0. However, the eigenvectors vy, ..., us all share the

same eigenvalue so there is no reason for them to be orthogonal and in fact
they are not.

Our special case is the usual case

Let A be an n X n symmetric matrix again.
The characteristic polynomial xa(t) has degree n,
so by well-known properties of polynomials it can be factored as

n

xa(t) =] - 1)

i=1
for some complex numbers A1,..., Ap.
By Proposition 23.10(a) these eigenvalues A; are in fact all real.

Some of them might be the same, but that would be a concidence which could
only happen if the matrix A was very simple or had some kind of hidden
symmetry.

Thus, our proof of Proposition 23.12 covers almost all cases
(but some of the cases that are not covered are the most interesting ones).

Orthonormal eigenvector example

1 1 1 1 1
-1 0 0 0 1
u = 0 U = -1 us = 0 Ug = 0 us = 1
0 0 -1 0 1
0 0 0 -1 1

These satisfy Aun = Aup = Auz = Aus = 0 and Aus = 5us.

The vectors ui, ..., us are not orthogonal:
Uip.Up = Uip.U3z = Up.Ug = U2.U3 = U2.Ug = U3.Ug = 1.

However, it is possible to choose a different basis of eigenvectors where all the
eigenvectors are orthogonal to each other. One such choice is as follows:

1 1 1 1 1

-1 1 1 1 1
v = 0 Vo = —2 V3 = 1 Vg — 1 V5 = ].

0 0 -3 1 1

0 0 0 —4 1
It is easy to check directly that Avi = Ava = Avs = Avy =0 Avs = 5vs

Vi.Vo = V1.V3 = V1.V4 = V1.V5 = W.V3 = WV.V4 = WV.V5 = V3.V4 = V3.V5 = V4.V5 = 07

so the v; are eigenvectors and are orthogonal to each other.



Orthonormal eigenvector example Lecture 20

1 1 1 1 1
-1 1 1 1 1
vi= 1|0 vo = [—2 = |1 va= |1 vs = |1
0 0 -3 1 1
0 0 0 —4 1
These satisfy Avi = Avoa = Avs = Avy = 0 and Avs = bvs,
and they are orthogonal to each other.
However, the list v1, ..., vs is not orthonormal, because
vi.vi =2 V2.V2 =6 V3.V3 = 12 V4.V4:20 V5.V5 = 5.
This is easily fixed: if we put
wi n w, i w: % w. va we %
= —— = —— 3 = = = =
V2 V6 V12 NVET) VG
then wi, ..., ws is an orthonormal basis for R® consisting of eigenvectors for A.

Orthogonal diagonalisation of symmetric matrices Example of orthogonal diagonalisation

Let A be the 5 x 5 matrix in which every entry is one, as in Example 23.14.
Following the prescription in the above proof, we put

Corollary 23.15: Let A be an n x n symmetric matrix.
Then there is an orthogonal matrix U and a diagonal matrix D such that

A=UDU™ = UDU™". UV Ve UV UVE 1/VE o 0 o o0 o
—1/V2 1/V6 1/V12 1/v20 1/V5 0 0 0 0 O
p £ U= 0 —2/v6  1/V12 1/V20  1/v5 D=10 0o 0 0 0
roor. 0 0 —3/V/12 1/+/20 1//5 o 0 o0 0 O
Choose an orthonormal basis of eigenvectors w1, ..., u,, and let )\; be the 0 0 0 —4/vV20 1/ 0 0 00
eigenvalue of u;. .
g ! The general theory tells us that A= UDUT. We can check this directly:
Put U = [u1]---|ua] and D = diag(A1,. .., An). e o« o« » VB0 o o o0 o] [0 0 o o vE
. 1 1 « % x % 1/v/5[fo 0 0 0 0 0 0 0 0 5
Proposition 14.4 tells us that U""AU = D and so A= UDU™". D=+ « s« = 1/v5 0 0 0o 0o o =[0 0o 0o o &
* * % « 1/v/5[ |0 0 0 0 O 0 0 0 0 V5
.. . . _ * ® * * 0 0 0 0 5
Proposition 23.5 tells us that U is an orthogonal matrix, so U™ = U”. O 1/ve 0000 Vs
0 0 0 0 VF * * * * * 11 1 1 1
0 0 0 0 5 * * * * * 11 1 1 1
wuT =lo 0 0o 0o 5 * * * * * =1 1 1 1 1| =A
0 0 0 0 V5 * * * * * 1 1 1 1 1
0 0 0 o0 B /VE 1/vV5  1/VE 0 1/V5 1/ 11 1 1 1



Example of orthogonal diagonalisation Example of orthogonal diagonalisation

Write p = /3 for brevity (so p® = 3), and consider the symmetric matrix 0 1 p Ao=1
P y (so p” = 3) y b3 a-li o L N =
0 1 p p —p O A3 = -3.
A=11 0 —p|.
p —p 0 Eigenvectors can be found by row-reduction:
The characteristic polynomial is 1 1 p 1 -1 —p 1 -1 0
1 o A-I=|1 -1 —-p|—=1]0 0 2| {O 0 1
a(t)=det | 1 —t —p :p —-p -1 0 0 0 0o 0 O
p —p -—t -2 1 p 1 -2 —p 1 0 —;}/3
A-2l=]1 -2 —p| —-|0 -3 —p|—=1(0 1 p/3
-t —p 1 —p} {1 t}
= —tdet — det + pdet —p -2 0 1 0 0 0
[—ﬂ —f} L} —t] TP p S g )
s 2N 2 _ _ .3 2 3 1 p 1 3 —p 1 0 p/2
=—t(t"—p)—(-t+p)+p(—p+tp)=—t"+3t+t-3-3+3t Av3i=|1 3 —pllo —8 4| =lo 1 —pp
= +T7t—6=—(t—1)(t—2)(t+3). p —p 3 0 —4p 6 00 O
It follows that the eigenvalues are \; =1, A =2 and A3 = —3. From this we can read off the following eigenvectors:
1 p/3 —p/2
nm=|1 wm=|—p/3 us = | p/2
0 1 1

Example of orthogonal diagonalisation Example of orthogonal diagonalisation

N o=1 1 p/3 —p/2 M =1 1/V/2 1/v5 —4/3/10
A =2 um = |1 = |—p/3 u3= | p/2 A =2 vi = 1/\@ Vo = —1/\/5 vz = 3/10
A3 =-3 0 1 1 A3 =-3 0 3/5 2/5

. } . . . The eigenvectors v; form orthonormal basis for R3.
Because the matrix A is symmetric and the eigenvalues are distinct, it is

automatic that the eigenvectors u; are orthogonal to each other. However, they It follows that if we put
are not normalised: instead we have

. 1/vV2  1/v/5 —4/3/10 10 0
uup=1"+1"=2 U= |1/v2 -1/v/5 /3/10 D=10 2 o0
. = (p/3)° + (—p/3)° +1°=1/3+1/3+1=5/3 0 3/5 2/5 0 0 -3

2 2 2 —
us.u3 = (=p/2)" +(p/2)" +1° = 3/4+3/4+1=5/2. then U is an orthogonal matrix and A = UDUT.

The vectors v; = uj/+/ui.u; form an orthonormal basis of eigenvectors.
Explicitly, this works out as follows:

1/V/2 1/v/5 —+/3/10
vi= [1/V2 vw=|-1/v5 vs= | 1/3/10
0 3/5 2/5



Square roots of positive matrices

Corollary 23.18: Let A be an n x n real symmetric matrix, and suppose that
all the eigenvalues of A are positive.
Then there is a real symmetric matrix B such that A = B2

Proof.

Choose an orthonormal basis of eigenvectors ui, ..., u,, and let \; be the
eigenvalue of u;.

Put U = [u1] - - |us] and D = diag(A1, ..., An).

We saw in Corollary 23.15 that U is orthogonal (so UTU =1 = UUT)
and that A= UDU".

By assumption the eigenvectors \; are positive, so we have a real diagonal
matrix E = diag(v/1, - - ., V). Put B = UEU". It is clear that ET = E, and
it follows that

BT =(UEUTY = U""ETUT = UEUT = B.
We also have

B?>=UEUTUEUT = UEEUT = UDU™ = A.

Symmetric expressions for quadratic forms

Consider a quadratic form Q(x) = >_, ; bjjxix;.
Form the matrix B with entries bj;: we find that Q(x) = x" Bx.

For example, if n = 2 and Q(x) = 2x§ + 4x1x2 + 7x3 then B = {2 4

0 7} and

2 4 2% + 4
x"Bx =[x x] [0 7} Kj =[a x] [ X17—)t2 X2] = 2x +axvo+7% = Q(x).

Alternatively, note that xix2 = xoxi:

(a) Rewriting the same Q(x) as 2x% + 3x1x0 + Lxoxi + 7x2 gives B = i ? .

(b) Rewriting the same Q(x) as 2x2 + 2x1x0 + 2xax1 + TX3 gives B = ; ? .
.. . [2 )

(c) Rewriting the same Q(x) as 2x12 + 1x1x2 + 3xox1 + 7x22 gives B = 3 % .

In option (b) we “share the coefficient equally” between xix» and x2xi, so the
matrix B is symmetric. This is the preferred option.
We can do the same for any quadratic form.

Linear and quadratic forms

Definition 23.19:

(a) A linear form on R" is a function of the form
L(x) = >_"; aix; (for some constants a1, ..., an).

(b) A quadratic form on R” is a function of the form
Q(x) = >, 3o byxix; (for some constants by).

Example 23.20:

(a) We can define a linear form on R* by
L(x) = Tx1 — 8x2 + 9x3.

(b) We can define a quadratic form on R* by
Q(x) = 10x1x2 + 12x3x¢ — 14x134 — 16x0x3.

Given a linear form L(x) = > aix;, we can form the vector
T
a=[ar - an ,andclearly L(x) =ax=ax.

Symmetric expressions for quadratic forms

For example, we considered above the quadratic form
Q(x) = 10x1x2 + 12x3x3— 14x1xa — 16x2X3.
This can be rewritten symmetrically as
Q(x) = 5x1x2 + 5xox1 + 6x3xa + 6xax3— T x1X8 — TXax1—8Xx2X3—8X3%2,
which corresponds to the symmetric matrix

0 5 0o -7

B= c5) 08 08 2
-7 0 6 0
[0 5 0 7| |x
x! Bx = [xl X2 X3 X4} g 708 708 2 Z
-7 0 6 0 X4
[ Bxo—7xa
= [Xl X2 X3 X4} 758)227523)(4 = Q(x).
| —7x1 + 6x3




Diagonalisation of quadratic forms Diagonalisation of quadratic forms

Proposition 23.23: Let Q(x) be a quadratic form on R".

Then there are integers r,s > 0 and nonzero vectors vi, ..., Vy, Wi, ..., Ws ) - -
such that all the v's and w's are orthogonal to each other, and U =[] Jug] D = diag(A1,..., An) Q(x) = (U x).(DU" x)
Q(x) = (xvi )2+ + (xv,) — (xew1)? — - — (xws)’.
Or in terms of linear forms L;(x) = x.v; and M;j(x) = x.w;: ul X
Q=L+ +L* =M~ — M UTx = : x =
The rank of Q is defined to be r + s, and the signature is defined to be r —s. u, Up.X
Proof: There is a symmetric matrix B such that Q(x) = x” Bx. uy.x [A1in.x]
By Proposition 23.12, we can find an orthonormal basis w1, .. ., u, for R” such DU x = diag(A1, ..., An) : — .
that each u; is an eigenvector for B, with eigenvalue \; € R say. : A :
Let r be the number of indices i for which \; > 0, Un-X LAnUn.X ]
and let s be the number of indices i for which \; < 0. ur. x| [Arur.xT
We can assume that things have been ordered such that A;,..., A > 0 and Qx) = (UTx).(DUTx) _ . : _ /\1(u1.x)2 T )\n(u,,.x)2.
Art1, - -5 Ars < 0 and any eigenvalues after \.;s are zero. J ) N A u N

Now put U = [u1]---|ua] and D = diag(A1, ..., An).
We have seen that B = UDUT, so

Q(x)=x"Bx=x"UDU x = (U"x)"(DU"x) = (U"x).(DU" x).

Diagonalisation of quadratic forms Example of diagonalising a quadratic form

Consider the quadratic form Q(x) = x1x2 — x3xs on R*.
) ) ) It is elementary that for all a, b € R we have
U=lul---|un] D = diag(A1,...,An) Q(x) = Ar(ur.x)"+ - -+ An(un.x)".

a+b\? (a—b\® 2 +2ab+b*—a+2ab— b
A, ..., A >0 Ardly ey Ares <0 Aristly---3An =0 2 - 5 = 2 = ab.
Using this, we can rewrite Q(x) as
> For 1 <i < r we have \; > 0 and we put v; = v/\ju; so X1+ x0\ 2 X1 — X2\ 2 X3 4 X2\ 2 X5 — x5\ 2
Ai(uix)? = (vix)?, Q(X)_( 2 ) _( 2 ) _( 2 ) +( 2 ) '
» For r+1<i<r+swehave \; <0 and we put wi—, = /|\i|ui so Now put
M. x)? = —(wir.x)2.
> For i > r+ s we have \; = 0 and \;(u;.x)? = 0. 1/2 0 1/2 0
1/2 0 ~1/2 0
We thus have =1 Vo = 1/2 wi = 0 o 1/2
Q(x) = (xv1)? + -+ (xv)® — (xew1)? — -+ — (x.ws)? 0 -1/2 0 1/2
as required. We then have

Q(X) = (X-Vl)2 + (X-Vz)2 — (X.W1)2 — (X.W2)2

and it is easy to see that the v's and w's are all orthogonal.



Example of diagonalising a quadratic form

Consider the quadratic form Q(x) = 4xix2 + 6x2x3 + 4x3xs on R*.
Rewritten symmetrically: Q(x) = 2x1x2 + 2x2x1 + 3x2x3 + 3x3x2 + 2X3X4 + 2X4.X3.

0 2 0O
. . 2 0 30 . .
Corresponding matrix: B = 03 0 2 . Characteristic polynomial:
0 0 2 0
PR t 3 0 2 3 0
det = —tdet |3 —t 2| —2det|0 -t 2
0 3 -t 2 0 2 ¢ 0 2 —t
0 0 2 —t
-t 3 0
det |3 —t 2| =—t(® —4)—3(-3t)=13t -t
0 2 —t

2 3 0
det [0 —t 2| =2(t*—4)—3(0-0)=2t"—38

xs(t) = —t(13t — £*) —2(2t* — 8) = t* — 17t* + 16
= (£ —1)(* —16) = (t — 1)(t + 1)(t — 4)(t + 4).

Example of diagonalising a quadratic form

Q(x) = 4x1x2 + 6x2x3 + 4x3%4

1

2 1 2
BRIV N R IR 1 R 1
1= V10 |-1 2= \5 |2 M=V -1 2=\ | 2

-2 1 2 -1

Conclusion: Q(x) = (x.v1)? + (x.v2)? — (x.w1)? — (x.w2)>.

Example of diagonalising a quadratic form

Q(x) = xT Bx B = xe(t) = (t—=1)(t+1)(t—4)(t+4)

oOoN O
O wonN
N O WwOo
oON OO

Eigenvalues: \1 =1, A\p =4, A3 = —1 and \s = —4.
Row-reduce B — \;/ to find the eigenvectors:

2
1
-1
-2

2 1
-1 -2
-1
2 -1

1
2

t1 = th = 5 t3 =
1

In each case we see that t;.t; = 10 so the corresponding orthonormal basis
consists of the vectors u; = t;/+/10. Following Proposition 23.23:

v =vha  =#/V1I0  =1/102 1 -1 -2’

Vat/v10 =./2/5[1 2 2 1]’
[ 1
1

v =Viw =
wi  =+[Nus = ts/V/10 =/1jio[2 -1 -1 2]"
}

Wo = |)\4|U4 = \/Zt4/\/ﬁ = \/%[ -2 2 —1]



