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The lecturer is Professor Neil Strickland.
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» We will learn how to use Maple, a powerful software package for solving
mathematical problems.

» In the process, we will review and extend many parts of A-level
mathematics, from a new perspective.
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Skills to learn or practice:
» Expand out powers and products
» Factorize simple expressions by inspection
> Manipulate powers (using a"a™ = a"t™, (3a")™ = a"™ and so on)
» Manipulate and simplify algebraic fractions
Maple commands:
» expand, factor and combine
» simplify; the symbolic option
» collect and coeff
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» You should practice expanding out products and powers of algebraic
expressions.

» You should check and remember the following identities:
(a+b)(a—b)=a"— b
(a+ b)? =a’>+2ab+ b°
(a— b)* =a> —2ab+ b°.

> Often you will need to use these when a and b are themselves complicated
expressions.

> Example: To simplify (w+x+y +2)? — (x +y + 2)?,
put a=w+x+y+zand b=x+y+z. Then
(WHx+y+z°—(x+y+z)’=a —b =(a+b)a—b)
=(w+2x+2y+2z)w
=w? + 2xw + 2yw + 2zw.
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» Problem: Check the identity
(x2+y2+22)(u2+ Vit W2) = (xu+yv+zw)2+
(xv — yu)2 + (yw — Zv)2 + (zu — XW)2
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> (xu+yv+ zw)2 = X+ y2 Vi 2w+ 2xyuv + 2xzuw + 2yzvw
+ (xv — yu)? +x°v? = 2xyuv + yu’
+ (yw — zv)? +v?w? = 2yzvw + 2°V2
+ (zu — xw)2 + 22 1? — 2xzuw + x*w?
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» You should practice finding simple factorizations by inspection.
>

— (a+b)(a—b)
=(a°+ab+ b*)(a—b)
ax® + bx®> + ay® + by’ = (a+ b)(x* + y?)
1+t+t24+ 2 =1+1t)(1+1t7)
¥ —5u+6=(u—2)(u—23)

» Maple's factor command will handle more complicated cases.
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» You should practice using the basic rules for powers:

anam — an+m (an)m — anm
a"b" = (ab)" a"/b" = (a/b)"=a"b"
(a+b)" #a"+b" (a+b)" =34 ma b

» Warning: the rule (a")™ = a"™ has exceptions, for example:

(=3))F = (81)F =+3  but  (=3)"F = (=3)' = -3.
However, the rule works whenever a > 0 or n and m are integers.
» Example:
(21/231/341/4)3 — 03/233/343/4
_ 23/2(22)3/43
_ 93/293/23

=2%3=24



Algebraic fractions



Algebraic fractions

» You should practice manipulating fractions of the form a/b, where a and b
are themselves complicated algebraic expressions.



Algebraic fractions

» You should practice manipulating fractions of the form a/b, where a and b
are themselves complicated algebraic expressions.

» The rules are as follows:



Algebraic fractions

» You should practice manipulating fractions of the form a/b, where a and b
are themselves complicated algebraic expressions.

» The rules are as follows:

ad + bc

Lo
d~ bd

a
b



Algebraic fractions

» You should practice manipulating fractions of the form a/b, where a and b
are themselves complicated algebraic expressions.

» The rules are as follows:

a ¢ ad + bc
b d~  bd
a_ ¢ ad — bc
b d  bd



Algebraic fractions

» You should practice manipulating fractions of the form a/b, where a and b
are themselves complicated algebraic expressions.

» The rules are as follows:

a ¢ ad + bc
b d~  bd
a ¢ _ad-—bc
b d  bd
a ¢ ac
b'd  bd



Algebraic fractions

» You should practice manipulating fractions of the form a/b, where a and b
are themselves complicated algebraic expressions.

» The rules are as follows:

a ¢ ad + bc
ptd™  bd
a ¢ _ad-—bc
b d  bd
a ¢ ac
b d  bd
a,c _ad
5/d = be



Algebraic fractions

» You should practice manipulating fractions of the form a/b, where a and b
are themselves complicated algebraic expressions.

» The rules are as follows:

a ¢ ad + bc
ptd™  bd
a ¢ _ad-—bc
b d  bd
a ¢ ac
b d  bd
a,c _ad
5/d = be
ay" _a"
G) =%
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» You should practice manipulating fractions of the form a/b, where a and b
are themselves complicated algebraic expressions.

» The rules are as follows:

ad + bc
bd
ad — bc

bd
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bd
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bc
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a
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(b—d)(a—c)/(abcd)

_——(d=a)(c-b)

T ——(d—b)(c—a)
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> Put x(a,b, ¢, d) = (G553

» Problem: Show that x(a, b,c,d) = x(a~*, b™*

> 1 1
2bcd "

,chd™h).
(4—3) (E=4)
G-3)(E=3)
a—d b—c
ad _ bc
b—d a—c
bd  ac

__(a—d)(b—c)/(abcd)

(b—d)(a—c)/(abcd)

_ ——(d—a)(c—b)
~(d-b)(c—a)
(d —a)(c—b)

(d = b)(c - a)



An example: the cross-ratio

> Put x(a,b,c,d) = E
» Problem: Show that x(a, b,c,d) = x(a~*, b™*
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L
d

d—a)(c—b)
d—b)(c—a)"

)=

,chd™h).
(4—3) (E=4)
G-3)(E=3)
a—d b—c
ad _ bc
b—d a—c
bd  ac

__(a—d)(b—c)/(abcd)

(b—d)(a—c)/(abcd)

_——(d=a)(c-b)

—(d—b)(c—a)
(d —a)(c—b)
(d —b)(c—a)

= x(a, b, ¢, d).
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Special functions

The primary special functions are
exp, In, sin, cos, tan, arcsin, arccos, arctan.

Things you should know:
» The detailed shape of the graphs
» Domains, ranges and inverses
» Properties such as sin(x + y) = sin(x) cos(y) + cos(x) sin(y)
» Derivatives and integrals (covered in later lectures).
The secondary special functions are

sec, csc, cot, sinh, cosh, tanh,
sech, csch, coth, arcsinh, arccosh, arctanh.

» You should know how these are defined in terms of the primary functions
(for example, sinh(x) = (exp(x) — exp(—x))/2, and sec(x) = 1/ cos(x))

» You should either remember the properties of the secondary functions, or
be able to derive them from the properties of the primary functions
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> op(x) =l+x+o+ 5+ 5+
Warning: infinite sums are subtle.

> e=exp(l) =141+ 3 + 5 + - ~2.71828.
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The exponential function

2
> exp(x) =1 hx+ 5+ o
Warning: infinite sums are subtle.

> e=exp(l) =141+ 3 + 5 + - ~2.71828.

>
exp(x+y) = exp(x)exply) exp(x—y) = exp(x)/ exply)
exp(0) =1 exp(—x) = 1/exp(x)
exp(nx) = exp(x)" exp(x) =¢€*
>
e
’—/




The formula exp(x) exp(y) = exp(x + y)
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The formula exp(x) exp(y) = exp(x + y)
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The logarithm

The natural log function In(y) is the inverse of the exponential.
In(y) is defined only when y > 0 (unless we use complex numbers).
We have In(exp(x)) = In(e*) = x for all x, and exp(In(y)) = ") =y

vvyy

when y > 0 (NOT In(x) = 1/ exp(x)).

In(xy) =In(x)+In(y) In(x/y) =In(x) —In(y)
In(1) =0 In(1/y) = —In(y)
In(y") = nlin(y) In(e) =1.
2 "
1 In(x)
0
1 &2
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Logs to other bases

v

log,(y) is the number t such that y = a* (defined for a,y > 0).
log10(1000) = log,((10%) = 3
log,(1024) = log,(2"°) = 10
log1004(2) = |og1024(10241/10) =1/10
logs(1/9) = logy(37%) = 2
log,(y) = In(y)/In(a)
Check: a"0)/m(@) — (gn@)n()/ () — () —
logyo(y) = the number t such that 10° =y
~ the number of digits in y left of the decimal point.
This is mostly of historical importance.

log,(y) = the number t such that 2" =y
~ the number of bits in y.

This is of some use in computer science and information theory.

log,(y) = (the number t such that e’ = y) = In(y) = log(y).
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Hyperbolic functions

» The hyperbolic functions are defined as follows:

sinh(x) :ex}e_x tanh(x)
cosh(x) = €*e™ coth(x)

sinh(x) — 1

cosh(x) CSCh(X) " sinh(x)
h

Z?:h((:)) sech(x) = cosﬁ(x)

Use convert(...,exp) in Maple to rewrite in terms of exponentials.
» Properties are easily deduced from those of exp.
» These are related to trig functions using complex numbers, eg

sin(x) = sinh(ix)/i, where i = v/—1.
>

cosh(x)

sinh(x)

tanh(x)
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there is an inverse function x = sinh™*(y) =

arcsinh(y), defined for all y € R. ()
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» Let P be one unit away from the origin, at an angle of 6 measured
anticlockwise from the point A = (1,0).

P=(cos(0),sin(0))

sin(6)

A=(1,0)

cos(0)

> (We measure 6 in radians, so the length of the arc AP is 0.)

» The numbers cos() and sin(6) are defined to be the x and y coordinates
of P.

» We also put
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sin(m/2 + x
sin(m + x

sin(—x

)

)
sin2r +x) =

)

cos(m/2 + x)
cos(m + x)
cos(2m + x)
cos(—x)

= —sin(x)
= — cos(x)
= cos(x)
= cos(x).
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Complex numbers are expressions like z = 3+ 4/, where | satisfies i = —1.
You can add and subtract complex numbers in an obvious way, for
example (34 4i) + (7 —3i) =10+ .

To multiply: expand out and use i = —1. For example:

(14 2)(344i) =3+4i+6i + 8> =3+ 4i +6i — 8 = —51 10i.

Note that the powers of i repeat with period 4:

P=1 r=i P=c1 PF=—i f=1 P=i b1 T B=o1

By expanding and using this we find powers of any complex number.
A+ =142+ =1+42i+(-1)=2i
+ 1 = =+ = | = =
(140 = ((+ ) =2 =2" =16

Note that
(lX)2 ix)* 4 () (x)°
=1
exp(ix) +ix+ —— + o + 120
2 V- - X5
=l+ix———i—+=—+i—+

(1t _ A )
( 2 Tt )+(X 6 120 )'

= cos(x) + sin(x)i.
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Finite Fourier series

» A finite Fourier series is a sum of constant multiples of functions of the
form sin(nx) or cos(mx) (with n,m € Z). Note that the constant function
f(x) = a = acos(0x) is included.

» The phrase trigonometric polynomial means the same thing.

» Many functions can be rewritten as finite Fourier series:

sin(x)’ =1
sin(x)® = 3sin(x) — 1sin(3x)
sin(x) sin(2x) sin(4x) = —sin(x)/4 + sin(3x) /4 + sin(5x) /4 — sin(7x) /4
sin(x)* 4 cos(x)* = 2 + 1cos(4x)
sin(nx) sin(mx) = lcos((n — m)x) — icos((n + m)x).

> Method: Rewrite using cos(nf)) = (e + e~} /2 and
sin(nf) = (e — e} /2j, expand out, then rewrite using
e™ = cos(mf) + sin(mb)i.

» Once a function has been rewritten in this form, it is very easy to
differentiate it or integrate it.
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Put u = €™, so sin(x) = (v — u™')/(2i) and cos(x) = (u + u~*)/2. Note that
i?=—1s0i*=(-1)? =150 (2i)* = 2* = 16. Note also that
(x+y) =x*+4Cy + 67y +4xy” + y*
(use the binomial formula, or expand it out.) Thus
sin(x)* + cos(x)* = (u — u™")*/16 + (u+ u"")*/16
= -4’ +6—4u 7 +u*)/16+
(u* + 40 +6+4u > +u")/16
=12/16 +2(u* + u*)/16 = 3/4 + ((u* + u™*)/2)/4
= (3 + cos(4x))/4
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Special values

You should know the following values of sin(6) and cos(9):

0 | sin(f) cos(f) tan(0)
/2 1 0 C)
/3| V3/2 1/2 V3
/4| V2/2 V2/2 1
7/6| 1/2  /3/2 /3/3

Proved by considering these triangles:

w3

-

1
2

1
2

You should also be able to deduce things like cos(57/6) = —/3/2.



Inverse trigonometric functions

-

|
|

-1

sin: [ 5, 5]—[-1,1] cos: [0,7]—>[—1,1] tan: [~ 5, Z]—R

s
i
2
~1 1 -7
arcsin: [-L,1]—=[-%. % arccos: [—1,1]—>[0,7]

arctan: R—)[—%,%
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function is another rational function.)



Differentiation

Things you should know:

» The meaning of differentiation (slopes of graphs, time-dependent and
space-dependent variables, etc)

> Some derivatives from first principles: x?, 1/x, €.

» Rules for finding derivatives:

» The product rule ((uv) = u'v + uv’)
> The quotient rule ((u/v)" = (u'v — uv')/v?)
. dz __ dz dy
> The chain rule (% = LT;E)
> The power rule ((u")’ = nu"~1u')
» The logarithmic rule (log(u)’ = u’/u)
» The inverse function rule (% = 1/Z—y)
ly Ix

» Derivatives of various classes of functions (eg the derivative of a rational
function is another rational function.)

You must learn to find derivatives quickly and accurately.
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» Consider related variables x and y; so whenever x changes, so does y.

» Examples:
» p = price of chocolate ; d = demand for chocolate .

> t = time; d = atmospheric CO;, concentration .
» r = distance from sun ; g = strength of solar gravity .

» If x changes to x + 0x, then y changes to y + dy.

d ) L .
d—i = 5lem>O % = derivative of y with respect to x.

> If y = f(x), then dy = f(x + dx) — f(x), so

F(x) = dy — im f(x + 0x) — f(x) — lim f(x+ h) —f(x)
dx  5x—0 ox h—0 h

> We sometimes write y’ for dy/dx (care needed).
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y=Ff(x)

Consider variables x and y related by y = f(x).
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-~ slope dy/dx

dy/dx is the slope of the tangent line to the graph.
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If x changes by a small amount dx, then y will change by a small amount
oy.
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If x changes by a small amount dx, then y will change by a small amount

oy.



y=Ff(x)

slope sy/sx
y+6y

Sy slope dy/dx

ox

X x+6x

The ratio dy/dx is the slope of a chord cutting across the graph.
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slope dy/dx
y+8y . /

Sy

5x

X x+0x

The slope of the chord changes slightly as dx decreases.
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slope Sy /dx
slope dy/dx

y+§¥ 5Y

6x

Xx4-0x

As 0x approaches zero, the chord approaches the tangent, and dy/dx
approaches dy/dx.
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As 0x approaches zero, the chord approaches the tangent, and dy/dx
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> Consider the function f(x) = x°.

> Then f(x 4+ h) = (x + h)> = x> + 2xh + h*> | so

f(x+h)—f(x) _ (x + h)? = x?
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The function f(x) = x?

> Consider the function f(x) = x°.

> Then f(x 4+ h) = (x + h)> = x> + 2xh + h*> | so

f(x+h)—f(x) _ (x + h)? = x?

h - h
_ x>+ 2xh+ h? — X2
- h
_ 2xh+ h?
o h
=2x+h
» Thus f( h) — F(x)
, T X + —fr(x) . _
f'(x) = h|£>n0 = h|£>no(2X + h) = 2x.
» Similarly:

2 (x") = nx""* for all n.
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The function f(x) = 1/x

» Consider the function f(x) =1/x.
1

- 1 x—(x+h) —h
> ) =) = T ~ X~ xxvh) <t h)
so f(x+h)—f(x) -1
h " x(x+h)
” f'(x) = lim Fxth) =0 _ =1 1

h—>0 h = S x(x+h) — x®
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» Consider the function f(x):eX:1+x+§+§+....
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The exponential function
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The exponential function

» Consider the function f(x) =e* =1+ x+ X; + 2*? R

f(x+h)—f(x):e”h—ex:ex(eh—l):ex(h+g—2!+g—?+~~)

so
f(x+ h) —f(x) M 2
PR e (1 b i)
so
) — i T R) = F(X)
f(x)_hlgo h

. x 2
= lim e (14 5+ 5+
=e(1+0+0+---)

= e~

> Conclusion: exp’(x) = exp(x).
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Special functions

exp’(x) = exp(x) log’(x) =1/x
sinh’(x) = cosh(x) arcsinh’(x) = (1 +x?)71/2
cosh’(x) = sinh(x) arccosh’(x) = (x2—1)7%/2
tanh’(x) = sech(x)? = 1 — tanh(x)? arctanh’(x) = (1—x*)7*
sin(x) = cos(x) arcsin’(x) = (1 —x?)"%/2
cos'(x) = —sin(x) arccos’(x) = —(1—x?)"%/?
tan’(x) = sec(x)?> =1+ tan(x)? arctan’(x) = (1+x*)7!

> We showed earlier that exp’(x) = exp(x)

> We deduce sinh’(x) using the identity sinh(x) = (¢ — e™*)/2. Similarly
for cosh and tanh.

> Using cos(x) = cosh(ix) etc, we find sin’(x), cos’(x) and tan’(x).

> Using exp’(x) = exp(x) and the inverse function rule, we find that
log’(x) = 1/x

» The inverse function rule also gives the remaining derivatives.
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The product rule

» Consider variables u and v depending on x, and put w = uv. Then

/
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» If x changes to x + dx, then u changes to u+ du & v changes to v + dv
so w changes to

w+ow = (u+4ou)(v+ov)=uv+ (6u)v+u(dv)+ (du)(dv)
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The product rule

» Consider variables u and v depending on x, and put w = uv. Then

/

|W = (wv) = u’v+uv'|

daw __ d __ du dv
o = dx(“V)—$V+”$-|

» If x changes to x + dx, then u changes to u+ du & v changes to v + dv
so w changes to

w+ow = (u+4ou)(v+ov)=uv+ (6u)v+u(dv)+ (du)(dv)
dw = (6u) v+ u(dv) + (du)(dv)
ow _ du ov  dudv
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The product rule

» Consider variables u and v depending on x, and put w = uv. Then

[

‘z,—"x" = d%(uv)

=(w) =uv'v+ uv'|

du dv
$V+U$.|

» If x changes to x + dx, then u changes to u+ du & v changes to v + dv
so w changes to

w+ow = (u+4ou)(v+ov)=uv+ (6u)v+u(dv)+ (du)(dv)
dw = (6u) v+ u(dv) + (du)(dv)
ow _ bu ov  dudv

o T T e
Ldu,dv dudv  du o dv
T dx dx  dxdx = dx dx

(The approximations become exact in the limit as dx — 0.)
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(uv) =u'v+uv

%(sin(x)cos(x)) = sin’(x)cos(x) + sin(x)cos’(x)
= cos(x)cos(x) + sin(x)(— sin(x))
= cos(x)® — sin(x)?
%(X‘%Iog(x)) = 3x’log(x) + x’log/(x)
= 3x%log(x) + x*(x 1)
= (3log(x) + 1)x°
dix(eaxsin(bx)) = ae™sin(bx) + e b cos(bx)
= e™(asin(bx) + bcos(bx))
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» Consider variables u and v depending on x, and put w = u/v. Then

, u\’  Jdv—u
w=\y) =2
v v
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The chain rule

» Suppose that y depends on u, and u depends on x. Then

dy _ dydu

dx  du dx

» If x changes to x + dx, then u changes to u+ du and y changes to
y + dy. Clearly

by _ oy du
0x  dudx’

In the limit, dx, du and dy all approach zero, and we get
dy _ dydu
dx  dudx’

> Alternative notation: suppose that f(x) = g(h(x)). Then

| F(x) = g/ (h(:)H ()|
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» |If u depends on x and n does not, then

d ny __ nflﬂ
—(u") = nu I

» Reason: If y = u" then dy _ dy _ dy du

?_nu SO n—1du
u

x = dude — M T
> Consider y = +/1+ x2. Thisisy = ul/2 where u =1+ x°.

Then
ﬂ:]'ufl/?:# ﬂ:2x
du 2 21 + x2 dx
dy 1

X
= X = —
dx 21+ x2 V1+x2

> < (sin(x)®) = 5sin(x)*cos(x)

. (log(x)*) = 3log(x)’x* = 3log(x)*/x
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» Consider y = x*, so log(y) = xlog(x). Then
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The inverse function rule

» If x and y are interdependent variables, then

o _
dy 7 dx

> (Take limits in the obvious relation g—; = 1/%.)
» Consider y = log(x), so x = ¢”.
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_— = Y _——= 1 _— =
dy € dx dy x

> Alternative notation: if y = g(x) then x = f(y), where f = g~* and
g="F"1 Then

18/(x) =1/f'(g(x))|

> log/(x) = 1/ exp/(log(x)) = 1/ exp(log(x)) = 1/x.
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> Eg f(x) = x + x10 4 x100; f'(x) = 1 + 10x° + 100x*°
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> If f(x) is a trigonometric polynomial, so is f'(x).
> Eg f(x) = sin(x) + sin(3x)/3 + sin(5x)/5;
f'(x) = cos(x) + cos(3x) + cos(5x).
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Implicit differentiation

> Suppose that x and y are related by an equation such as y* + xy = x®.
We cannot write y as a function of x, but we can still find dy/dx.

» Differentiate both sides. Terms in the equation involving y give terms in
the derivative involving dy/dx. Rearranging gives dy/dx in terms of x and

y.
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Implicit differentiation

> Suppose that x and y are related by an equation such as y* + xy = x®.
We cannot write y as a function of x, but we can still find dy/dx.

» Differentiate both sides. Terms in the equation involving y give terms in
the derivative involving dy/dx. Rearranging gives dy/dx in terms of x and

y.
> Suppose that y* + xy = x°, so

d% (y4 +xy) = d% (X3) =3x%.

Also L 2 (y*) = 4y Y by the power rule
and < (xy) = dxy—l—xdy = y—l—xdX by the product rule ; so
y3dy —|—y+x% =3x°
@y + 2% =3¢ —y
dy _ 3x%—y

dx 4y34x "
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» Suppose x + sin(x) = y — cos(y).

& (x +sin(x)) = £ (v — cos(y))
1+ cos(x) = & + sin(y) %

dy
dx

14cos(x)
1+sin(y)

> Suppose y = exp(x® + y?).

2 2
L = & exp(x* +y2) =2(ee)

— e’ e & 2ydy v
=2(x +yF)exp(x* +y?)
(1 -2y exp(x + y2) & = 2xexp(x® + )
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dy/dt = sin(t) dx/dt =1 — cos(t)

dy _ dy/dt _ sin(t) _\/y(2—y):\/2—y

dx  dx/dt  1—cos(t) y y
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> Consider a point (x,y) on the unit circle, so x*> 4 y* = 1.

> Differentiate x> + y2 =1; 2x+ Qy% =0
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dx 2y

X
y
» Parametrically: x = cos(t), y = sin(t).

dy dy/dt  cos(t)

X
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> Directly: y = (1 — x?)/2
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> Consider a point (x,y) on the unit circle, so x*> 4 y* = 1.

> Differentiate x> + y2 =1; 2x+ Qy% =0

by 2x_
dx 2y

X
y
» Parametrically: x = cos(t), y = sin(t).

dy dy/dt  cos(t)

X

dx  dx/dt  —sin(t)  y

> Directly: y = (1 — x?)/2

Q_} _271/2i _2_171_ __Xx
dX_2( X) dX(l X)_2.y ‘( 2X)_ .
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Integration

Things you should know:

>
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The meaning of integration (take the sum of a large number of very small
contributions, and pass to the limit)

Integration as the reverse of differentiation

Integrals of standard functions and classes of functions
The method of undetermined coefficients

Integration by parts

Integration by substitution
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> To define [” f(x) dx:

» Divide the interval [a, b] into many short intervals [x, x + h].
» For each short interval [x, x + h], find f(x)h.

» Add these terms together to get an approximation to fab f(x) dx.
» For the exact value of fab f(x) dx, take the limit h — 0.
» In economics, government revenue depends on time, and total revenue in
. (2000
the last decade is [[g,, revenue(t) dt.
> If a particle moves with velocity v(t) > 0 at time t, then the total distance
moved between times a and b is fab v(t) dt.
> A current flowing in a wire exerts a magnetic force on a moving electron.
There is a formula for the force contributed by a short section of wire; to
get the total force, we integrate.
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Consider the integral fab f(x) dx.



Areas

y=f(x)

Area = f(x)h

a b

For each short interval [x, x + h] C [a, b], we have a contribution f(x)h. This is
the area of the green rectangle.
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y=f(x)

This is the contribution from one short interval, but we need to add together

the contributions from many short intervals.
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Areas

a

y=Ff(x)

b

Now we have divided the whole interval [a, b] into subintervals of length h. The

sum of the terms f(x)h is the area of the green region.



Areas

y=f(x)

This is not exactly the same as the area under the curve, because of the regions
marked in blue and pink.
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However, the error decreases if we make h smaller.



Areas

y=Ff(x)

However, the error decreases if we make h smaller, and tends to zero in the
limit.
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> An indefinite integral of f(x) is a function F(x) such that F'(x) = f(x).
» Examples:
> log(x) is an indefinite integral of 1/x
» sin(x) is an indefinite integral of cosgx
> F(x)=x?>+2xand G(x) = (x +1)
» The Fundamental Theorem of Calculus:
> For any number a, the function F(x) = [ f(t)dt is an indefinite integral of
f(x).
> If F(x) is any indefinite integral of f(x), then
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are indefinite integrals of 2x + 2



The Fundamental Theorem of Calculus

> An indefinite integral of f(x) is a function F(x) such that F'(x) = f(x).
» Examples:

> log(x) is an indefinite integral of 1/x
» sin(x) is an indefinite integral of cosgx
> F(x)=x?>+2xand G(x) = (x +1)

» The Fundamental Theorem of Calculus:
> For any number a, the function F(x) = [ f(t)dt is an indefinite integral of
> Iff()li_)(x) is any indefinite integral of f(x), then
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The Fundamental Theorem of Calculus

> An indefinite integral of f(x) is a function F(x) such that F'(x) = f(x).
» Examples:

> log(x) is an indefinite integral of 1/x
» sin(x) is an indefinite integral of cosgx
> F(x)=x?>+2xand G(x) = (x +1)

» The Fundamental Theorem of Calculus:
> For any number a, the function F(x) = [ f(t)dt is an indefinite integral of
> Iff()li_)(x) is any indefinite integral of f(x), then
I f(x)dx = [F(x)]° = F(b) - F(a).
> The functlons F(x) = [y 2t +2dt = x> + 2x and
= [*, 2t +2dt = (x + 1) are both indefinite integrals of 2x + 2.

> f:’% = [log(x)]. = log(b) — log(a)

are indefinite integrals of 2x + 2



Proof of the Fundamental Theorem

y=f(x)

a X

Choose a number a, and define F(x) = [ f(t) dt. We must show that
F'(x) = f(x).
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y=Ff(x)

‘ Area = F(x+ h) — F(x)
~ f(x)h

a X x+h

We now change x to x + h. The increase in F(x) is F(x + h) — F(x), which is
the area of the thin strip as shown. This is approximately the same as f(x)h.

F'(x) ~ (F(x + h) — F(x))/h ~ f(x).



Proof of the Fundamental Theorem

y=Ff(x)

‘ Area = F(x+ h) — F(x)
~ f(x)h

a X x+h

We now change x to x + h. The increase in F(x) is F(x + h) — F(x), which is
the area of the thin strip as shown. This is approximately the same as f(x)h.

F'(x) (F(x+ h) — F(x))/h = f(x).

= lim
h—+0
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> Is it /x2 dx = x*/3 or /x2 dx = x*/3+c?
» Either is acceptable in the exam.
Neither one is strictly logically satisfactory.
> x3/3 is an indefinite integral of x°.
> Every indefinite integral of x? has the form x3/3 + ¢ for some c.

> If you just want to calculate fab f(x) dx, it does not matter which
indefinite integral you use. Any two choices will give the same answer.

» In solving differential equations, it often does matter which indefinite
integral you use. You must therefore include a '+c’ term, and do some
extra work to see what ¢ should be.

» Maple's int () command will never give you a '+c’ term.
If you need one, you must insert it yourself.
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Checking and Guessing

>

| Integrals can easily be checked by difFerentiating|

> [sin(x)? dx # sin(x)*/3, because

% (sin(x)3/3) = 3sin(x)’ cos(x)/3 = sin(x)? cos(x)# sin(x)’.

> f cos;((x) _ sir;((zx) dx = sin(x)' because

X

d (sin(x)) _sin'(x).x —sin(x).1 _ cos(x) _sin(x)

dx X x?2 X x?2

2

2 2 2
> [2xeX dx = €, because L& =2xe* .
dx

3x242x+1 _ 3 2
Foooag dx = log(x” + x” 4+ x + 1), because

d s o LA+ +x+1) 32 +2x + 1
— 1 1)=& = .
dx og(x” +x" +x+1) X3+ x2+x+1 X3+ x2+x+1
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Undetermined coefficients

» Suppose we know that for some constants a, ..., d

/Iog(x)3 dx = (alog(x)® + blog(x)> + clog(x) + d)x

(How could we know this? — see later)
» Problem: find a, b, ¢ and d.

> log(x)? = g ((a log(x)® + blog(x)* + clog(x) + d)x)
= (3alog(x)’x ' 4 2blog(x)x ' + ex M)x +
(alog(x)* + blog(x)* + clog(x) + d).1
alog(x)® + (b + 3a) log(x)* + (c + 2b) log(x) + (d + ¢)

» Soa=1b+3a=0,c+2b=0and d+ c =0 (compare coefficients)
> Soa=1b=-3,c=6andd=—-6

/ log(x)? dx = (log(x)? — 3log(x)? + 6 log(x) — 6)x.
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exp
sinh’
cosh’
tanh’
sin
cos
tan

X

exp(x)
cosh(x)
sinh(x)

sech(x)?

cos(x)
—sin(x)
sec(x)?

log'(x)
arcsinh’(x)
arccosh’(x)
arctanh’(x)
arcsin’(x)
arccos’(x)
arctan’(x)



Standard integrals

Jexp(x)dx = exp(x) J1/xdx =log(x)
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[ cos(x) dx = sin(x) (1 =x*)"Y2dx = arcsin(x)

[ sin(x) dx = — cos(x) J(1—=x*)"Y2dx = — arccos(x)
[ sec(x)?dx = tan(x) J(1+x*)"dx = arctan(x)



Standard integrals
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J cosh(x) dx = sinh(x) J(1+x*)"Y2dx = arcsinh(x)
[ sinh(x) dx = cosh(x) [(x* =1)"Y2dx = arccosh(x)
[ sech(x)?dx = tanh(x) J(1—x*)"'dx = arctanh(x)
[ cos(x) dx = sin(x) (1 =x*)"Y2dx = arcsin(x)

[ sin(x) dx = — cos(x) J(1—=x*)"Y2dx = — arccos(x)
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Standard integrals

Jexp(x)dx = exp(x) J1/xdx =log(x)

J cosh(x) dx = sinh(x) J(1+x*)"Y2dx = arcsinh(x)
[ sinh(x) dx = cosh(x) [(x* =1)"Y2dx = arccosh(x)
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[ cos(x) dx = sin(x) (1 =x*)"Y2dx = arcsin(x)
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Standard integrals

Jexp(x)dx = exp(x) J1/xdx =log(x)

J cosh(x) dx = sinh(x) J(1+x*)"Y2dx = arcsinh(x)
[ sinh(x) dx = cosh(x) [(x* =1)"Y2dx = arccosh(x)
[ sech(x)?dx = tanh(x) J(1—x*)"'dx = arctanh(x)
[ cos(x) dx = sin(x) (1 =x*)"Y2dx = arcsin(x)

[ sin(x) dx = — cos(x) J(1—=x*)"Y2dx = — arccos(x)
[ sec(x)?dx = tan(x) J(1+x*)"dx = arctan(x)
[x"dx =x""/(n+1) (n#-1)

J @ dx =a"/log(a)
J log(x) dx = x log(x) — x



Standard integrals

Jexp(x)dx = exp(x) J1/xdx =log(x)

J cosh(x) dx = sinh(x) J(1+x*)"Y2dx = arcsinh(x)
[ sinh(x) dx = cosh(x) [(x* =1)"Y2dx = arccosh(x)
[ sech(x)?dx = tanh(x) J(1—x*)"'dx = arctanh(x)
[ cos(x) dx = sin(x) (1 =x*)"Y2dx = arcsin(x)

[ sin(x) dx = — cos(x) J(1—=x*)"Y2dx = — arccos(x)
[ sec(x)?dx = tan(x) J(1+x*)"dx = arctan(x)
[x"dx =x""/(n+1) (n#-1)

J @ dx =a"/log(a)
J log(x) dx = x log(x) — x
J tan(x) dx = — log(cos(x))



Standard integrals

Jexp(x)dx = exp(x) J1/xdx =log(x)

J cosh(x) dx = sinh(x) J(1+x*)"Y2dx = arcsinh(x)
[ sinh(x) dx = cosh(x) [(x* =1)"Y2dx = arccosh(x)
[ sech(x)?dx = tanh(x) J(1—x*)"'dx = arctanh(x)
[ cos(x) dx = sin(x) (1 =x*)"Y2dx = arcsin(x)

[ sin(x) dx = — cos(x) J(1—=x*)"Y2dx = — arccos(x)
[ sec(x)?dx = tan(x) J(1+x*)"dx = arctan(x)
[x"dx =x""/(n+1) (n#-1)

J @ dx =a"/log(a)
f log(x) dx = xlog(x) — x
Jtan(x) dx = — log(cos(x))
[ sin(x)? dx = (2x — sin(2x))/4



Standard integrals

J exp(x) dx
J cosh(x) dx
J sinh(x) dx

[ sech(x)? dx

J cos(x) dx

S sin(x) dx
[ sec(x)? dx

= exp(x) J1/xdx =log(x)

= sinh(x) J(1+x*)"Y2dx = arcsinh(x)

= cosh(x) [(x* =1)"Y2dx = arccosh(x)

= tanh(x) J(1—x*)"'dx = arctanh(x)

= sin(x) (1 =x*)"Y2dx = arcsin(x)

= — cos(x) J(1—=x*)"Y2dx = — arccos(x)

= tan(x) J(1+x*)"dx = arctan(x)
[x"dx =x""/(n+1) (n#-1)

J @ dx =a"/log(a)
J log(x) dx = x log(x) — x
J tan(x) dx = — log(cos(x))
[sin(x)? dx = (2x — sin(2x))/4
J cos(x)? dx = (2x + sin(2x))/4
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» A rational function of x is a function defined using only constants,
addition, multiplication, division and integer powers.

» No roots, fractional powers, logs, exponentials, trigonometric functions
and so on can occur in a rational function.
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Rational functions

» A rational function of x is a function defined using only constants,
addition, multiplication, division and integer powers.

» No roots, fractional powers, logs, exponentials, trigonometric functions
and so on can occur in a rational function.
14 x+x2 1 ~ 2

» Examples: —— "~ s +
1—x+x2 X x —1 x —2
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Rational functions

» A rational function of x is a function defined using only constants,
addition, multiplication, division and integer powers.

» No roots, fractional powers, logs, exponentials, trigonometric functions
and so on can occur in a rational function.

14 x+x2 1 2
> Examples: " * L b x b1 xTh g xT2
1—x+x2 x x—1 x—=2
I t:
> Non-Examples: e *sng  1- 22 og() arctan(x)

1+ x 27
> If f(x) is a rational function, then [ f(x) dx is a sum of terms of the
following types:
> Rational functions
» Terms of the form In(|x — ul)
> Terms of the form In(x2 + vx + w)
» Terms of the form arctan(ux + v).



Rational functions

>

>

A rational function of x is a function defined using only constants,
addition, multiplication, division and integer powers.

No roots, fractional powers, logs, exponentials, trigonometric functions
and so on can occur in a rational function.
14 x+x2 1 ~ 2

Examples: ——“~° - +

1 -2
+
1— x+x2 x x —1 x — 2

Pax+lextax

> Non-Examples: «*snx)  1— 2 loglx) aretan()

| 2

1+ x 27
If f(x) is a rational function, then [ f(x) dx is a sum of terms of the
following types:
> Rational functions
» Terms of the form In(|x — ul)
> Terms of the form In(x2 + vx + w)
» Terms of the form arctan(ux + v).

3
/LJ’S dx = % +3In(x — 1]) — In(jx + 1]) — In(x* + 1) + 4arctan(x)

x6 — x2
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Rational function examples

2
> /X 1 e = x4 In(lx — 1)) + In(x + 1)

x2—1

x+1\° 6 12 8
> =
/(X—l) dx 1+x—1+(x—1)2+(x—1)3

2
> / X+ 2 dx = In(x* 4 1) + 2arctan(x)

x2 41
1 1 2 1 14 2x
>/mdx:§|n(l+x+x)fﬁarctan( Ve )

4
> /m dx = In(|x + 1) — In(|x — 1]) + 2 arctan(x)



Rational function examples

2
- /X L dx=x e In(lx = 1) + In(jx + 1)

x2—1

x—+1 3 6 12 8
> =
/(x—l) =14 T T Ty

> / 22 dx = In(x* 4 1) + 2arctan(x)

x24+1
L 1 2 1 1+ 2x
> ————dx = - In(1 4+ x4+ x“) — —= arctan
/X_1+1+x 2 ( ) /3 ( /3 )
g /%dx:l"(|X+1|)—|"(|X—1|)+2arctan(x)
d _ ! d 2 _ 2x+u
aln(|x—u|)—xiu aln(x +ux+v)_X2+UX+V

d arctan(ux + v) = u _ u
o Tl (ux+ v e 4 2uw+ (V2 4 1)
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Trigonometric polynomials

| [ sin(nx) dx = — cos(nx)/n J cos(nx) dx = sin(nx)/n |
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Trigonometric polynomials

| [ sin(nx) dx = — cos(nx)/n J cos(nx) dx = sin(nx)/n |
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J cos(x)? dx = x/2 +sin(2x) /4



Trigonometric polynomials

| [ sin(nx) dx = — cos(nx)/n J cos(nx) dx = sin(nx)/n |

cos(2x) = cos(x)? — sin(x)? = 2 cos(x)? — 1 = 1 — 2sin(x)?
sin(x)? = 1/2 — cos(2x)/2

[sin(x)? dx = x/2 — sin(2x) /4

[ cos(x)? dx = x/2 + sin(2x) /4
sin(x)® = 3sin(x)/4 — sin(3x)/4



Trigonometric polynomials

| [ sin(nx) dx = — cos(nx)/n J cos(nx) dx = sin(nx)/n |

cos(2x) = cos(x)? — sin(x)? = 2 cos(x)? — 1 = 1 — 2sin(x)?
sin(x)® = 1/2 — cos(2x)/2
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[ cos(x)? dx = x/2 + sin(2x) /4
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Trigonometric polynomials

| [ sin(nx) dx = — cos(nx)/n J cos(nx) dx = sin(nx)/n |

cos(2x) = cos(x)? — sin(x)? = 2 cos(x)? — 1 = 1 — 2sin(x)?
sin(x)® = 1/2 — cos(2x)/2
[sin(x)? dx = x/2 — sin(2x) /4
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Trigonometric polynomials

| [ sin(nx) dx = — cos(nx)/n J cos(nx) dx = sin(nx)/n |

cos(2x) = cos(x)? — sin(x)? = 2 cos(x)? — 1 = 1 — 2sin(x)?
sin(x)® = 1/2 — cos(2x)/2

[sin(x)? dx = x/2 — sin(2x) /4

[ cos(x)? dx = x/2 + sin(2x) /4
sin(x)® = 3sin(x)/4 — sin(3x)/4

[sin(x)? dx = —3 cos(x)/4 + cos(3x)/12

sin(x) sin(2x) sin(4x) = —sin(x)/4 + sin(3x)/4 + sin(5x) /4 — sin(7x) /4
[ sin(x) sin(2x) sin(4x) dx = cos(x)/4 — cos(3x)/12 — cos(5x)/20 + cos(7x)/28



Trigonometric polynomials

| [ sin(nx) dx = — cos(nx)/n J cos(nx) dx = sin(nx)/n |

cos(2x) = cos(x)? — sin(x)? = 2 cos(x)? — 1 = 1 — 2sin(x)?
sin(x)® = 1/2 — cos(2x)/2

[sin(x)? dx = x/2 — sin(2x) /4

[ cos(x)? dx = x/2 + sin(2x) /4
sin(x)® = 3sin(x)/4 — sin(3x)/4

[sin(x)? dx = —3 cos(x)/4 + cos(3x)/12

sin(x) sin(2x) sin(4x) = —sin(x)/4 + sin(3x)/4 + sin(5x) /4 — sin(7x) /4
[ sin(x) sin(2x) sin(4x) dx = cos(x)/4 — cos(3x)/12 — cos(5x)/20 + cos(7x)/28
sin(x)* + cos(x)* = 3/4 + cos(4x) /4



Trigonometric polynomials

| [ sin(nx) dx = — cos(nx)/n J cos(nx) dx = sin(nx)/n |

cos(2x) = cos(x)? — sin(x)? = 2 cos(x)? — 1 = 1 — 2sin(x)?
sin(x)® = 1/2 — cos(2x)/2

[sin(x)? dx = x/2 — sin(2x) /4

[ cos(x)? dx = x/2 + sin(2x) /4
sin(x)® = 3sin(x)/4 — sin(3x)/4

[sin(x)? dx = —3 cos(x)/4 + cos(3x)/12

sin(x) sin(2x) sin(4x) = —sin(x)/4 + sin(3x)/4 + sin(5x) /4 — sin(7x) /4
[ sin(x) sin(2x) sin(4x) dx = cos(x)/4 — cos(3x)/12 — cos(5x)/20 + cos(7x)/28
sin(x)* + cos(x)* = 3/4 + cos(4x) /4
[ sin(x)* + cos(x)* dx = 3x/4 + sin(4x)/16
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Affine substitution

If / f(x) dx = g(x) and a, b are constant, then

/ F(ax + b) dx — g(ax + b)/a

/cos(x) dx = sin(x) /cos(2x + 3) dx =sin(2x + 3)/2



Affine substitution

If / f(x) dx = g(x) and a, b are constant, then

/ F(ax + b) dx — g(ax + b)/a

/cos(x) dx = sin(x) /cos(2x + 3) dx =sin(2x + 3)/2

/exdx:ex



Affine substitution

If / f(x) dx = g(x) and a, b are constant, then

/ F(ax + b) dx — g(ax + b)/a

/cos(x) dx = sin(x) /cos(2x + 3) dx =sin(2x + 3)/2

/ex dx = &~ /672x+7 dXZ672X+7/(_2)



Affine substitution

If / f(x) dx = g(x) and a, b are constant, then

/ F(ax + b) dx — g(ax + b)/a

/cos(x) dx = sin(x) /cos(2x + 3) dx =sin(2x + 3)/2
/ex dx = &~ /672x+7 dx = 672x+7/(_2)
/tan(x) dx = — In(cos(x))



Affine substitution

If / f(x) dx = g(x) and a, b are constant, then

/ F(ax + b) dx — g(ax + b)/a

/cos(x) dx = sin(x) /cos(2x + 3) dx =sin(2x + 3)/2
/ex dx = ex /672x+7 dx = 672x+7/(_2)
/ fan(x) dx = — In(cos(x)) / tan(rrx) dx = — In(cos(x)) /
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Exponential oscillations

» An exponential oscillation is a function of the form
f(x) = e™(acos(wx) + bsin(wx)),

where a, b, X\ and w are constants.

» The growth rate is A\, and the angular frequency is w.

y=e ¥ sin(207x)

» Special cases:
f(x) = e™ sin(wx) (a=0,b=1)
f(x) = acos(wx) + bsin(wx) (A=0)

f(x) = ae™ (w=0).
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Integrating exponential oscillations

The integral of an EO is another EO with the same growth rate and angular
frequency.

/e*x(a cos(wx) + bsin(wx)) dx = e™(Acos(wx) + Bsin(wx))

A_a)\—bw _aw+ bA
_A2+w2 _)\2+w2'

> Example: find [ e **(5 cos(4x)—3sin(4x)) dx
> \=-2 w=4,a=5 b=-3

a\—bw | 5.(—2)— (-3).4

> A= = =1/10
a2 | (2214 /




Integrating exponential oscillations

The integral of an EO is another EO with the same growth rate and angular
frequency.

/e*x(a cos(wx) + bsin(wx)) dx = e™(Acos(wx) + Bsin(wx))

A_a)\—bw _aw+ bA
_A2+w2 _)\2+w2'

> Example: find [ e **(5 cos(4x)—3sin(4x)) dx

> \=-2 w=4,a=5 b=-3
a\— bw | 5.(—2)— (~3).4

> A= = =1/10
N+ w2 (—2)2 + 42 /
aw+ b\ 54+ (—3)(—2)

> B— = =13/1
A2 + w? (—2)2 442 3/10




Integrating exponential oscillations

The integral of an EO is another EO with the same growth rate and angular
frequency.

/e*x(a cos(wx) + bsin(wx)) dx = e™(Acos(wx) + Bsin(wx))

A_a)\—bw _aw+ bA
_A2+w2 _)\2+w2'

> Example: find [ e **(5 cos(4x)—3sin(4x)) dx
> \=-2 w=4,a=5 b=-3
g A—bw 5(-2)—(-3)4

= =1/10
A2 + w? (—2)2+ 42 /
b A4 (=3)(—2
» g wtbr 5 + (=3)( ):13/10
A2 + w? (—2)2 442

/ e 2(5 cos(4x) — 3sin(4x)) dx = e~ > (cos(4x) + 13sin(4x))/10
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Alternatively:
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Alternatively:
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Integrating exponential oscillations

Alternatively:

/efzx(S cos(4x) — 3sin(4x)) dx = e~ **(Acos(4x) + Bsin(4x)) for some A, B

e (5 cos(4x) — 3sin(4x)) = dix (e72X(A cos(4x) + Bsin(4x)))

— 2e”*(Acos(4x) + Bsin(4x)) +
e 2 (—4Asin(4x) + 4B cos(4x))
= e 2((4B — 2A) cos(4x) — (2B + 4A) sin(4x))

By comparing coefficients, we must have 4B —2A =5 and 2B + 4A = 3.
These equations can be solved to give A=1/10 and B = 13/10. Thus

/e72x(5 cos(4x) — 3sin(4x)) dx = e72x(cos(4x) + 13sin(4x))/10.
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» A polynomial exponential oscillation is a function of the form
f(x) = e™(a(x) cos(wx) + b(x) sin(wx)),

where a(x) and b(x) are polynomials.

» )\ is the growth rate and w is the angular frequency. The degree is the
highest power of x that occurs in a(x) or in b(x).

> The function f(x) = e *((1 + x”) cos(4x) + x” sin(4x))
is a PEO of growth rate —2, frequency 4 and degree 5.



Polynomial exponential oscillations

» A polynomial exponential oscillation is a function of the form
f(x) = e™(a(x) cos(wx) + b(x) sin(wx)),

where a(x) and b(x) are polynomials.
» )\ is the growth rate and w is the angular frequency. The degree is the
highest power of x that occurs in a(x) or in b(x).
> The function f(x) = e *((1 + x”) cos(4x) + x” sin(4x))
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is a PEO of growth rate 4, frequency 3 and degree 6.



Polynomial exponential oscillations

» A polynomial exponential oscillation is a function of the form
f(x) = e™(a(x) cos(wx) + b(x) sin(wx)),

where a(x) and b(x) are polynomials.
» )\ is the growth rate and w is the angular frequency. The degree is the
highest power of x that occurs in a(x) or in b(x).
> The function f(x) = e *((1 + x”) cos(4x) + x” sin(4x))
is a PEO of growth rate —2, frequency 4 and degree 5.
> The function f(x) = e™((1 + x*> 4+ x°) sin(3x))
is a PEO of growth rate 4, frequency 3 and degree 6.

» Fact: The integral of any PEO is another PEO with the same growth
rate, frequency and degree.
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for some A, B, C, D.
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Integrating PEO's — |

> [ xe *sin(x) dx is a PEO of degree 1, growth —1, frequency 1.
> [ xe™*sin(x) dx = (Ax 4+ B)e™* cos(x) + (Cx + D)e™*sin(x)
for some A, B, C, D.
> xe “sin(x) = L ((Ax+ B)e *cos(x)+ (Cx + D)e *sin(x))
= Ae " cos(x) — (Ax + B)e " cos(x) — (Ax + B)e™ *sin(x) +
Ce™"sin(x) — (Cx 4+ D)e™*sin(x) + (Cx + D)e™ ™ cos(x)



Integrating PEO's — |

> [ xe *sin(x) dx is a PEO of degree 1, growth —1, frequency 1.

> [ xe™*sin(x) dx = (Ax 4+ B)e™* cos(x) + (Cx + D)e™*sin(x)
for some A, B, C, D.

> xe “sin(x)

2 ((Ax + B)e ™ cos(x) + (Cx + D)e™*sin(x))

Ae™ " cos(x) — (Ax + B)e™ " cos(x) — (Ax + B)e™ *sin(x) +
Ce™"sin(x) — (Cx 4+ D)e™*sin(x) + (Cx + D)e™ ™ cos(x)
(=A+ C)xe " cos(x) + (A — B + D)e™* cos(x) +

(=A — C)xe “sin(x) + (—B + C — D)e™ "sin(x).



Integrating PEO's — |

> [ xe *sin(x) dx is a PEO of degree 1, growth —1, frequency 1.
> [ xe™*sin(x) dx = (Ax 4+ B)e™* cos(x) + (Cx + D)e™*sin(x)
for some A, B, C, D.
> xe “sin(x) = L ((Ax+ B)e *cos(x)+ (Cx + D)e *sin(x))
= Ae " cos(x) — (Ax + B)e " cos(x) — (Ax + B)e™ *sin(x) +
Ce™"sin(x) — (Cx 4+ D)e™*sin(x) + (Cx + D)e™ ™ cos(x)
= (—A+ C)xe “cos(x) + (A— B + D)e ™ cos(x) +
(=A — C)xe “sin(x) + (—B + C — D)e™ "sin(x).

» _A+C=0,A-B+D=0,-A-C=1 -B+C—-D=0.



Integrating PEO's — |

>
|

>

J xe™*sin(x) dx is a PEO of degree 1, growth —1, frequency 1.
J xe™*sin(x) dx = (Ax + B)e™* cos(x) + (Cx + D)e™*sin(x)
for some A, B, C, D.
xe “sin(x) = L ((Ax+ B)e *cos(x) + (Cx + D)e *sin(x))
= Ae " cos(x) — (Ax + B)e " cos(x) — (Ax + B)e™ *sin(x) +
Ce™"sin(x) — (Cx 4+ D)e™*sin(x) + (Cx + D)e™ ™ cos(x)
= (—A+ C)xe “cos(x) + (A— B + D)e ™ cos(x) +
(=A — C)xe “sin(x) + (—B + C — D)e™ "sin(x).

~A4+C=0A-B+D=0,-A-C=1,-B+C-D=0.
So A=—-1/2, B=—-1/2, C=-1/2, D=0



Integrating PEO's — |

> [ xe *sin(x) dx is a PEO of degree 1, growth —1, frequency 1.
> [ xe™*sin(x) dx = (Ax 4+ B)e™* cos(x) + (Cx + D)e™*sin(x)
for some A, B, C, D.
> xe “sin(x) = L ((Ax+ B)e *cos(x)+ (Cx + D)e *sin(x))
= Ae " cos(x) — (Ax + B)e " cos(x) — (Ax + B)e™ *sin(x) +
Ce™"sin(x) — (Cx 4+ D)e™*sin(x) + (Cx + D)e™ ™ cos(x)
= (—A+ C)xe “cos(x) + (A— B + D)e ™ cos(x) +
(=A — C)xe “sin(x) + (—B + C — D)e™ "sin(x).

» _A+C=0,A-B+D=0,-A-C=1 -B+C—-D=0.
> SoA=-1/2, B=-1/2, C=-1/2,D=0
> [ xe *sin(x) dx = —((x + 1)e " cos(x) + xe *sin(x))/2.



Integrating PEO’s — I



Integrating PEO’s — I

> fx3eX dx is a PEO of degree 3, growth 1 and frequency 0.



Integrating PEO's — Il

> fx3eX dx is a PEO of degree 3, growth 1 and frequency 0.
> [x*e“dx = (Ax® + Bx* + Cx + D)e* for some A, B, C, D.



Integrating PEO's — Il

> fx3eX dx is a PEO of degree 3, growth 1 and frequency 0.
> [x*e“dx = (Ax® + Bx* + Cx + D)e* for some A, B, C, D.

> X3 = g ((Ax3 + Bx* + Cx + D)ex>



Integrating PEO's — Il

> fx3eX dx is a PEO of degree 3, growth 1 and frequency 0.
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> fx3eX dx is a PEO of degree 3, growth 1 and frequency 0.
> [x*e“dx = (Ax® + Bx* + Cx + D)e* for some A, B, C, D.

> X3 = g ((Ax3 + Bx* + Cx + D)ex>
= (3Ax* 4 2Bx + C)e" + (AX’ + Bx* 4+ Cx + D)e*
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Integrating PEO's — Il

> fx3eX dx is a PEO of degree 3, growth 1 and frequency 0.
> [x*e“dx = (Ax® + Bx* + Cx + D)e* for some A, B, C, D.

> X3 = g ((Ax3 + Bx* + Cx + D)ex>
= (3Ax* 4 2Bx + C)e" + (AX’ + Bx* 4+ Cx + D)e*
= (A} + (BA+ B)x* + (2B + C)x + (C + D))e™.

» A=1,3A+B=0,2B4+C=0,C+D=0.



Integrating PEO's — Il

fx3eX dx is a PEO of degree 3, growth 1 and frequency 0.
[ x*e*dx = (Ax* + Bx* + Cx + D)e* for some A, B, C, D.

> X3 = g ((Ax3 + Bx* + Cx + D)ex>

vy

= (3Ax* 4 2Bx + C)e" + (AX’ + Bx* 4+ Cx + D)e*
= (A} + (BA+ B)x* + (2B + C)x + (C + D))e™.

v

A=1,3A+B=0,2B+C=0,C+D=0.
soA=1 B=-3,C=6,D=-6

v



Integrating PEO's — Il

fx3eX dx is a PEO of degree 3, growth 1 and frequency 0.
[ x*e*dx = (Ax* + Bx* + Cx + D)e* for some A, B, C, D.

> X3 = g ((Ax3 + Bx* + Cx + D)ex>

vy

= (3Ax* 4 2Bx + C)e" + (AX’ + Bx* 4+ Cx + D)e*
= (A} + (BA+ B)x* + (2B + C)x + (C + D))e™.

v

A=1,3A+B=0,2B+C=0,C+D=0.
soA=1 B=-3,C=6,D=-6
so [x*e*dx = (x* — 3x* + 6x — 6)e”.

vy
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> Consider/xex/a dx.



Integration by parts — |

> Consider/xex/a dx.

> u=x dv/dX:eX/a

» To integrate a product, call the factors u and %.



Integration by parts — |

Consider/xex/a dx.

v

v

u=x dv/dx = e*/?
du/dx =1

v

v

To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

v



Integration by parts — |

> Consider/xex/a dx.

> u=x dv/dx = e*/?
> dujdx =1 v=ae"/?

» To integrate a product, call the factors v and %.

Differentiate u to find du/dx.

dv .
> Integrate g7 to find v.

v



Integration by parts — |

> Consider/xex/a dx.

> u=x dv/dx = e*/?
> dU/dX:]. V:aex/a
>

/Xex/adx:uv—/@vdx
dx

To integrate a product, call the factors u and %.

Differentiate u to find du/dx.

Integrate % to find v.

Use the formula:

vvyyy




Integration by parts — |

> Consider/xex/a dx.

> u=x dv/dx = e*/?
> dU/dX:]. V:aex/a
>

d
/xex/adx:uv—/d—uvdx:axex/a—/aex/adx
x

To integrate a product, call the factors u and %.

Differentiate u to find du/dx.

Integrate % to find v.

Use the formula:

vvyyy




Integration by parts — |

v

Consider/xex/a dx.

u=x dv/dx = e*/?
du/dx =1 v=ae"/?

d
/xex/adx:uv—/d—uvdx:axex/a—/ e/? dx = axe®/? — a*e*/?
x

vvyyy

To integrate a product, call the factors u and %.

Differentiate u to find du/dx.

dv du
/uadx—uv—/avdx

Integrate % to find v.

Use the formula:




Integration by parts — |

v

Consider/xex/a dx.

u=x dv/dx = e*/?

du/dx =1 v=ae"/?
d

/xex/adx:uv—/d—uvdx:axex/a—/aex/adx:axex/‘;—azex/‘a
X

vvyyy

To integrate a product, call the factors u and %.
Differentiate u to find du/dx.
dv .
Integrate 37 to find v.
Use the formula:

This is most useful when (a) du/dx is simpler than u (eg u polynomial)
and (b) v is no more complicated than dv/dx (eg dv/dx = cos(x)).
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> Consider /(1 — In(x))x " dx.
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> Consider /(1 — In(x))x"* dx.

> u=1-In(x) dv/dx = x72

» To integrate a product, call the factors u and %.



Integration by parts — Il

> Consider /(1 — In(x))x"* dx.

> u=1-In(x) dv/dx = x72
> du/dx = —x"!

» To integrate a product, call the factors u and %.

v

Differentiate u to find du/dx.



Integration by parts — Il

Consider /(1 — In(x))x"* dx.

u=1-In(x) dv/dx = x72

du/dx = —x~* v=—x1

v

To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

Integrate % to find v.



Integration by parts — Il

Consider /(1 — In(x))x"* dx.
u=1-In(x) dv/dx = x72
du/dx = —x~* v = —x1

/(lfln(x))x x—uvf/—vdx

vvyyypy

To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

Integrate < to find v.
/u—dx—uv—/ﬂvdx
dx

Use the formula.
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Consider /(1 — In(x))x"* dx.
u=1-In(x) dv/dx = x72
du/dx = —x~* v=—x1

/(1 —In(x))x 2 dx = uv — / %vdx =—(1—In(x))x"'— /x_2 dx

vvyyypy

To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

Integrate < to find v.
/u—dx—uv—/ﬂvdx
dx

Use the formula.




Integration by parts — Il

Consider /(1 — In(x))x"* dx.
u=1-In(x) dv/dx = x72
du/dx = —x~* v=—x1

/(1 —In(x))x 2 dx = uv — / %vdx =—(1—In(x))x"'— /x_2 dx
— (In() = x "+ x?

vvyyypy

To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

Integrate < to find v.
/u—dx—uv—/ﬂvdx
dx

Use the formula.




Integration by parts — Il

Consider /(1 — In(x))x"* dx.
u=1-In(x) dv/dx = x72
du/dx = —x~* v = —x1

/(1 —In(x))x 2 dx = uv — / Uy dx = —(1—In(x))x"* — /x_2 dx

= (In(x) — 1)x71 +x 1= In(x)/x

vvyyypy

To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

Integrate < to find v.
/u—dx—uv—/ﬂvdx
dx

Use the formula.
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> Consider /xsin(wx) dx.



Integration by parts — IlI

> Consider /xsin(wx) dx.

> u=x dv/dx = sin(wx)

» To integrate a product, call the factors u and %.



Integration by parts — Il

Consider /xsin(wx) dx.

v

v

u=x dv/dx = sin(wx)
du/dx =1

v

To integrate a product, call the factors u and 9.

dx
Differentiate u to find du/dx.

vy



Integration by parts — Il

> Consider /xsin(wx) dx.

> u=x dv/dx = sin(wx)

» du/dx =1 v = —w ! cos(wx)

» To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

v

> Integrate % to find v.



Integration by parts — Il

> Consider /xsin(wx) dx.

> u=x dv/dx = sin(wx)

» du/dx =1 v = —w ! cos(wx)

du
i = _— —_—
> /XSIH(WX) dx uv / XVdX

To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

Integrate % to find v.

vvyYyy

Use the formula:




Integration by parts — Il

Consider /xsin(wx) dx.

u=x dv/dx = sin(wx)

du/dx =1 v = —w ! cos(wx)

/Xsin(wx) dx = uv — / %v dx = —w ™ 'x cos(wx) + /0.71 cos(wx) dx
X

vvyYyy

To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

Integrate % to find v.

Use the formula:




Integration by parts — Il

Consider /xsin(wx) dx.

u=x dv/dx = sin(wx)

du/dx =1 v = —w ! cos(wx)
/Xsin(wx) dx = uv — / %v dx = —w ™ 'x cos(wx) + /0.71 cos(wx) dx
X

= —w tx cos(wx) + w2 sin(wx)

vvYyy

To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

Integrate % to find v.

Use the formula:
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> Consider/arcsin(x) dx.



Integration by parts — IV

> Consider/arcsin(x).l dx.

> u = arcsin(x) dv/dx =1

» To integrate a product, call the factors u and %.



Integration by parts — IV

Consider /arcsin(x).l dx.

v

v

u = arcsin(x) dv/dx =1
du/dx = (1 — x?)~1/2

v

v

To integrate a product, call the factors v and %.
Differentiate u to find du/dx.

v



Integration by parts — IV

> Consider/arcsin(x).l dx.

> u = arcsin(x) dv/dx =1
> du/dx = (1 — x?)"1/2 v =x

» To integrate a product, call the factors u and %.
Differentiate u to find du/dx.

» Integrate % to find v.

v



Integration by parts — IV

Consider /arcsin(x).l dx.
u = arcsin(x) dv/dx =1
du/dx = (1 — x?)~1/2 v =x

/arcsm( )ldx—uvf/—vdx

vvyyypy

To integrate a product, call the factors v and %.
Differentiate u to find du/dx.

Integrate  to find v.

Use the formula.




Integration by parts — IV

Consider /arcsin(x).l dx.
u = arcsin(x) dv/dx =1
du/dx = (1 — x?)~1/2 v =x

/arcsm( ).ldx = uvf/—vdx—arcsm(x).xf/x(l —x*) V2 dx

vvyyy

To integrate a product, call the factors v and %.
Differentiate u to find du/dx.

Integrate  to find v.

Use the formula.




Integration by parts — IV

Consider /arcsin(x).l dx.
u = arcsin(x) dv/dx =1
du/dx = (1 — x?)~1/2 v =x

/arcsm( ).ldx = uvf/—vdx—arcsm(x).xf/x(l —x*) V2 dx

= xarcsin(x) + (1 — x?)/2

vvyyy

To integrate a product, call the factors v and %.
Differentiate u to find du/dx.

Integrate  to find v.

Use the formula.
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> Consider / Sin() gy
cos(x)"




Integration by substitution — |

> Consider / sin(x)_ g,
cos(x)"

» Put u = cos(x)

> To find [ f(x) dx, pick out some part of f(x) and call it u.



Integration by substitution — |

> Consider / sin(x)_ g,
cos(x)"

» Put u = cos(x), so du/dx = — sin(x)

> To find [ f(x) dx, pick out some part of f(x) and call it u.
> Find du/dx



Integration by substitution — |

> Consider / sin(x)_ g,
cos(x)"

» Put u = cos(x), so du/dx = —sin(x), so dx = —du/ sin(x)

> To find [ f(x) dx, pick out some part of f(x) and call it u.

> Find du/dx, and rearrange to express dx in terms of x and du.



Integration by substitution — |

Consider/ sin(x) dx
cos(x)"

Put u = cos(x), so du/dx = —sin(x), so dx = —du/ sin(x)

[ oo = 50

v

vy

v

To find [ f(x) dx, pick out some part of f(x) and call it u.

v

Find du/dx, and rearrange to express dx in terms of x and du.

v

Rewrite the integral in terms of u and du.



Integration by substitution — |

Consider/ sin(x) dx
cos(x)"

Put u = cos(x), so du/dx = —sin(x), so dx = —du/ sin(x)

[ [ [

v

vy

v

To find [ f(x) dx, pick out some part of f(x) and call it u.

v

Find du/dx, and rearrange to express dx in terms of x and du.

v

Rewrite the integral in terms of u and du.
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> Consider / sin()_ g

cos(x)"
» Put u = cos(x), so du/dx = —sin(x), so dx = —du/ sin(x)
> i i —

/ sin(x) dx — / sin(x) : du / 0" du

cos(x)" u"  sin(x)
=u'""/(n—1)

> To find [ f(x) dx, pick out some part of f(x) and call it u.
> Find du/dx, and rearrange to express dx in terms of x and du.
» Rewrite the integral in terms of u and du.
» Evaluate the integral



Integration by substitution — |

> Consider / sin()_ g
cos(x)"
» Put u = cos(x), so du/dx = —sin(x), so dx = —du/ sin(x)
> i i —
/ sin(x) dx — / sin(x) : du / 0" du
cos(x)" u"  sin(x)
1—n cos(x)™"
= )= 22
W (- 1) = <2
> To find [ f(x) dx, pick out some part of f(x) and call it u.
> Find du/dx, and rearrange to express dx in terms of x and du.
» Rewrite the integral in terms of u and du.
» Evaluate the integral, then rewrite the result in terms of x.
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Integration by substitution — Il

2
> Consider/xe_4X dx.



Integration by substitution — Il

. —4x2
» Consider | xe dx.

> Put u= —4x°

> To find [ f(x) dx, pick out some part of f(x) and call it u.



Integration by substitution — Il

. —4x2
» Consider | xe dx.

> Put u= —4x°, so du/dx = —8x

> To find [ f(x) dx, pick out some part of f(x) and call it u.
» Find du/dx



Integration by substitution — Il

. —4x2
» Consider | xe dx.

> Put u= —4x%, so du/dx = —8x, so dx = —du/(8x)

> To find [ f(x)dx, pick out some part of f(x) and call it w.

» Find du/dx, and rearrange to express dx in terms of x and du.



Integration by substitution — Il

Consider /xefllx2 dx.

v

> Put u= —4x%, so du/dx = —8x, so dx = —du/(8x)
>
/xe_4x2 dx = /fxe”@
8x
> To find [ f(x) dx, pick out some part of f(x) and call it u.

v

Find du/dx, and rearrange to express dx in terms of x and du.

v

Rewrite the integral in terms of u and du.
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Consider /xefllx2 dx.

v

> Put u= —4x%, so du/dx = —8x, so dx = —du/(8x)
>

/xe_4x2 dx = /fxe”g—z = f%/e” du
> To find [ f(x)dx, pick out some part of f(x) and call it w.

v

Find du/dx, and rearrange to express dx in terms of x and du.

v

Rewrite the integral in terms of u and du.
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. —4x2
» Consider [ xe dx.
> Put u= —4x%, so du/dx = —8x, so dx = —du/(8x)
> —4x? u du 1 u
dx = [ —xe"— = —= d
/xe /x / xe' o 3 /e u
=—e"/8
> To find [ f(x)dx, pick out some part of f(x) and call it w.
» Find du/dx, and rearrange to express dx in terms of x and du.
» Rewrite the integral in terms of u and du.
» Evaluate the integral



Integration by substitution — Il

. —4x2
» Consider [ xe dx.
> Put u= —4x%, so du/dx = —8x, so dx = —du/(8x)
> —4x? u du 1 u
dx = [ —xe"— = —= d
/xe /x / xe' o 3 /e u
u —ax?
=—e"/8=—e"" /8
> To find [ f(x)dx, pick out some part of f(x) and call it w.
» Find du/dx, and rearrange to express dx in terms of x and du.
» Rewrite the integral in terms of u and du.
» Evaluate the integral, then rewrite the result in terms of x.
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. dx
> C0n5|der/m.



Integration by substitution — IlI

dx dx
> i = .
Consider / 4x2 4 4x +2 / (2x+1)2+1

> Putu=2x+1

> To find [ f(x) dx, pick out some part of f(x) and call it w.
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dx dx
| 2 i = .
Consider / 4x2 +4x +2 / (2x+1)2+1
» Put u=2x+1, sodu/dx =2

> To find [ f(x) dx, pick out some part of f(x) and call it w.
> Find du/dx
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dx dx
| 2 i = .
Consider / 4x2 +4x +2 / (2x+1)2+1
» Put u=2x+1, so du/dx =2, so dx = du/2

> To find [ f(x) dx, pick out some part of f(x) and call it w.

» Find du/dx, and rearrange to express dx in terms of x and du.



Integration by substitution — IlI

dx dx
| 2 i = .
Consider / 4x2 +4x +2 / (2x+1)2+1
» Put u=2x+1, so du/dx =2, so dx = du/2

> / dx du/2

2 tax+2 ) 241

> To find [ f(x) dx, pick out some part of f(x) and call it w.
» Find du/dx, and rearrange to express dx in terms of x and du.

» Rewrite the integral in terms of u and du.



Integration by substitution — IlI

. dx dx
> Consider / 42 fAx+2 / (2x+1)2+1"
» Put u=2x+1, so du/dx =2, so dx = du/2
> / dx _ du/2

4x2 +4x + 2 w?+1
= arctan(u)/2

> To find [ f(x) dx, pick out some part of f(x) and call it w.
» Find du/dx, and rearrange to express dx in terms of x and du.
» Rewrite the integral in terms of u and du.
» Evaluate the integral



Integration by substitution — IlI

. dx dx
> Consider / 42 fAx+2 / (2x+1)2+1"
» Put u=2x+1, so du/dx =2, so dx = du/2
> / dx _ du/2
4x2 +4x + 2 w?+1
= arctan(u)/2 = arctan(2x + 1) /2
> To find [ f(x) dx, pick out some part of f(x) and call it w.
» Find du/dx, and rearrange to express dx in terms of x and du.
» Rewrite the integral in terms of u and du.
» Evaluate the integral, then rewrite the result in terms of x.
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dx
» Consider .
/ Vx — x?




Integration by substitution — IV

dx
» Consider [ ——.
I / VXx — x?

> Put x = t°

> To find [ f(x) dx, put x equal to some function of t.
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> Consider/\/%.

> Put x = t?, so dx/dt = 2t

> To find [ f(x) dx, put x equal to some function of t.
> Find dx/dt



Integration by substitution — IV

> Consider/\/%.

> Put x = t?, so dx/dt = 2t, so dx = 2t dt

> To find [ f(x) dx, put x equal to some function of t.
> Find dx/dt, and rearrange to express dx in terms of t and dt.



Integration by substitution — IV

Consider / $
Vx —x2'

> Put x = t?, so dx/dt = 2t, so dx = 2t dt

Vx—x2=+yt—th=ty/1-¢

v

v

To find [ f(x) dx, put x equal to some function of t.

v

Find dx/dt, and rearrange to express dx in terms of t and dt.

v

Rewrite the integral in terms of t and dt.



Integration by substitution — IV

Consider / L
Vx —x2'

> Put x = t?, so dx/dt = 2t, so dx = 2t dt

Vx—x2=+yt—th=ty/1-¢
/ dx _/ 2t dt
i Jni-e

v

v

To find [ f(x) dx, put x equal to some function of t.

v

Find dx/dt, and rearrange to express dx in terms of t and dt.

v

Rewrite the integral in terms of t and dt.



Integration by substitution — IV

Consider / L
Vx —x2'

> Put x = t?, so dx/dt = 2t, so dx = 2t dt

Vx—x2=+yt—th=ty/1-¢
/ dx _/ 2t dt _2/ dt
Vx—x2 ) tV1—¢2 V1-—1t?

v

v

To find [ f(x) dx, put x equal to some function of t.

v

Find dx/dt, and rearrange to express dx in terms of t and dt.

v

Rewrite the integral in terms of t and dt.
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Consider / L
Vx —x2'

> Put x = t?, so dx/dt = 2t, so dx = 2t dt

Vx—x2=+yt—th=ty/1-¢

v

/ dx _/ 2t dt _2/ dt
Vx—x2 ) tV1—¢2 V1-—1t?

= 2arcsin(t)

To find [ f(x) dx, put x equal to some function of t.
Find dx/dt, and rearrange to express dx in terms of t and dt.
Rewrite the integral in terms of t and dt.

Evaluate the integral



Integration by substitution — IV

Consider / L
Vx —x2'

> Put x = t°, so dx/dt = 2t, so dx = 2t dt

Vx—x2=+yt—th=ty/1-¢

v

/ dx _/ 2t dt _2/ dt
Vx—x2 ) tV1—¢2 V1—1+t2
= 2arcsin(t) = 2arcsin(v/x)

To find [ f(x) dx, put x equal to some function of t.
Find dx/dt, and rearrange to express dx in terms of t and dt.
Rewrite the integral in terms of t and dt.

Evaluate the integral, then rewrite the result in terms of x.
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> Consider/log(x)2 dx.



Integration by substitution — V

> Consider/log(x)2 dx.

> Put x =e'

> To find [ f(x)dx, put x equal to some function of t.



Integration by substitution — V

> Consider/log(x)2 dx.

> Put x = e, so dx/dt = &'

> To find [ f(x)dx, put x equal to some function of t.
> Find dx/dt



Integration by substitution — V

> Consider/log(x)2 dx.

> Put x = e', so dx/dt = €', so dx = e’ dt

> To find [ f(x)dx, put x equal to some function of t.

> Find dx/dt, and rearrange to express dx in terms of t and dft.



Integration by substitution — V

Consider/log(x)2 dx.

> Put x = e', so dx/dt = €', so dx = e’ dt

/Iog(x)2 dx = /Iog(et)zet dt

v

v

To find [ f(x) dx, put x equal to some function of t.

v

Find dx/dt, and rearrange to express dx in terms of t and dt.

v

Rewrite the integral in terms of t and dft.



Integration by substitution — V

Consider/log(x)2 dx.

> Put x = e', so dx/dt = €', so dx = e’ dt

/Iog(x)2 dx = /Iog(et)zet dt = /tZet dt

v

v

To find [ f(x) dx, put x equal to some function of t.

v

Find dx/dt, and rearrange to express dx in terms of t and dt.

v

Rewrite the integral in terms of t and dft.



Integration by substitution — V

Consider/log(x)2 dx.

> Put x = e', so dx/dt = €', so dx = e’ dt

/Iog(x)2 dx = /Iog(et)zet dt = /tZet dt

= (£ -2t +2)e

v

To find [ f(x) dx, put x equal to some function of t.
Find dx/dt, and rearrange to express dx in terms of t and dt.

Rewrite the integral in terms of t and dft.

vvyyy

Evaluate the integral



Integration by substitution — V

Consider/log(x)2 dx.

> Put x = e', so dx/dt = €', so dx = e’ dt

/Iog(x)2 dx = /Iog(et)zet dt = /tZet dt

= (£* — 2t + 2)e' = (log(x)? — 2log(x) + 2)x

v

To find [ f(x) dx, put x equal to some function of t.
Find dx/dt, and rearrange to express dx in terms of t and dt.

Rewrite the integral in terms of t and dft.

vvyyy

Evaluate the integral, then rewrite the result in terms of x.
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> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
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> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x*) dx.
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> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).
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> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).

2 3 2 du
/x tan(x”) dx = /x tan(u)ﬁ
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> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).

2 3\ g 2 du 1
/x tan(x”) dx = /x tan(u)3X2 =3 /tan(u) du
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> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).

/x2 tan(x?) dx = /x2 tan(u)% = %/tan(u) du = —log(cos(u))/3
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> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).

/x2 tan(x?) dx = /x2 tan(u)% = %/tan(u) du = —log(cos(u))/3

= — log(cos(x*))/3



Examples |

> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).

/x2 tan(x?) dx = /x2 tan(u)% = %/tan(u) du = —log(cos(u))/3

= — log(cos(x*))/3

» Consider fxe\/; dx.
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> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).

/x2 tan(x?) dx = /x2 tan(u)% = %/tan(u) du = —log(cos(u))/3

= — log(cos(x*))/3

» Consider fxe\/; dx. Put t = \/x, so x = t?, so dx = 2t dt.



Examples |

> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).

/x2 tan(x?) dx = /x2 tan(u)% = %/tan(u) du = —log(cos(u))/3

= — log(cos(x*))/3

» Consider fxe\/; dx. Put t = \/x, so x = t?, so dx = 2t dt.

xeV* dx = /t2et.2t dt



Examples |

> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).

/x2 tan(x?) dx = /x2 tan(u)% = %/tan(u) du = —log(cos(u))/3

= — log(cos(x*))/3

» Consider fxe\/; dx. Put t = \/x, so x = t?, so dx = 2t dt.

xeV* dx = /tzet.2tdt:2/t3et dt



Examples |

> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).

/x2 tan(x?) dx = /x2 tan(u)% = %/tan(u) du = —log(cos(u))/3

= — log(cos(x*))/3

» Consider fxe\/; dx. Put t = \/x, so x = t?, so dx = 2t dt.

xe¥* dx = /t2et.2t dt = 2/t3et dt = 2(t* — 3t> + 6t — 6)e’



Examples |

> /tan(x) dx = / sin(x) dx = —/ cos'(x) dx = — log(cos(x)).

cos(x) cos(x)
> Consider [ x*tan(x®)dx. Put u = x3, so du = 3x* dx, so dx = du/(3x%).

/x2 tan(x?) dx = /x2 tan(u)% = %/tan(u) du = —log(cos(u))/3

= — log(cos(x*))/3
» Consider fxe\/; dx. Put t = \/x, so x = t?, so dx = 2t dt.

xe¥* dx = /t2et.2t dt = 2/t3et dt = 2(t* — 3t> + 6t — 6)e’

= (2x*? — b6x + 12x/2 — 12)eV~
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Examples Il
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= (Ax* + BxX® + C* + Dx + E)e*
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> /(2(x2 +1)e") dx = /(4x4 + 8x° + 4)e™ dx
= (Ax* + BxX® + C* + Dx + E)e*

(4x4 +8x% 4+ 4)e2x = %((Ax4 + Bx® + C% + Dx + E)eQX)
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> /(2(x2 +1)e") dx = /(4x4 + 8x° + 4)e™ dx
= (Ax* + BxX® + C* + Dx + E)e*
(4x4 +8x% 4+ 4)e2x = di((Ax4 + Bx® + C% + Dx + E)eQX)
X

= (4AX> + 3Bx* + 2Cx + D)e* +
(Ax4 + Bx® + O + Dx + E).2e2x
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> /(2(x2 +1)e") dx = /(4x4 + 8x° + 4)e™ dx
= (Ax* + BxX® + C* + Dx + E)e*
(4x4 +8x% 4+ 4)e2x = %((Ax4 + Bx® + C% + Dx + E)eQX)
= (4AX> + 3Bx* + 2Cx + D)e* +
(Ax4 + Bx® + O + Dx + E).2e2x
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(2C + 2D)x + (D + 2E))
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>

/(2(x2 +1)e ) dx = /(4x4 + 8x° + 4)e™ dx
= (Ax* + BxX® + C* + Dx + E)e*
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(2C + 2D)x + (D + 2E))
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> /(2(x2 +1)e") dx = /(4x4 + 8x° + 4)e™ dx
= (Ax* + BxX® + C* + Dx + E)e*
(4x4 +8x% 4+ 4)e2x = %((Ax4 + Bx® + C% + Dx + E)eQX)
= (4AX> + 3Bx* + 2Cx + D)e* +
(Ax4 + Bx® + O + Dx + E).2e2x

= ™ (2Ax" + (4A+2B)x> + (3B +2C)x* +
(2C + 2D)x + (D + 2E))

So4=2A,0=4A+2B,8=3B+2C,0=2C+2D,4=D+2E
SoA=2,B=-4C=10,D=-10, E=7
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> /(2(x2 +1)e") dx = /(4x4 + 8x° + 4)e™ dx
= (Ax* + BxX® + C* + Dx + E)e*
(4x4 +8x% 4+ 4)e2x = %((Ax4 + Bx® + C% + Dx + E)eQX)
= (4AX> + 3Bx* + 2Cx + D)e* +
(Ax4 + Bx® + O + Dx + E).2e2x

= ™ (2Ax" + (4A+2B)x> + (3B +2C)x* +
(2C + 2D)x + (D + 2E))

So4=2A,0=4A+2B,8=3B+2C,0=2C+2D,4=D+2E
SoA=2,B=-4C=10,D=-10, E=7

/(2()(2 +1)e")? dx = (2x" — 4x® +10x* — 10x + 7)™,
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X —X X —X 2
> /1—|—cosh(x)+cosh(x)2dx:/1—|—e te +<e te > dx

2 2

/4+2eX+2e‘X+e2X+2+e‘2de

R

(6x 42" — 27 + %ezx — %efzx)
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>

/ 1 + cosh(x) + cosh(x)? dx

N W -h\l—‘ Bl

2
ex+e—x ex+e—x
1 d
/+ 2 *( 2 > 8
/4+2eX+2e‘X+e2X+2+e‘2de

1,.2x

(6x+2e —2e "+ e —1e72X)

X
+



Examples Il

X —X X —X 2
> /1—|—cosh(x)+cosh(x)2dx:/1—|—e re +<e te > dx

2 2

1 —x X —2x
:Z/4+2ex+2e +e” +2+e ¥ dx
1
=3 (6x 42" — 27 + %ezx — %efzx)
7§X+ex_efx+le2x_ef2x
) 2 4 2
3

= 35X + sinh(x) + % sinh(2x).
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» To show that /L = log (1 + sm(x)>:

cos(x) cos(x)

d (1 + sin(x)) cos(x). cos(x) — (1 + sin(x))(—sin(x))

dx cos(x) - cos(x)?
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» To show that /L = log (1 + sm(x)>:

cos(x) cos(x)
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» To show that /L = log (1 + sm(x)>:

cos(x) cos(x)

d (1 + sin(x)) cos(x). cos(x) — (1 + sin(x))(—sin(x))

dx cos(x) - cos(x)?
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» To show that /L = log (1 + sm(x)>:

cos(x) cos(x)

d (1 + sin(x)) _cos(x). cos(x) — (1 + sin(x))(—sin(x))

dx cos(x) cos(x)?

_cos(x)? +sin(x)? +sin(x) 1+ sin(x)

cos(x)? cos(x)?
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» To show that /L = log (1 + sm(x)>:

cos(x) cos(x)

d (1 + sin(x)) _cos(x). cos(x) — (1 + sin(x))(—sin(x))

dx cos(x) cos(x)?

cos(x)? + sin(x)? + sin(x) _ 1+ sin(x)
cos(x)? cos(x)?

e (M) = () ()
__cos(x) 1+sin(x)
1+ sin(x) cos(x)?




Examples IV

» To show that /L = log (1 + sm(x)>:

cos(x) cos(x)

d (1 + sin(x)) _cos(x). cos(x) — (1 + sin(x))(—sin(x))

dx cos(x) cos(x)?
_ cos(x)? + sin(x)? + sin(x) _ 1+ sin(x)
cos(x)? cos(x)?
d 1+sin(x)\ _ (1+sin(x)\"" d (1+sin(x)
dx log ( cos(x) ) N < cos(x) ) dx ( cos(x) )
cos(x) 1+ sin(x) 1

"~ 1+4sin(x) cos(x)?2  cos(x)
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= —2xcos(2x) + /2cos(2x) dx
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> /8x sin(x) cos(x) dx = /4x sin(2x) dx
= —2xcos(2x) + /2cos(2x) dx

= —2x cos(2x) + sin(2x).
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= —2xcos(2x) + /2cos(2x) dx

= —2x cos(2x) + sin(2x).

> Consider/IOe_Xsin(x)2 dx
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> /8x sin(x) cos(x) dx = /4x sin(2x) dx
= —2xcos(2x) + /2cos(2x) dx

= —2x cos(2x) + sin(2x).

> Consider /10e_x sin(x)? dx = /Se_X dx+/—56_x cos(2x) dx.
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> /8x sin(x) cos(x) dx = /4x sin(2x) dx
= —2xcos(2x) + /2cos(2x) dx

= —2x cos(2x) + sin(2x).

> Consider /10e_x sin(x)? dx = /Se_X dx+/—56_x cos(2x) dx.

/ —5e” " cos(2x) dx = e *(Acos(2x) + Bsin(2x))



Examples V

> /8x sin(x) cos(x) dx = /4x sin(2x) dx
= —2xcos(2x) + /2cos(2x) dx
= —2x cos(2x) + sin(2x).

> Consider /10e_x sin(x)? dx = /Se_X dx+/—56_x cos(2x) dx.

/ —5e” " cos(2x) dx = e *(Acos(2x) + Bsin(2x))

—5e " cos(2x) = e *((2B — A) cos(2x) — (2A + B)sin(2x))



Examples V

> /8x sin(x) cos(x) dx = /4x sin(2x) dx

= —2xcos(2x) + /2cos(2x) dx

= —2x cos(2x) + sin(2x).

> Consider /10e_x sin(x)? dx = /Se_X dx+/—56_x cos(2x) dx.

/—5e7x cos(2x) dx = e” (A cos(2x) + Bsin(2x))

(A
—5e " cos(2x) = e *((2B — A) cos(2x) — (2A + B)sin(2x))
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> /8x sin(x) cos(x) dx = /4x sin(2x) dx

= —2xcos(2x) + /2cos(2x) dx

= —2x cos(2x) + sin(2x).

> Consider /10e_x sin(x)? dx = /Se_X dx+/—56_x cos(2x) dx.

/—5e *cos(2x) dx = e *(Acos(2x) + Bsin(2x))
—5e " cos(2x) = e *((2B — A) cos(2x) — (2A + B)sin(2x))
A=1 B=-2

/ 10e *sin(x)® dx = —5e " + e * cos(2x) — 2e *sin(2x).
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2 X3 o X
€ = ep(x) = Lo x+ 5 e = K
X 2 3 4 72 P
mzx+2x +3X +4X 4+ = kx (fOr|X|<1)



Taylor series

32 X3 > xk
e —e><p(><)—1+x+7+€Jr Tk
ﬁ:x+2x2+3x3+4x4+“'zzk)‘k (for x| <1)

5 oo 1)k 2k

X x
f— 1 - T~ A
cos(x) 2 4 Zo (2k)!



Taylor series

32 3 >

X X
e~ —exp(x)—l—i—x—i-?—&-g-f- = kf
X — 2 3 4 EEE k
Gy =20 et s ZkX (for x| < 1)
JE o0 Y2k
:1_7 T~ A
cosl) = 1=+ 5y o =D

=0
1 k 2k+1

8]

X3 X

VT OSSN U o o i
arctan(x) = x 3+5 7 kzzg 2k+1



Taylor series

X2 53 > xk
e—exp(X)_1+X+7+€+ Tk
ﬁ:x+2x2+3x3+4x4+“:zk)‘k (for x| <1)
o) k2k

X2

cos(x) =1— 5+ —4 Z (2k)|

=0

3 5 o0 Ky 2k+1
32X X Z (-1)
t, = _— —_— —
arctan(x) = x 3 * 5 7 — 2k+ 1

» For any reasonable function f(x), there are coefficients a, such that

f(x) = Z akx”
k=0

(when x is sufficiently small). This is the Taylor series for f(x).
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Not every function has a Taylor series.

>
>

fo(x) = 1/x does not, because f(0) is undefined.

fi(x) = |x| and K (x) = x'/3 do not, because the slopes f(0) and f;(0) are
not defined.

> f(x) = In(x) does not, because f(x) is undefined for x < 0.
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Not every function has a Taylor series.
> f(x) = 1/x does not, because f(0) is undefined.

> fi(x) = |x| and f(x) = x*/* do not, because the slopes /(0) and £ (0) are
not defined.

> f(x) = In(x) does not, because f(x) is undefined for x < 0.
> fo(x) = e~/ does not, for a more subtle reason.

For a full explanation, see Level 3 complex analysis.
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tan(x) = x 4+ x*/3 + 2x°/15 4+ O(x")

The notation O(x’) means that there are extra terms involving powers x*
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Truncated series

Often we only calculate with finitely many terms of the Taylor series.
tan(x) = x 4+ x*/3 + 2x°/15 4+ O(x")

The notation O(x’) means that there are extra terms involving powers x*
with k > 7. The above is the 7th order Taylor series for tan(x). It is a good

approximation to tan(x) if x is sufficiently small.
tan(x) = x + x>/3 + 2x° /15 + 17x7 /315 4+ O(x°)
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Finding coefficients

oo
k
y:E akx", where a=— —
k=0 '

f(x) = z:akxk7 where  a, = F¥(0)/k!
k=0

Example:

exp(x) = -+ = exp”’(x) = exp” (x) = exp/(x) = exp(x) = &

exp™(0) = - -+ = exp”’(0) = exp”(0) = exp’(0) = exp(0) = 1



Finding coefficients

oo
k
y:E akx', where ax=-—- —
k=0 :

f(x) = z:akxk7 where  a, = F¥(0)/k!
k=0

Example:
exp(x) = -+ = exp”’(x) = exp” (x) = exp/(x) = exp(x) = &
exp(0) = - - = exp”’(0) = exp’(0) = exp/(0) = exp(0) = 1

Thus ax = 1/k!, and exp(x) = >, x*/kL.
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Another example

Take f(x) = sin(x).

f(x) = sin(x) f/(x) = cos(x) f//(x) = —sin(x) f”l(x) = — cos(x)
F(4)(x) = sin(x) F(E)(x) = cos(x) F(é) (x) = — sin(x) f(7)(x) = — cos(x)
f(s)(x) = sin(x) £(9) (x) = cos(x) £(10) (x) = — sin(x) r'(n)(x) = — cos(x)

£(0) =0 o) =1 ') =0 170) = —1
M) =0 f®o) =1 ) =0 M) = -1
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Another example

Take f(x) = sin(x).

f(x) = sin(x)
F(4)(x) = sin(x)

f(s)(x) = sin(x)

£(0) =0
M) =0
@) =0

a9 =0

f/(x) = cos(x)
F(E)(x) = cos(x)

£(9) (x) = cos(x)

o) =1
f®(0) =1
(o) =1

ap =1

') =0
#®)(0) = 0
F10) 0y — o
ap =0

f”l(x) = — cos(x)

f(7)(x) = — cos(x)

r'(n)(x) = — cos(x)
70) = —1
Moy = -1

o) = —1

a3 = —1/3!



Another example

Take f(x) = sin(x).

f(x) = sin(x) f/(x) = cos(x) f//(x) = —sin(x) f”l(x) = — cos(x)
F(4)(x) = sin(x) F(E)(x) = cos(x) F(é) (x) = — sin(x) f(7)(x) = — cos(x)
f(s)(x) = sin(x) £(9) (x) = cos(x) £(10) (x) = — sin(x) r'(n)(x) = — cos(x)

£(0) =0 o) =1 ') =0 170) = —1
M) =0 f®o) =1 ) =0 M) = -1
@) =0 ) =1 F10) 0y — o W)= —1
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Another example

Take f(x) = sin(x).

f(x) = sin(x) f/(x) = cos(x) f//(x) = —sin(x) f”l(x) = — cos(x)
F(4)(x) = sin(x) F(E)(x) = cos(x) F(é) (x) = — sin(x) f(7)(x) = — cos(x)
f(s)(x) = sin(x) £(9) (x) = cos(x) £(10) (x) = — sin(x) r'(n)(x) = — cos(x)

£(0) =0 o) =1 ') =0 170) = —1
M) =0 f®o) =1 ) =0 M) = -1
f® ) =0 @) =1 f190) = o o) = —1

ag =0 ap =1 a =0 a3 = —1/3!
ag =0 ag = 1/5! ag =0 ag = —1/7!
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Another example

Take f(x) = sin(x).

f(x) = sin(x) f/(x) = cos(x) f//(x) = —sin(x) f”l(x) = — cos(x)
F(4)(x) = sin(x) F(E)(x) = cos(x) F(6) (x) = — sin(x) f(7)(x) = — cos(x)
f(8>(x) = sin(x) £(9) (x) = cos(x) f(lol(x) = —sin(x) r'(n)(x) = — cos(x)

£(0) =0 o) =1 ') =0 170) = —1
M) =0 f®o) =1 ) =0 M) = -1
@) =0 o) =1 F19) =0 W) = —1

ag =0 ap =1 ap =0 a3 = —1/3!
a3 =0 a5 = 1/5! 2 =0 a7 = —1/7!
ag =0 ag = 1/9! ajp =0 aj; = —1/11!
. X3 X5 X7 9 Xll
sin(x) =x— =+ = —=>+ = — — +



Another example

Take f(x) = sin(x).

f(x) = sin(x) f/(x) = cos(x) f//(x) = —sin(x) f”l(x) = — cos(x)
F(4)(x) = sin(x) F(E)(x) = cos(x) F(6) (x) = — sin(x) f(7)(x) = — cos(x)
f(8>(x) = sin(x) £(9) (x) = cos(x) f(lol(x) = —sin(x) r'(n)(x) = — cos(x)

£(0) =0 o) =1 ') =0 170) = —1
M) =0 f®o) =1 f©) ) =0 M) = —
@) =0 o) =1 F19) =0 W) = —1

ag =0 ap =1 ap =0 a3 = —1/3!
a3 =0 a5 = 1/5! a6 = 0 ag = —1/71
ag =0 ag = 1/9! ajp =0 aj; = —1/11!
3 5 7 9 11 e k 2k+1
. X X X X X
sin(x)=xX——~+—— -+ —
(x) 3 51 71 9l 11! Z 2k +1
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Other methods

It is often easiest to deduce a Taylor series from known series for other
functions.

2 (—x2)k 2k

DY EDIELE
k

© K Kt

N —x xk+(—x)k k
cosh(x) = (" + e )/2:;W: Z -



Other methods

It is often easiest to deduce a Taylor series from known series for other
functions.

2 (—x2)k 2k

DY EDIELE
k

© K Kt

xK 4 (—x
ho) = (X ez = = S -
cosh(x, e e Xk: 2(’(1) Z XJ:
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functions.
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It is often easiest to deduce a Taylor series from known series for other

functions.
e (=x2)k - 32k
° T zk: Ko ;(71) K
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cosh(x) = (X + e X)/2 = _ = — =
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It is often easiest to deduce a Taylor series from known series for other

functions.
e (=x2)k 32k
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cosh(x) = (X + e X)/2 = _ = — =
Xk: 2 (k1) ,g;" K XJ: ()
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sinh(x)/x = (& — e X)/(2) =Y — L = -
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Other methods

It is often easiest to deduce a Taylor series from known series for other

functions.
2 (—x2yk 2k
¢ = zk: W ;(71) Tk
xK 4 (—x)k xk x2
cosh(x) = (X + e X)/2 = - = AR
Xk: 2 (k1) ,g;" K XJ: @)
; ; ok (K k=1 2
sinh(x)/x = (X — e X)) =S~ 7 = -
; 2x (k1) kodd k! ; (2 + 1)
/(A=) =14x+x2 450+, =3 %K
k

d 1 d
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Other methods

It is often easiest to deduce a Taylor series from known series for other

functions.

e (=x2)k kxzk

° T zk: Ko Xk: kI
DR S

cosh(x) = (X + e X)/2 = _ = — =
2k fewen KU G (@)

<k (2x) k=1 2
sinh(x)/x = (X — e X)/(2x) =Y ———— = =
; 2x (k1) kodd k! ; (2 + 1)

. :ZX‘(

1/(1—x):1+x+x2+x3+..

d 1 K1
— =x— = Kk
o (l—x) degx XZ X
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It is often easiest to deduce a Taylor series from known series for other

functions.
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cosh(x) = (X + e X)/2 = _ = — =
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Odd and even functions

Recall that f(x) is even if f(—x) = f(x), and odd if f(—x) = —f(x).
For example, cos(x) is even and sin(x) is odd.  If

k k k
x) = E akx" = E ax + E akX
k k even k odd

then

Zak( X Z akx — Z akx .

k even k odd

Thus f(x) is even iff the Taylor series involves only even powers of x, and
f(x) is odd iff the Taylor series involves only odd powers of x.

_ [T R SN B | 2, (—1)kRk
) =5~ 55 n e n =Y e
2 4 6 B 10 oo k. 2k
_ x° X' X (=1)"x™
cos(x) = lf§+f75+§*1ﬁo|+ Z (2!

k=0
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Algebra of series

tan(x) = x + %X3 + f—sxs + 0(x")
tan(x)® = (x + %X3 + %xs)2 + 0(x")
=x"+ L+ 20+
%X“ + %Xﬁ + %XS

2,6 2 .8 4 10 7
EX +EX +EX +O(X)



Algebra of series

tan(x) = x + %X3 + f—sxs + 0(x")

tan(x)® = (x + %X3 + %xs)2 + 0(x")
=X+ 31X+ 2x°+
%X“ + %Xﬁ + %XS
258 4 258 4 A0 4 O(x)
=x"+ §X4 + %XG + O(x").
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Expansion about other points

We can also expand f(x) in terms of powers (x — ), for any a.  More

precisely,
| F(x) = S bulx — a)f,  where by = F*(a) /K1 |
In"(x) = x~1 In"’ (x) = —x~2 """ (x) = 23 In(4)(><) = —6x~ 4
In(1) = 0 (1) =1 /(1) = —1 (1) =2 n®a) = —6
by by =1 by = —1/2 by =2/31=1/3 by = —6/41 = —1/4

In(x) = (x —1) = (x = 1)°/2 4 (x = 1)*/3 = (x = 1)*/4 + O((x — 1)®).
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More examples

We will find the series for tan(x) near x = 7.

f(x) = tan(x)

fl(X) = W
= e -~ 2589
(= 1 "o 2.2_1/2
AL ()= =2 0= oy

2 =1/01=1 a=2/11=2 a=14/20=2



More examples

We will find the series for tan(x) near x = 7.
f(x) = tan(x)
f'(x) =

cos(x)?
F(x) = —2 cos(x) . — sin(x) = i;’gi’)‘z
o N poay 22712
f(7)=1 f(Z)—m—2 f(Z)—m—
ap=1/0l =1 a =2/11=2 a=4/21=2

™

tan(x) =14+ 2(x — 7) +2(x — 1)2 + O((x — %)3).
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Consider y = x/(e* —1).
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More examples

Consider y = x/(e* —1).
e =14+x+x"/24x/6 + O(x")
e —1=x+x"/2+x>/6+ O(x*)
€ _1:1+X/2+x2/6+0(x3):1+u+0(x3) u=x/2+x"/6
X

1_
y
y:ﬁ:1—u+u2+0(u3):1—u+u2+O(X3)
u2:x2/4+x3/6+x4/36:x2/4+O(x3)
:1—U+U2+O(X3)

=1-x/2-x"/6+x*/4+ 0(x*) =1—x/2+x*/12 + O(x°)

X
ex—1




