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1. INTRODUCTION

At the end of the course, you should be able to prove the following:
(1) Let G be an Abelian group of order p®, where p is prime. Then G is isomorphic to either Z,s,
Lz X Ly OF Ly X Ly X L.
(2) Let A be a 3 x 3 matrix of rational numbers satisfying (4 + I)® = 0. Then A is conjugate to one of
the following three matrices:

-1 1 0 -1 1 0 -1 0 0
0o -1 1 0 -1 0 0 -1 0
0 0 -1 0 0 -1 0 0 -1

(In other words, there is an invertible matrix P such that PAP~! is one of the three matrices listed.)
(3) Let f: R — C satisfy the differential equation f””” + f = 0. Then f(x) = ae® + be™® + ce® + de™ @
for some constants a, b, ¢, d.
The remarkable thing is that all these problems can be addressed using essentially the same ideas: the theory
of modules over a Euclidean domain.

2. RINGS AND FIELDS

A commutative ring is a set R of things that can be added, negated and multiplied in a sensible way to
get new elements of R. More precisely, we require that the following axioms be satisfied:

(a) If a,b € R then a+ b € R. [closure under addition]

b) There is an element 0 € R such that a + 0 = a for all a € R. [additive identity]

) For each eclement a € R there is an element —a € R such that a + (—a) = 0. [additive inverses]
) a+ (b+c¢) = (a+b)+cforall a,b,c € R. [associativity of addition]

) a+b=>b+aforall a,b € R. [commutativity of addition]
)
)
)
)

If a,b € R then ab € R. [closure under multiplication]
There is an element 1 € R such that la = a for all @ € R. [multiplicative identity]
a(be) = (ab)c for all a, b, c € R. [associativity of multiplication]

(i) ab = ba for all a,b € R. [commutativity of multiplication]

(G) a(b+c¢) = ab+ ac for all a,b,c € R. [distributivity]
Strictly speaking, we should say that a ring is a set R together with a definition of addition, negation and
multiplication such that the axioms hold. In all the examples that we will consider, there is a unique obvious
way to define these operations.

We will not consider noncommutative rings in this course, so we will just use the word “ring” to mean

“commutative ring”. We will use without comment various standard consequences of the axioms, such as
the facts that —(—a) = a, 0.a =0 and (—1).a = —a.
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Definition 2.1. [defn-domain]
A ring R is an integral domain if 1 # 0, and whenever a,b # 0 we also have ab # 0.

Definition 2.2. An element a in a ring R is invertible if there is an element b € R such that ab = 1. If
5o, then this element b is unique and we call it a=!. A field is a ring K such that 1 # 0 and every nonzero
element is invertible. Every field is an integral domain.

Example 2.3. [eg-Z-ring]

The set Z of integers is a ring. If we add, subtract or multiply any two integers, we get another integer, so
axioms (a), (c¢) and (f) hold. The numbers 0 and 1 are integers so axioms (b) and (g) hold. The remaining
axioms are familiar properties of addition, subtraction and multiplication. It is also clear that Z is an integral
domain.

Example 2.4. [eg-N-not-ring]
The set N of natural numbers is not a ring, because 0 ¢ N, so there is no additive identity, in other words
axiom (b) does not hold. Moreover, if n € N then —n ¢ N, so N does not have additive inverses.

Example 2.5. [eg-even-not-ring]
The set 2Z of even integers is not a ring, because it does not contain the multiplicative identity element 1.

Example 2.6. [eg-QRC]
The set Q of rational numbers, the set R of real numbers, and the set C of complex numbers, are all fields.

Example 2.7. [eg-irrational]

The set X = R\ Q of irrational numbers is not a ring. Indeed, we have 7 € X and —7w € X but 0 =
7+ (—7) € X, so X is not closed under addition. Moreover, V2 € X but vV2./2 =2 ¢ X, so X is not
closed under multiplication. Even more obviously, X contains neither 0 nor 1, so it does not have an additive
identity or a multiplicative identity.

Example 2.8. [eg-Zn]

For any natural number n, the set Z, = {0,1,...,n — 1} of integers modulo n is a ring. For example, we
have
74 =10,1,2,3}
2+3=5=1
1-2=-1=3
2.3=6=2

Note that Z,4 is not an integral domain, because 2 # 0 but 2.2 = 0. In general, it can be shown that when n
is prime, Z,, is a field (and thus an integral domain), but when n is not prime, Z,, is neither a field nor an
integral domain.

Example 2.9. [eg-poly]
We write Z[z] for the set of all polynomials with integer coefficients. For example, 72% — 22z + 3 and %!
are elements of Z[z] but (z+1)/(z —1) and 2% —1/2 and z — 2! are not. The general form of an element of
Zlz]is f(x) = ap+ a1z + ...+ a,z™ for some integer n > 0 and integers ag, . . ., a,. Integers are polynomials
of degree zero, so Z C Z[z]. The usual operations of addition, multiplication and negation of polynomials
make Z[z] into a ring.

More generally, given any ring R we can consider the ring R[z] of polynomials with coefficients in R. For
example, we can consider f(z) = 222 + 3 € Zg[x] and g(x) = 3z + 2 € Zg[z] and we find that

f(x)g(z) = 62> + 42> + 92+ 6
= 42? + 3.

This gives us rings Z[z] C Q[z] C R[z] C Clx]. We can also use more than one variable; for example, we
have a ring Q[z, v, 2] containing elements like (2 + y? + 2%)/4 or 1 + xyz (but not x/y or v/2z or e**V).
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Example 2.10. [eg-diffop]

Let D denote the operation of differentiation with respect to ¢, so D(t3) = 3t2, D(sin(t)) = cos(t), D3(f(t)) =
f"(t) and so on. Using this we can build more complicated operators like (D? + 2D + 3)(f(t)) = f"(t) +
2f'(t)+3f(t) and so on. By a differential operator we mean an operation of the form ag+a1D+ ...+ a, D"
for some n > 0 and some list of coefficients a; € R. The set of differential operators is the polynomial ring
R[D]; its is essentially the same as R[z] except for the notation, and the fact that the elements are interpreted
as operators rather than functions.

Remark 2.11. [rem-diffop]

Here we are only considering linear ordinary differential operators with constant coefficients. For more
serious work on differential equations one needs to work with more general operators, which generally form
noncommutative rings.

Example 2.12. [eg-Zplocal]

Let p be a prime number. Let Z,) be the set of rational numbers z that can be written in the form a/b,
where a and b are integers and b is not divisible by p. For example, 123/101 and —4/12 = (—1)/3 and
8 = 8/1 are elements of Z), but 5/6 and 1/8 are not. As any integer n can be written as n/1 and 1 is not
divisible by p, we see that Z C Z,). Now suppose that =,y € Z(,), so we can write = a/b and y = c/d for
some integers a, b, ¢ and d, where b and d are not divisible by p. As p is prime this means that bd is also
not divisible by p. We have

x +y = (ad + bc)/(bd)
zy = (ac)/(bd)
—x = —a/b.
As ad + be, ac, —a, b and bd are integers, and bd and b are not divisible by p, this means that = + y, xy and

—ux lie in Z,). Thus Z(,) is a subring of Q, called the ring of integers localized at p. (There is a long story
coming from algebraic geometry that explains why the word “localized” is appropriate.)

Example 2.13. [eg-gaussian]
We write Z[i] for the set of complex numbers of the form a + bi, where a and b are integers (possibly zero).
Thus 7, 6 — 4 and 124 are elements of Z[i], but 2/3 and 1 — /5 are not. Note that
(a+bi)+ (c+di)=(a+c)+ (b+d)i
(a + bi)(c+ di) = (ac — bd) + (ad + be)i
—(a +bi) = (—a) + (=b)i.
It follows easily that Z[i] is closed under addition, multiplication and negation, so it is a subring of C. The
elements of Z[i| are called Gaussian integers.

Exercises
Exercise 2.1. [ex-which-ring]

Which of the following are commutative rings?

Ry is the set of polynomials f(z) € R[z] such that f(—z) = f(x).

Ry is the set of polynomials f(x) € Rlx] such that f(—x) = —f(z).

Ry is the set of 2 x 2 matrices over R, with the usual definition of matrix multiplication.
Rj3 is the set of 2 x 2 matrices over R, with multiplication given by the definition

[a8][ab] =[],

Ry is the set of vectors in R3, with multiplication given by the cross product:

x z’ yz'—y'z
|:y:| X |y | = |za'=2'2 | .
z ’ ’ ’
z zy —a'y



Exercise 2.2. [ex-typical-elts]
Choose two typical elements a and b of the ring Z). Find a + b and ab and check that they lie in Zs).
Repeat this for the rings Z[i], Q[z,y] and Z2.

Exercise 2.3. [ex-six-local]
Let R be the set of rational numbers that can be written in the form a/b, where b is not divisible by 6. (We
would call this Z g if 6 were prime, which of course it isn’t). Prove that R is not a subring of Q.

Exercise 2.4. [ex-field-domain]
Let K be a field; prove that K is an integral domain.

Exercise 2.5. [ex-PX-ring]
Let X be a set. Let R be the set of all subsets of X, and define addition and multiplication of subsets as

follows.

A+B=(AUB)\ (ANB)
={z e X |z € Aorz € B but not both. }
AB=ANB.

For any A € R, we define a function x4: X — Zs by

(2) 1 ifzeAd
X)) = _
x4 0 ifegA

(a) Check that A+ =Aand A+ A=0.

(b) Show that xa+p(z) = xa(z) + x5(z) and xap(z) = xa(x)xs(z).
(¢) Show that if x4 = xp then A = B.

(d)

Prove that the definitions above make R into a commutative ring. (You may wish to use (b) and (c)
to help check some of the axioms.)

3. MODULES

Definition 3.1. [defn-module]
Let R be a ring. A module over R is a set M of things with a definition of m 4+ n for all m,n € M and a
definition of am for all a € R and m € M such that the following axioms are satisfied:

(a) If m,n € M then m +n € M. [closure under addition]

)
c¢) For each m € M there is an element —m € M such that m + (—m) = 0. [additive inverses
) m+ (n+p)=(m+n)+p for all m,n,p € M. [associativity of addition]
() m+n=mn-+m forall m,n € M. [commutativity of addition]
(f) If a € R and m € M then am € M. [closure of M under multiplication by R]
) 1.m =m for all m € M.

)

)

)

Remark 3.2. [rem-additive-group]
Note that axioms (a) to (e) say that M is in particular an Abelian group under addition.

Example 3.3. [eg-free-module]
Let R be any ring, and let d be a natural number. We then write R? for the set of d-tuples (z1,...,24) with
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T1,...,2q € R. We make R? into a module over R by defining

(15 @a) + (Y1, Ya) = (T1 + Y15 - Td + Ya)
a(zy,...,xq) = (axy,...,axq).

It is straightforward to check that the axioms are satisfied. In particular, the case d = 1 says that we can
regard R as a module over itself.

If R is a field, then an R-module is just a vector space over R. Modules are just the natural generalization
of vector spaces defined over arbitrary rings rather than just fields. It is a basic fact of linear algebra that
if K is a field and V is a vector space over K with a finite spanning set, then V is isomorphic to K¢ for
some integer d, called the dimension of V. The situation for modules over non-fields is more complicated; a
module is usually not isomorphic to R? for any d. The next simplest case after fields is when R is a Euclidean
domain, and most of the course will be devoted to the study of modules over such rings.

Proposition 3.4. [prop-Z-module]

A Z-module is just an Abelian group. More precisely, if M is an Abelian group (with the group operation
written as addition) then there is a unique way to define am for all a € Z and m € M such that azioms (f)
to (j) hold, making M a Z-module.

Sketch proof. Rather than giving a complete proof of this, we will give an outline of the argument with
examples.
The basic idea is very simple. We just define
3Im=m+m+m
—5m=—-(m+m+m+m+m)=_(-—m)+ (—m)+ (—m) + (—m) + (—m)
and so on. This defines multiplication (of integers by group elements) in terms of addition and negation of
group elements. We actually have no choice about these definitions if we want the axioms to be satisfied: as
3=1+1+1, axiom (i) says we we must have 3m = (1+ 1+ 1)m = lm+ lm+ 1lm, and axiom (g) says that
1m = m so we must have 3m = m + m + m, and so on.
We now need to check that axioms (f) to (j) are satisfied. Axioms (f) and (g) are immediate. The
remaining axioms are easy to check when a and b are nonnegative: for example
2(3m) =2(m+m+m)
=(m+m+m)+(m+m+m)
=m+m+m+m+m-+m
=(2x3)m
2m+3m = (m+m)+ (m+ m+m)
=m+m+m+m+m
=(24+3)m
3m+n)=(m+n)+ (m+n)+ (m+n)
=(m+m+m)+n+n+n)
=3m + 3n.
If we allow a or b to be negative then there are quite a few more cases to check depending on the various
possible combinations of signs, but they are all quite straightforward. For example
Sm+ (=3)ym=m+m+m+m-+m)+ ((—m)+ (—=m) + (—m))
=m+m+ (m+(-=m))+ (m+ (=m)) + (m+ (-m))
=m-+m
=B+ (-3)m.



We will next give an example involving differential operators. To avoid annoying technicalities, it is best
to restrict attention to functions that can be differentiated as many times as we like. We therefore introduce
the following definition.

Definition 3.5. [defn-smooth]
A function f: R — R is smooth if the n’th derivatives f(")(t) are defined and continuous everywhere on R
for all n > 0. In particular, the function f = f(© itself must be defined and continuous everywhere.

For example, sin(t), cos(t), !, t? and so on are smooth. However, the functions 1/t and log(t) are not
defined at ¢ = 0, so they are not smooth. The function f(t) = |¢| is defined and continuous everywhere and
f'(t) = —1fort <0and f'(t) = 1 for t > 0 but f'(0) is undefined so f is not smooth. Similarly, if g(t) = t/3
then ¢'(t) = t~2/3/3, which is undefined at ¢ = 0 so g is not smooth.

We write C*°(R,R) for the set of all smooth functions from R to R. If f and g are smooth and a is
constant then one can show that f + g and af are smooth. It follows that C*°(R,R) is a vector space over
R. Similarly, the set C*°(R, C) of smooth functions from R to C is a vector space over C.

Example 3.6. [eg-smooth-module]
C*(R,R) is a module over the ring R[D] of differential operators. For an operator p(D) = ag+a1 D+ ...+
an, D™ and a smooth function f(t), the product p(D)f is defined by the usual rule

p(D)f =aof +arf +asf’ + ...+ anf™.

One can check the axioms directly, or use a more abstract approach discussed in the next section. Similarly,
C*(R,C) is a module over C[D].

Example 3.7. [eg-diffop-calc]

(1+D+D?).(1+t+8)=Q+t+t3)+ (1 +t+2) + 1+t +t2)"
=(1+t+t3)+(1+2t)+(2)
=4+ 3t + 1%
Example 3.8. [eg-t-sint]
Consider the function f(t) = tsin(t); I claim that (D? + 1)?f = 0. Indeed, we have
f/(t) = sin(t) + t cos(t)
" (t) = 2cos(t) — tsin(t)
(D2 +1)f)(t) = f(t) + f"(t) = 2cos(t)

We also have cos’(t) = —sin(t) and so cos”(t) = —cos(t) so (D? + 1) cos = 0. It follows that (D? + 1)2f =
(D? +1)(2cos) = 0.

Example 3.9. [eg-two-rates]
Consider a function of the form f(t) = e* + e#t. 1 claim that

(p(D)f)(t) = p(N)eM + p(u)e.
Indeed, we have
F(t) = AeM + pett
F() = A2 4 2ot
and more generally f()(t) = AeM 4 pFert (as one can easily check by induction). If p(D) = ag + a1 D +
...+ a,, D™ then we have
(p(D) () = ag(eM + ) + ar(AeM + pet’) + ...+ am (A" + per)
=(ap+@mA+...+ am)\m)e’\t +(ap +aipp+ ...+ app™)ett
= p(N)eM +p(u)e.

Exercises
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Exercise 3.1. [ex-Z-ten]
List all the elements of the Abelian group Zs & Zs. Find an element that has order 10.

Exercise 3.2. [ex-diffop-calc]

(a) Calculate (1+ D + D?/2+ D?/6).t>. What do you notice? Can you guess a generalisation?

(b) Put f(t) = e tsin(t) so f € C°(R,R). Calculate (D + 1)*f.

(c) Put gi(t) = t*et, so gr € C=(R,R). Calculate (D — 1)g and thus (D — 1)*g;. (You may wish to
try k = 3 first.)

(d) Put f(t) = te'. Show that (D*f)(t) = (k +t)e! for all k > 0 and thus that (p(D)f)(t) = (p'(1) +
p(1)t)et.

Exercise 3.3. [ex-gaussian-poly]
Define v(t) = et*/2, so u € C®°(R,R). Let V be the set of functions of the form f(t)v(t), where f is a
polynomial. For example, the function (1 + ¢+ zfz)etQ/2 is an element of V.

(a) Prove that V is an R[D]-submodule of C*°(R,R).

(b) Calculate D*v for 0 < k < 3.

(c) Show that for all k > 0 there is a polynomial py(t) of the form t*+ lower terms such that D*v = py.v.

(d) Show that if ¢(D) is a nonzero element of R[D] then ¢(D)v # 0 (look at leading terms).

(e) Suppose that f(t) is a polynomial of degree k, say f(t) = at® + lower terms . Prove by induction
on k that fv = ¢(D)v for some element ¢(D) € R[D].

(f) Deduce that V ~ R[D] as an R[D]-module.

4. MODULES OVER POLYNOMIAL RINGS

We next consider modules over K|[z], where K is a field. The upshot here is that the study of modules
over K|x] is essentially the same as the study of square matrices over K, or of endomorphisms of vector
spaces over K.

We start with some comments about the process of “substituting a matrix into a polynomial”. Let K be a
field, and let A be an n x n matrix over K. Using the usual matrix multiplication we can define 42, 43 and so
on; all of these are again n x n matrices over K. Thus, given a polynomial f(z) = ap+arz+...+agx? € K[z]
we can define another n x n matrix f(A) by f(A) = agl + a1 A+ ...+ aqA®.

Example 4.1. [eg-f4]
If A=[}2]and f(x) = 7+ 62 + 522 then A% = [ 13] and so

FA) =T[5 +6[33] +5[559]
]

+ (38 2]

Example 4.2. [eg-diag-poly]
Consider a diagonal matrix A = [6‘ 2] Then

and more generally it is not hard to see that



(Exercise: prove this by induction.) It follows that

d
f(A):a()|:(1) (1):|+a1 |:/0\ 2:|++ad|:)(\) ,l?d:|

_ ag + ar A+ ... ag\? 0
- 0 ap + a1+ ... agu®
_ {f(k) 0 ] |
0 flw
More generally, if A is an n X n matrix with entries A1,..., A, on the diagonal and zeros elsewhere, then

f(A) has entries f(A1),..., f(A,) on the diagonal and zeros elsewhere.

Example 4.3. [eg-jordan-poly]
Consider the matrix A = [{ 1]. It is easy to check that

111 k] 1 k+1
0 1{{0 1| |0 1 |’
and thus that A% = [} #] for all k. It follows that

r=al) Trals ovat g

_ ag+...+aq a1+ 2as+ ...+ dag
0 ag+...+aq ’

Note that f(1) = ag+...+aq. Note also that the derivative f’(z) is given by f/(x) = a;+2asx+. . . +dagz?!,
so that f'(1) = a1 + 2a2 + ...+ dag. We can thus rewrite the above result as

f(4) = [f () {;’8] .

We next need to check that some things work out as they “ought” to when we substitute matrices into
polynomials. (Recall that matrix multiplication is noncommutative, there are nonzero matrices whose square
is zero, and numerous other funny things can happen; so we need to be on our guard.)

Proposition 4.4. [prop-func-calc]
Let A be an n X n matriz over a field K. Then for any two polynomials f,g € K[x] we have

(f +9)(A) = f(A) +g(A)
(f9)(A) = f(A)g(A).

Proof. Suppose that f(z) =Y. a;z" and g(z) = > bjzi. Then (f+g)(z) = Y, c;iz* where ¢; = a; + b;, and
(f9)(z) = (Z aﬂi)(z bﬂj) = Zaibﬂ?iﬂ = de$k7
i j 4] k
where dj, = Zf:o a;br_;.
Thus
(f+9)(A4) = ZciAi

= (a; A"+ b;A")
=>4 A > hA

= f(A) +9(A).
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Similarly

(f9)(4) = 3 dya
k

k
= Z Z aibk_iAk

k i=0

k
=D > (@A) (b AFT)

k i=0

= > > (@) (b A7)
= Z aiAi Z bjAj

= f(A)g(A).

We are now ready to construct some modules over K|[z].

Construction 4.5. [cons-MA]
Let A be an n X n matrix over a field K; we will use this to define a module M4 over K[z]. The elements of
M, are just the vectors v = (vy,...,v,) of length n over K, so M4 = K™ as a set. Addition and subtraction
of vectors is defined in the usual way. All that is left is to define the product fv for f € K[z] and v € K",
which we do by the formula fv = f(A)v. Here f(A) is an n X n matrix, so the right hand side is defined by
the ordinary multiplication of vectors by matrices.

We need to check the module axioms. Axioms (a) to (e) only involve addition and negation so they are
clear. Axiom (f) is also clear because fv is certainly a vector in K™. If f(x) is constant polynomial 1, then
f(A) is the identity matrix, so fv = Iv = v for all v; this gives axiom (g). For axiom (h) we recall that

(f9)(A) = f(A)g(A) so
(fg)v

(fg)(A)v
f(A)g(A)v
= f(A)(gv)
f(gv)

Similarly, axiom (i) follows from the fact that (f + g)(A) = f(A) 4+ g(A). Finally, axiom (j) is clear, because
B(v + w) = Bv + Bw for any matrix B and any vectors v and w.

Remark 4.6. [rem-MA-MB]
Let A and B be two different nxn matrices. Then M4 and M g have the same elements but the multiplication
rules in M4 and Mpg are different, so M4 and Mg are different modules.

Example 4.7. [eg-fA-diagonal]

Let A be the matrix [2 9] over Q, so that f(A4) = [fgg) f?s)] (by Example . Then M4 = Q?, with the

multiplication rule f.(s,t) = (f(2)s, f(3)t). For example, if g(z) = 2% — 6 then ¢g(2) = —2 and g(3) = 3 so
we have

(2 —6)(10,11) = (=2 x 10,3 x 11) = (—20, 33).

Example 4.8. [eg-fA-jordan]
Let A be the matrix [§1] over Q, so that f(A) = [f(ol) ff/((ll))} (by Example . Then M, is the set Q2
with the group operation f.(s,t) = (f(1)s+ f'(1)t, f(1)t). For example, if g(z) = 2 — 6 then g(1) = —5 and
g’ (1) = 2 so we have
(% —6)(10,11) = (=5 x 10 + 2 x 11, =5 x 11) = (—28, —55).
9



Example 4.9. [eg-eigen-module]

The simplest examples are where A is just a 1 x 1 matrix, or in other words just an element A € K. The
module M) is just a copy of K, with the multiplication rule f.a = f(A)a. For example, the polynomial
f(x) =1+ z + 22 satisfies f(2) =7, so in the module My over Q[z] we have f.6 =7 x 6 = 42.

There is a well-known correspondence between matrices and endomorphisms, and for many purposes it
is more natural to use the latter. Let V be a vector space over a field K, and let ¢ be an endomorphism
of V' (in other words, a linear map from V to itself). Then we can define ¢?(v) = ¢(¢(v)) to get a new
endomorphism of V, and similarly we can define ¢* for all k& > 0. More generally, for any polynomial
f(x) =ag+ a1z + ...+ agx? € K[z] we can define an endomorphism f(¢) by

F(@)(v) = apv + a10(v) + ... + agp?(v).
We can then make V into a module over K[z]| by defining fv = f(¢)(v).

Example 4.10. [eg-diffop-endo]

We can define a map 9: C*°(R,R) - C*°(R,R) by 9(f) = f'. As (f+9) = f' +¢ and (cf) = cf’ for
constant ¢, we see that 0 is an R-linear endomorphism of C*°(R,R), making C*°(R,R) into a module over
R[z]. The multiplication rule is as follows: if p(z) =}, a;2* and f(t) € C*°(R,R) then

p-f = aod”(f) + @10 (f) + a20*(f) + ...
=aof +aif +axf’+....

Thus, this example is just the same as Example with a slightly different viewpoint and less natural
notation.

We explained above how a vector space V over K with an endomorphism ¢ can be regarded as a K|[z]-
module. We conclude this section by showing that every K[x]-module arises in this way.

Indeed, let M be a module over K[z]. As mentioned previously, axioms (a) to (e) say that M is an Abelian
group under addition. Also, if a € K then we can regard a as a constant polynomial, so am is defined for
all m € M. As M is a module over K[z], axioms (f) to (j) are valid for all polynomials a and b, so certainly
they are valid for the special case of constant polynomials. Thus, we can regard M as a module over K. A
module over a field is the same thing as a vector space, so M is a vector space over K.

Next, if m € M then xm is another element of M, so we can define a function ¢: M — M by ¢(m) = xm.
I claim that this is a K-linear endomorphism. Indeed, for any m,n € M we have x(m+n) = xm+ an by the
right distributivity law, which means that ¢(m + n) = ¢(m) + ¢(n). Moreover, for a € K we have ax = za,
SO

ap(m) = a(zm) = (ax)m = (za)m = z(am) = ¢(am)
(using axiom (h) twice). This shows that ¢ is linear, as claimed. Now consider a polynomial f(z) = >, a;z* €
K[z]. I claim that fm =", a;¢*(m) = f(¢)(m) for all m € M. Indeed, we have

(@*)m = z(zm) = zp(m) = p(¢(m)) = ¢*(m)
(@®)m = z(a?m) = 2¢*(m) = $(¢°(m)) = ¢*(m).
Extending this by induction, we see that z¥m = ¢*(m) for all k. Thus

fm= (Z a;z’)m
= Z a;z'm
= a;¢'(m)

i
= f(¢)(m).
Thus, the module structure is obtained from the endomorphism ¢ in the way considered previously.

Exercises
10



Exercise 4.1. [ex-jordan-powers]
1100

Let A be the matrix {8 51 (1)} . Find A2, A3 and A*. Can you give a general rule for A"?
0001

Exercise 4.2. [ex-MA-calc]

(a) Put A= [é g (1)] and m = (1,1,1) € M,. Calculate (23 — 1)m.
(b) Put A= [§ g é] and m = (1,2,3) € M,. Calculate (23 — 1)m.
(c) Put A=[}1] and m = (1,—1) € My. Calculate (1422 + 52! — 3627 — 222 + 13z — 5)m. (You

may wish to start by calculating fm for some very simple polynomials f first.)

Exercise 4.3. [ex-cayley-two]
Let A= [2%] be a 2 x 2 matrix, and put f(z) = 2 — (a + d)z + (ad — bc). Show that f(A) =[§3]. (This
is the 2 x 2 case of the Cayley-Hamilton theorem.)

Exercise 4.4. [ex-fA-block]
Put A=[11] and f(z) = 2* — 3. Calculate f(A).

Exercise 4.5. [ex-fA-swap]
Consider the matrix

= al)

(a) Calculate A® for some small numbers 4, then give the general rule.

(b) Write b=ap+az+as+...=3 ;as; and c=a1 +az+... = >, azjt1. Express f(1) and f(—1) in
terms of b and c.

(¢) Show that

and a polynomial f(z) =Y, a;z".

f(A):f(Zl)[l 1}+f(—1)[1 —1].

5. GENERAL MODULE THEORY
Let R be a ring.

Definition 5.1. [defn-submodule]
Let M be an R-module. A submodule of M is a subset N C M such that
(a) 0e N
(b) If n,m € N then n+m € N (ie N is closed under addition)
(¢c) If n € N and a € R then an € N (ie N is closed under multiplication by elements of R).

Note that if N is a submodule and n € N then —n = (—=1)n € N, so N is closed under negation and thus
is a subgroup of M under addition. It is easy to see that N can itself be considered as an R-module.

Example 5.2. [eg-vector-subspace]
If R is a field, then modules are just the same as vector spaces, and submodules are just the same as vector
subspaces.

Example 5.3. [eg-subgroup]
If R = 7Z, then modules are just the same as Abelian groups, and submodules are just the same as subgroups.

Example 5.4. [eg-trivial-submodule]
If M is a module over any ring R, it is clear that {0} and M itself are submodules of M.
11



Example 5.5. [eg-stable-subspace]
Let V' be a vector space over a field K, equipped with a K-linear endomorphism ¢: V — V. We regard V as
a K[z]-module in the usual way. We say that a subset W C V is stable under ¢ if ¢(w) € W for all w € W
(or more briefly, if ¢(W) C W).

I claim that a subset W C V is a KJ[z]-submodule if and only if it is a vector subspace and is stable
under ¢. Indeed, suppose that W is a submodule. Then it is certainly closed under addition and under
multiplication by constant polynomials (ie elements of K) so it is a vector subspace. Also, it is closed under
multiplication by x, so for w € W we have ¢(w) = xw € W; this shows that W is stable under ¢, as claimed.

Conversely, suppose that W is a vector subspace and is stable under ¢. Clearly W is closed un-
der addition. For any w € W we have ¢(w) € W. Thus ¢*(w) = ¢(¢(w)) = ¢(an element of W) =
another element of W, so ¢>(W) C W. Thus ¢*(w) = ¢(¢?(w)) = ¢(an element of W) = another element of W ,
so ¢*(W) € W, and so on, so ¢¥(w) € W for all k > 0. Now consider a polynomial f(z) = ag +...+aqz? €
K[z]. We then have fw =Y, a;¢'(w). The vectors ¢*(w) lie in W, the coefficients a; lie in K, and W is a
vector subspace of V, so we see that Y, a;¢'(w) € W. Thus fw € W for all w € W and f € K[z], so W is
a submodule of V.
Example 5.6. Let A be the matrix {(1) _5
Wo = {(u,v) € Q% | u = —3v} and Wy = {(u,v) € Q? | u = —4v}. A typical element of Wy has the form
(—=3v,v) and we have

0 —6][-3v] [-6v
L 5}{1} __211]’

which also lies in Wy. Thus W is stable under A and thus is a submodule of Q2.

However, W7 is not a submodule. Indeed, the vector (—4, 1) lies in W; but

0 —6][-4] [-6

15|17 1]
Example 5.7. [eg-eigenspaces]
Suppose that A\, € K and A # p. Define ¢: K? — K? by ¢(u,v) = (Au, uv), and use this to make K? into
a module over K[z]. Define

over Q, and use this to make Q? into a module over Q[z]. Put

which does not lie in Wj.

L={(u,0)|ueK}cCK?
M ={(0,v)|ve K} c K2

I claim that L and M are K[z]-submodules of K2, and moreover that the only submodules are {0}, L, M
and K? itself.

It is clear that L and M are vector subspaces of K2. Moreover we have ¢(u,0) = (\u,0) € L, so L is
stable under ¢ and thus is a submodule. Similarly ¢(0,v) = (0, uv) € M, so M is a submodule. It is trivial
to check that {0} and K? are subspaces of K2.

Now let W be any submodule of K2. Then W is also a vector subspace, with 0 < dim(W) < dim(K?) = 2.
If dim(W) = 0 then clearly W = 0, and if dim(W) = 2 then clearly W = K?2. We can thus assume that
dim(W) = 1, so W = K.(u,v) for some vector (u,v) # (0,0). Because W is a K|[z]-submodule, we know
that (A\u, pv) € W, but W = K.(u,v) so (Au, uv) = v.(u,v) for some v € K, s0 (A —v)u= (u—v)o=0. If
u # 0 then we deduce that v = X so (u — A)v =0, but g # A so v = 0. This means that W = K.(u,0) = L.
Similarly, if v # 0 we deduce that W = M.

Example 5.8. [eg-poly-diff]

The set R[¢] of polynomial functions is a vector subspace of the space C*° (R, R) of all smooth functions from

R to R. Moreover if f € R[¢] then the derivative of f is again a polynomial, in other words 9(f) = f’ € R[t].

This means that the subspace R[t] is stable under the endomorphism 9, so it is an R[D]-submodule of

C>*(R,R).

Example 5.9. [eg-sin-cos]

Let W be the space of functions of the form f(t) = acos(t) + bsin(t) (with a,b € R). Because d(a cos(t) +

bsin(t)) = beos(t) — asin(t), we see that W is stable under 9. It is thus an R[D]-submodule of C*°(R,R).
12



Remark 5.10. [rem-intersection]

Suppose that Ny and N; are two submodules of an R-module M. I claim that NyN N; is again a submodule.
Indeed, as 0 € Ny and 0 € N7 we have 0 € Ny N N7. Suppose that n,m € Ng N Ny. As n,m € Ny and Ny
is a submodule we have n +m € Ny. As n,m € N; and N; is a submodule we have n +m € N;. Thus
n+m € NgN N;. Now suppose that a € R. As Ny is a submodule and n € Ny we have an € Ny. As N; is
a submodule and n € Ny we also have an € N7, so an € Ny N Ny. This shows that Ny N N7 is a submodule,
as claimed.

Definition 5.11. [defn-sum]

Suppose that Ny and N; are two submodules of an R-module M. We define Ny + N; to be the set of
elements x € M that can be written in the form z = ng + ny for some ng € Ny and ny € Ny. I claim
that this is a submodule of M. Indeed, suppose that x,y € Ny + N1, so we can write z = ng + n; and
y = mg + mq with ng,mg € Ny and ny,m; € N;. Then x 4+ y can be written as (ng + mo) + (n1 +my) ,
with ng +mg € Ng and n; + m; € N1, s0o x +y € Ny + Ny. Similarly, if a € R then ang € Ny and an, € N;
so ax = ang + any € Ng + N1. This shows that Ny + N; is closed under addition and under multiplication
by R, so it is a submodule as claimed.

Definition 5.12. [defn-direct-ext]
Let Ny and N7 be R-modules. We define Ny @ N7 to be the set of pairs (ng,n1) with ng € Ny and nq € Ny.
We make this set into an R-module by defining

(no,n1) + (mo, m1) = (ng + mo, n1 + m1)
a(ng,n1) = (ang,any).
(It is a longish but straightforward exercise to check that the axioms are satisfied.) This R-module is called
the external direct sum of Ny and Nj.

Example 5.13. [eg-Z-six]
The group Zs has elements 0 and 1, and the group Zs3 has elements 0, 1 and 2. Thus, the group Zy @ Z3 has

elements (0,0), (0,1), (0,2), (1,0), (1,1) and (1,2). To illustrate the addition law, we have (1,2) + (1,2) =
(2,4). The first component is to be interpreted as an element of Zs, so 2 = 0. The second component is to

be interpreted as an element of Zsz, so 4 = 1. Thus (1,2) + (1,2) = (0, 1).

Example 5.14. [eg-Rn-Rn)]
An element of R"@®R™ is a pair (u,v) withu € R™ and v € R™, or in other words a list (u1, ..., Up, V1, .., Um)
where each u; and v; is an element of R. Thus, R" ® R™ = Rtm™,

The next example relies on the following definition:

Definition 5.15. [defn-block-sum]
Let A and B be matrices over a field K, of sizes p x ¢ and n x m. The block sum of A and B is the matrix

( 3 A O"qu ), of size (p +n) x (¢ + m). This is denoted by A ® B. For example, if A = [}2] and
pXm

B =[3¢] then the block sum of A and B is

1 2] [5 6
A®B_[3 4}@{7 8]_

OO W
O O =N
o O O
co o OO

7

Note that an element w € RPT™ can be written as w = (u,v) with u € RP and v € R", and we have

nem= (445) () - (32

Example 5.16. [eg-block-sum]

Let A and B be square matrices over a field K, of sizes n and m say. We then have modules M4 and Mp
over K[z]. The elements of M4 & Mp are pairs w = (u,v) with u € K™ and v € K™, or equivalently they
are elements of K™t™. The module structure is given by the rule z(u,v) = (zu,zv) = (Au, Bv), or in other
words zw = (A ® B)w. Thus Ma @ Mp = Magp-

13



Definition 5.17. [defn-direct-int]
Let M be an R-module, and let Ny and N7 be submodules. We say that M is the internal direct sum of Ny
and N1 if NO —|—N1 =M and No le = {O}

Remark 5.18. [rem-int-ext]

We can define a function o: No @ Ny — M by o(ng,n1) = ng +n1. When we have defined homomorphisms
and isomorphisms of modules, we will see that ¢ is always a homomorphism, and that ¢ is an isomorphism
if and only if M is the internal direct sum of Ny and N;. This is the precise sense in which internal direct
sums are “the same” as external ones.

Example 5.19. [eg-eigen-splitting]
In example we see that K2 is the internal direct sum of L and M.

Example 5.20. Consider the Abelian group M = Zi2 as a module over Z. Put Ny = {0,3,6,9} and
Ny = {0,4,8}. It is easy to see that Ny and N; are subgroups, and obviously Ny N N7 = {0}. I claim that
we also have Ny + N; = M. Indeed, we have 1 = 9 +4 € Ny + N; and Ny + N; is a submodule so for any
a € Z we have @ = a.1 € Ny + Ny, as required. Thus M is the internal direct sum of Ny and Nj.

Example 5.21. [eg-trig-splitting]

Let V' be the space of functions f € C*°(R,R) that satisfy f” = f. This is a vector space closed under
differentiation, so it is an R[D]-submodule of C*°(R,R). Put Wo ={f | f' = f} and W1 ={f | f' = —f}.
These are also vector spaces closed under differentiation, so they are R[D]-submodules of C*°(R,R). If
f €Wy then f" = (—f) = —(—f) = f, so f € V. This shows that W7 C V and similarly W, C V| so W}
and W7 are submodules of V.

I claim that V is the direct sum of W, and W;. One way to see this is just to solve the differential
equations. We find that V consists of all functions of the form ae’ + be™t, that W, consists of all functions
of the form ae’, and that W consists of all functions of the form be~*, and the claim is clear from this.

We can also prove the claim without solving the differential equations explicitly. Indeed, if f € Wy N W,
then f = f' (because f € Wy) and f' = —f (because f € Wy) so f = —f, so f = 0. This shows that
Wo N Wy = {0}. Next, suppose that g € V, s0 ¢ = g. Put go = (g +¢')/2 and ¢1 = (9 — ¢’')/2. We find
that g = (¢’ +9¢")/2=(¢' +9)/2 = go, s0 go € Wy. Similarly, we have ¢} = (¢’ —¢")/2=(9' —9)/2 = —g1,
so g1 € Wi. As g = go + g1 it follows that g € Wy + W3, and we conclude that V = Wy + W7 as required.

Definition 5.22. [defn-submod-generated]
Let M be a module over a ring R, and let mq,...,m, be elements of M. Let N be the set of elements
x € M that can be written in the form x = aym; + ... + a,m, for some aq,...,a, € R. I claim that
this is a submodule of M. Indeed, if z,y € N then we have x = Y .a;m; and y = >, b;m; for some
ai,...,ap,b1,...,b, € R. We then have z +y = >,(a; + b;)m; so x +y € N; this shows that N is closed
under addition. Similarly, if ¢ € R we have cx =} .(ca;)m; € N, so N is closed under multiplication by R,
so it is a submodule as claimed.

We call N the submodule generated by {mi,...,m,}. In particular, we say that M is generated by
{my,...,m.} if N = M, or equivalently if every element 2z € M can be written in the form a;m;+...+a,m,.
We say that M is finitely generated if there is some finite list of elements that generates M.

Definition 5.23. [defn-cyclic]
We say that an R-module M is cyclic if there is a single element m € M that generates M, which means
that every element x € M can be written in the form z = am for some a € R.

Example 5.24. [eg-standard-basis]
The module R? is clearly generated by the standard basis elements e; = (1,0,...,0), e = (0,1,0,...,0)
and so on. In particular it is finitely generated. It is not cyclic unless d = 1.

Example 5.25. [eg-finite-fg|

Let M be a finite Abelian group, considered as a Z-module. Let the elements of M be my,...,mg. Then
any element m € M is equal to m; for some i, so certainly it can be expressed in the form ", a;m; (for
example, ms = 0.my1 + 1.mg + 0.mg + ... + 0.my). Thus, M is finitely generated as a Z-module.
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Example 5.26. [eg-poly-cyclic]
Let Ws be the space of functions of the form f(t) = a + bt + ct?, considered as a module over R[D] in
the usual way. In particular, the function g(t) = t? gives an element of W5. I claim that W5 is generated
by g, and thus is cyclic. Indeed, we have ¢'(t)/2 = t and ¢”(t)/2 = 1. It follows that for any function
f(t) = a+ bt + ct?, we have (c + (b/2)D + (a/2)D?)g = cg + (b/2)g’ + (a/2)g" = f, so f € R[D]g. This
proves that R[D]g = W5 as required.

It is not hard to extend this method to show that the space Wy of polynomials of degree at most d is also
a cyclic module over R[D] generated by the function g(t) = t<.

Example 5.27. [eg-inf-gen]

Consider R[z]| as a module over R; I claim it is not finitely generated. Indeed, suppose we have a finite
list f1,..., fn of elements of R[x]. Let d; be the degree of the polynomial f;, and put d = max(dy,...,d,).

Then each of the polynomials f; only involves the powers 1, 2,2, ..., 2% so any polynomial of the form

aifi + ...+ anfn (with ay,...,a, € R) also involves only these powers. This means that z?*! cannot be

written in the form a; f1 + ...+ a, fn, so the elements f1,..., f,, do not generate R[z] as a module over R.
Exercises

Exercise 5.1. [ex-image-annihilator]

Let a: M — N be a homomorphism of modules over C[z]. Suppose that (z* — )M = {0} and 2°N = {0}.
Prove that for n € image(a) we have zn = 0. Can you formulate a general theorem of which this is a special
case?

Exercise 5.2. [ex-cyclic-retract]
Let R be a ring, and let M and N be R-modules. Show that if M @ N is cyclic, then so are M and N.

Exercise 5.3. [ex-which-submodule]

(a) Put Ng = {(n,m) € Z*> | n —miseven } and Ny = {(n,m) € Z*> | n — mis odd }. Are these
Z-submodules of Z*?

(b) Put A = [}1] and Ny = {(u,v) € R* | u —v = 0} and Ny = {(u,v) | u+ v = 0}. Are these
Rz]-submodules of M7

(c) Put No = {f € C®(R,R) | f(1) = 0} and N; = {f € C®°(R,R) | [Zf = 0}. Are these R[DI-
submodules of C*(R,R)?

Exercise 5.4. [ex-ten-elements]
Let R be a ring with exactly 10 elements, and let M be an R-module with exactly 20 elements. Prove that
M is not a free module.

Exercise 5.5. [ex-twenty-four] B
For any integer d, let N4 be the submodule of Zy, generated by d. The group Ng has precisely 4 elements;
list them. Find integers d and e such that Ng N Ny = Ny and Ng + Ny = Ne.

Exercise 5.6. [ex-nine-hundred]
For any natural number d dividing 900, let Ny be the submodule of Zgg generated by d.

(a) What is the order of Nyg?

) Which standard group is isomorphic to Zggg/N1o?

) Find d such that the submodule generated by 70 is Ny.
) Find d such that N1 + N3g + N1go = Ny.

) Find d such that N30 N N50 = Nd.

(b
(c
(d
(e
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Exercise 5.7. [ex-MA-cyclic]
Consider the following matrix over Q.

0 0 1
A=10 1 1
1 1 1
Show that the module M4 over Q[z] is cyclic, and give a polynomial f(z) such that M4 ~ Q[z]/f(x).

Exercise 5.8. [ex-Wd-cyclic]
Let Wy be the set of polynomials f(t) of degree at most d. Prove that Wy is a cyclic module over R[D].
What is the ideal I C R[D] such that W, ~ R[D]/I?

Exercise 5.9. [ex-crossprod]

Fix a nonzero vector v € R3, and write r = |jul|. Define an endomorphism ¢: R® — R? by ¢(v) = u x v.
Write M for R3, considered as a module over R[x] using ¢. Let L be the line through u and 0, and let K be
the plane perpendicular to L.

(a) Show that L is a submodule of M, and that zL = 0.
(b) Show that K is a submodule of M, and that (22 + r?)K =0 and +M < K.
(c) Show that (2 + r2x)M = 0.

(You will need a number of standard facts about dot and cross products of vectors.)

6. HOMOMORPHISMS

Definition 6.1. [defn-homomorphism]|
Let M and N be modules over a ring R. An R-module homomorphism (or just homomorphism) from M to
N is a function a: M — N such that

(a) a(mg+mq) = a(mg) + a(my) for all mg,m; € M.
(b) a(am) = aa(m) for all a € R and m € M.
Note that this implies that a(0) = a(0.0) = 0(0) = 0 and a(—m) = a((—1).m) = (—1).a(m) = —a(m).
An isomorphism is a homomorphism which is also a bijection.

Remark 6.2. [rem-inv-homo]
Let a: M — N be an isomorphism. As « is a bijection, there is an inverse function a=!: N — M such that
a(a™l(n)) =nfor alln € N and a~(a(m)) = m for all m € M. I claim that o~ is also a homomorphism.
To see this, suppose that ng,n; € N. We then have elements a~!(ng) and a~*(n1) in M. As a is a
homomorphism, we have a(a™(ng) + a=1(n1)) = a(a™(ng)) + a(a=*(n1)) = ng + n1. We can apply a~*
to this equation to get a~!(a(a"t(ng)) + ala"t(n1))) = a=(ng +n1). Because a~(a(m)) = m for all m,
the left hand side is just a=!(ng) + a=*(n1). We thus have a=*(ng) + a=1(n1) = a=t(ng + n1), showing
that a~! respects addition.

Similarly, suppose that n € N and a € R. As « respects multiplication by R, we have a(aa=t(n)) =
aca(a~!(n)) = an. By applying a~! to this equation we get a~!(a(aa™1(n))) = a~!(an). The left hand
side is just aa~t(n), so we have aa~!(n) = a~!(an), completing the proof that a~! is a homomorphism.

Example 6.3. [eg-tau-sg-dl]
Let R be any ring. Define 7: R> - R?, 0: R®> - R and 6: R?2 — R? by
7(u,v) = (v, u)
o(x,y,2) =z +y+=
o(u,v) = (u,v — u, —v).
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It is easy to check that these are all homomorphisms. For example, we have

5(U0, 1]0) + 5(’(1,1,’01) = (UQ,’UO — Ug, —Uo) + (u1, U1 — U1, —’Ul)
= (ug + u1,v0 + v1 — ug — U1, —vo — V1)

(uo + u1,v0 + 1)

)
6((uo,vo) + (u1,v1))

and

ad(u,v) = a.(u,v — u, —v)
= (au, av — au, —av)
= §(au, av)

= d(a.(u,v)),
80 § is a homomorphism.

Example 6.4. [eg-bad-defn]
I would like to define two homomorphisms o, 8: Zg — Zi2 by a(m) = 4m and B(m) = 5m. There is
a potential problem with this kind of definition, which means that the definition of £ is actually invalid,
although it turns out that « is OK. Consider the element x = 1 € Z3, which can also be described as x = 4.
Using the description x = 1 we get 8(z) =5 € Z12. Using the description z = 4 we get S(x) = 20 € Z15. As
20 # 5 (mod 12), the elements 5 and 20 in Z;3 are not the same, so our definition of § is not self-consistent.
However, this problem does not occur with . To see why, suppose we describe an element y € Zs in two
different ways, say y =7 =m. Asm = m in Z3, we have n = m (mod 3), so n = m + 3k for some integer k.
This means that 4n = 4m + 12k, so 4n = 4m in Z15. This means that we get the same answer for a(y) no
matter which description we use, so « is a well-defined function from Zg to Zqs.
We also have a(m) + a(m) = 4n + 4m = 4(n+ m) = a(n + M), so « is a homomorphism of groups. It
follows easily that it is also a homomorphism of Z-modules.

The above example generalizes as follows:

Proposition 6.5. [prop-cyclic-hon]
Let p, q and r be integers such that p,q > 0 and pr is divisible by q. Then there is a unique homomorphism
a: Zy, — Zg such that a(m) = 7m for all m € Z.

Proof. By assumption we have pr = ¢s for some integer s. If 7 = m in Z, then m = n + pk for some k, so
rm = rn + rpk = rn + gsk, so rm = rn (mod q), so Fm = 77 in Z,. This shows that « is well-defined. We

also have a(m) + a(m) = ™0+ 7m = r(n +m) = a(n + M), so « is a homomorphism. O

Example 6.6. [eg-cyclic-hom]
Because 6 x 5 is divisible by 15, there is a unique homomorphism «: Zg — Z15 such that a(m) = 5m for all
m.

Example 6.7. [eg-free-hon)]
Let N be a module over a ring R, and let ny,...,nqg be a list of elements of N. We define a function
a: RY — N by

a(uy,...,ug) =uiny + ... + ugng.

I claim that this is a homomorphism. Indeed, we have

a(wy .. ug) + (v1,...,04)) = alug +v1, ..., uq + vq)
= (u1 +v1)n1 + ...+ (ug + va)ng
= (uing + ... +ugng) + (vin1 + ... + vgnag)
=auy,...,uq) +a(vy,...,vq),
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and

ala(u,...,uq)) = alauy, ..., aug)
=auiny + ...+ augng
= CL(U1TL1 + ...+ udnd)
= aa(uy,...,uq)
as required.
Next, I claim that every homomorphism 3: R¢ — N is of the form just described. To see this, let ey be
the element of R? given by e; = (0,...,0,1,0,...,0), with the 1 in the k’th place. Put nj, = B(es) € N.

Any element u = (uy,...,uq) in R? can be written as u = uje; + ... + ugeq. For example, in the case d = 3
we have

(u1,u2,u3) =u1(1,0,0) + u2(0,1,0) + u3(0,0,1) = ure; + uges + uges.
As B is a homomorphism, we have
Bluy, ..., uq) = Burer + ...+ uqgeq)
=wuif(er1) + ...+ uqfeq)
=uUini + ...+ ugng,
so B has the form described previously.

We summarize the above discussion as follows:

Proposition 6.8. [prop-free-homn|
For any list (n1,...,nq) of elements of N we have a homomorphism a: R — N given by a(u) = Do Winy.
Conversely, every homomorphism a: RY — N arises in this way from a unique list (ny, ... ,nq). O

Example 6.9. [eg-matrix]

We now consider homomorphisms a: R? — R°. By the previous example, o corresponds to a list u1, . .., ug,

where each u; is an element of R®, or in other words a vector of length e. We can construct a matrix A (with

d columns and e rows) whose columns are the vectors ui, ..., uq, and we find that a(z) = Az for all z € RY.
Consider for example the homomorphism §: R? — R? given by 6(s,t) = (s,t — s, —t). We have

U = 5(61) = 5(1,0) = (1,—1,0)
U = (5(62) = (5(0, 1) = (0, 1, —1)

1 0
A= -1 1
0 -1
SO
s 1 0 p S
AL]: -1 1 [4: t—s| = a(s,t)
0 -1 —t
as claimed.

We summarize the above discussion as follows:

Proposition 6.10. [prop-matrix]
Homomorphisms from R? to R® are essentially the same as d x e matrices over R. O

We next consider homomorphisms of modules over polynomial rings.

Proposition 6.11. [prop-Kx-hom)]
Let V and W be vector spaces over a field K, and let ¢:V — V and : W — W be K-linear maps. We
use these to make V. and W into modules over K[z] in the usual way, so that xv = ¢(v) for v € V and
zw = Y(w) for w € W. Then the K[z]-module homomorphisms from V to W are precisely the K-linear
maps v: V. — W such that 1y = ¢, or in other words (v(v)) = y(¢(v)) for allv € V.
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Proof. Let v: V. — W be a K|z]-module homomorphism, so y(vo + v1) = v(vo) + y(v1) for all vg,v1 € V,
and y(av) = ay(v) for all @ € K[z] and v € V. By taking a to be a constant polynomial, we see that
~v(av) = ay(v) for all @ € K, so « is a K-linear map. Now take a = z instead. As v € V we have zv = ¢(v),
and as y(v) € W we have xy(v) = 9(y(v)). Thus, the equation y(zv) = z7vy(v) becomes y(p(v)) = ¥ (y(v)),
as required.

Conversely, suppose we have a K-linear map v: V — W satisfying y¢ = ¢y. It follows that

167 = (19)0 = (V)¢ = ¥ (v9) = ¥*7.
This can be extended by induction to show that y¢* = ¥+ for all k& > 0. Thus, for any polynomial
p(z) = >, a;x" we have

W(9) =D annd' =D ais'y =p(¥),
so y(p(z)v) = p(x)y(v), so v is a K[:c]—modlile homomorlphism. O

Remark 6.12. [rem-diagram]
We can indicate where the maps v, ¢ and ¢ go by a diagram as follows:

VLt W
¢l lw
14 w.

The condition 1y = ¢ means that the two way round the square are the same. This is usually expressed
by saying that the diagram commutes.

Remark 6.13. [rem-Hom-MA-MB]

The proposition can be restated as follows in terms of matrices: If A and B are square matrices of size n and
m over a field K, then the K[z]-module homomorphisms from M4 to Mp are the n x m matrices C' over K
such that CA = BC. Here the matrices A, B and C correspond to the linear maps ¢, ¥ and ~ respectively.

Remark 6.14. [rem-usually-zero]

If matrices A and B are chosen randomly, then usually the only matrix C satisfying CA = BC will be the
zero matrix. Of course, most of the examples in these notes are chosen specially so that there are some
nonzero solutions.

Example 6.15. [eg-Hom-MA-MB|
Put A =[}1] and B = [$2]. The homomorphisms from M, to Mp are then the matrices C = [ }] for
which CA = BC, or in other words

a+b a+b| |2¢ 2d
c+d c+d|  |2a 2b|’

or equivalently

a+b=2c
a+b=2d
c+d=2a
c+d=2b.

Solving these equations gives a = b = ¢ = d. Thus, the homomorphisms from M4 to Mp are precisely the
matrices of the form [§ &] for some a € K.

Example 6.16. Define ¢: R? — R? by ¢(u,v) = (v,u), and define ¢: R* — R3 by o (u,v,w) = (v, w,u).
We use these to make R? and R? into modules over R[z] as usual. Define v: R? — R3 by y(u,v) =
(u 4+ v,u + v,u +v)/2. I claim that this is an R[z]-module homomorphism. It is clearly R-linear, so it
is enough to check that y¢ = ¢y. We have yé(u,v) = vy(v,u) = (v + u,v + u,v + u)/2. We also have
Y(u,v) = (u+v,u+ v,u+v)/2 and Y(w, w, w) = (w, w,w) for any w, so Yy(u,v) = (u+v,u+v,u+v)/2,
which is the same as y¢(u,v), as claimed.
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Next, I claim that any other R[x]-module homomorphism 3: R? — R? is actually a multiple of . To see
this, note that 3(1,1) € R?, so 8(1,1) = (A, u,v) for some A, u,v € R. As 3 is a homomorphism we must
have B¢(1,1) = ¥B(1,1) = v(\, u,v) = (p, v, A). On the other hand, we have ¢(1,1) = (1,1) so B¢(1,1) =
B(1,1) = (A, u,v). Thus (A, p,v) = (u, v, A), so v = u = A. This means that S(1,1) = (M, A\ A) = A(1,1,1).

We next claim that 3(1, —1) = (0,0, 0). To see this, note that 3¢ = *3. Moreover 1> (u, v, w) = (u, v, w)
for all (u,v,w) € R? and ¢3(1,—1) = (—1,1) = —(1,—1), so the equation ¥35(1, —1) = B¢3(1, —1) becomes
B(1,-1) = g(-1,1) = —B(1,—1). By rearranging we see that (1, —1) = 0 as claimed.

Now consider an arbitrary element (u,v) € R?. We can write this as

(w,0) = 201 + 222, -,
SO
Bluyo) = “500,1) + LB, 1)
- U;U(/\,A,A) +2=%0,0,0)
= My(u,v).

This proves that 8 = Ay, as claimed.

Example 6.17. [eg-shift]

Define 7: C*°(R,R) = C>(R,R) by 7(f)(t) = f(t+1). Thus if g(¢t) = 3t and h(t) = sin(27t) and k(t) = 2°
then 7(g) = g+ 3 and 7(h) = h and 7(k) = 2k. It is clear that 7 is an R-linear map. By the chain rule we
have

%f(t-i- 1) = f'(t+ 1)%(t+ 1) = f'(t+1),
so O(7(f)) = 7(9(f)), so T is a homomorphism of R[D]-modules.

Proposition 6.18. [prop-conj-iso]
Let A and B be n x n matrices over a field K. Then M, is isomorphic to Mp if and only if A is conjugate
to B, in other words there is an invertible n x n matriz P such that PAP™! = B.

Proof. A homomorphism from M4 to Mpg is an n X n matrix P such that PA = BP. Such a homomorphism
is an isomorphism if and only if P is invertible, and if so, the condition PA = BP is equivalent to the
condition PAP~! = B. O

Corollary 6.19. [cor-semisimple]

Suppose that A is a diagonalizable n X n matriz over K. Then there exists an invertible matriz P such that
D := PAP! is a diagonal matriz, with diagonal entries Ai,...,\, say. Then My is isomorphic to Mp
and thus to My, & ... & M), . ]

Definition 6.20. [defn-ker-img]
Let a: M — N be a homomorphism of modules over a ring R. We define the kernel and image of « by
ker(a) = {m € M | a(m) = 0}
image(a) = {n € N | n = a(m) for some m € M}.
Proposition 6.21. [prop-img-submodule]
ker(a) is a submodule of M and image(«) is a submodule of N.
Proof. Suppose that mg, m; € ker(a) and that @ € R. We then have a(mg) = a(m;) = 0 and so
a(mg+my) =a(mg) +a(m)=0+0=0
alamg) = aa(mg) = a.0 = 0,
so mo +my € ker(a) and amg € ker(«). This shows that ker(«) is a submodule of M.
Now suppose that ng,n; € image(a) and a € R. We then have ng = a(mg) for some my € M and
ny = a(mq) for some my; € M. It follows that a(mo + m1) = ng + n1, so ng + ny is a(something), so
ng + n1 € image(a). Similarly, we have ang = a(amyg), so ang € image(a). This shows that image(a) is a

submodule of N. O
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Example 6.22. [eg-times-four]
Define a: Z — Z12 by a(n) = 4n. We then have

a0) =0 a(l) =1 a2) =8
a3) =T2=0 ald) =T6=1 al5) =20=58
a6) =24=0 a(f) =28=4 a8) =32=38

and everything repeats with period three. It follows that the only elements of Z;5 that can be written in the
form a(n) are 0, 4 and 8, so image(a) = {0,4,8}. It also follows that a(n) = 0 if and only if n is divisible
by 3, so ker(a) ={n € Z | n=0 (mod 3)} = 3Z.

Example 6.23. [eg-sum-hom]
Define 0: R®* — R by o(z,y,2) = * +y + 2z and §: R?> — R? by §(u,v) = (u,v — u,—v). I claim that
image(0) = ker(o).

To see this, first suppose that (z,y, z) € image(d). This means that (x,y, z) = 6(u,v) = (u,v — u, —v) for
some u,v. It follows that o(x,y,2) =+ y+z=u+ (v —u)+ (—v) =0, so (x,y, 2) € ker(c). This proves
that image(d) C ker(o).

Conversely, suppose that (z,y,2) € ker(c). This means that z +y+ 2z = 0, so —(x + y) = z. From
this it follows that (z,y,2) = (z,(x +y) — z,—(z + y)) = d(xz,z + y), so (x,y,z) is d(something), so
(x,y,2) € image(d). This proves that ker(o) C image(d) and thus that ker(c) = image(d), as claimed.

Remark 6.24. [rem-exact-seq]
Suppose we have modules L, M, N and homomorphisms a: L — M and §: M — N such that image(a) =

ker(3). We then say that the sequence L < M B Nis exact; for example, the sequence R? SRS Rin
the above example is exact. This is a very important concept elsewhere in the theory of modules, although
we will make little use of it in this course.

Proposition 6.25. [prop-jective]
Let a: M — N be a homomorphism of R-modules. Then
(a) « is injective if and only if ker(«) = {0}.
(b) « is surjective if and only if image(a) = N.
(¢) « is an isomorphism if and only if ker(«) = {0} and image(a) = N.

Proof. First, suppose that ker(a) = {0}. If a(mg) = a(my) then a(mg —my1) = a(my) — a(my) = 0, so
mo —my € ker(a) = {0}, so mg — my = 0, so mg = my. This proves that « is injective.

Conversely, suppose that « is injective. If m € ker(a) then a(m) = 0, so a(m) = «(0), and as « is
injective this means that m = 0. Thus ker(a) = {0}. This completes the proof of (a).

For (b), note that image(«a) is the set of things in N that can be written in the form a(m) for some
m. Thus image(«) = M if and only if every element in N can be written as a(m) for some m, and this is
precisely the definition of surjectivity.

Finally, an isomorphism is just a bijective homomorphism. It is standard that a function is a bijection if
and only if it is both injective and surjective, so (c) follows immediately from (a) and (b). O

Exercises

Exercise 6.1. [ex-Hom-MA-MB-i|
In each of the following situations, find all the Q[z]-module homomorphisms from M4 to Mp.

(a) A=[gi]and B=[9g].
(b) A= }andB:[*O‘g)\],Where/\;é,u.
(c) A= he 2 x 2 identity matrix) and B = I3.

(50
0 u
2 (t
Exercise 6.2. [ex-Hom-MA-MB-ii]

(a) Put A=
(umA:[

| and B =[1}]. Find all the Q[z]-module homomorphisms from My to Mp.
] and B = [é g ﬂ Find all the Q[z]-module homomorphisms from M4 to Mp.
21

12

02
10
11
01

i =l=]



A 00
(¢) Suppose that A1, A2, Az, p1, 2 € C, and put A = [ 8 >E)2 /\03] and B = [‘61 /?2}. Show that for most

values of the A’s and u’s, the only C[z]-module homomorphism from M4 to Mg is zero. What can
you say about the exceptional cases?

Exercise 6.3. [ex-annihilator]
Let a be an element of a ring R. For any R-module M, put
ann(a, M) ={m € M | am = 0}.
We will also write R/a for the factor module R/Ra.
(a) Find ann(4,Z;2).
(b) Find ann(z — 1, M4), where A is the matrix [} {].
(c) Let a: R/a — M be a homomorphism. Show that a(1) € ann(a, M).
(d) Conversely, given m € ann(a, M), show that there is a unique homomorphism «: R/a — M such
that a(1) = m.
(e) Describe all the R[D]-module homomorphisms from R[D]/(D? — 1) to C*(R,R).

Exercise 6.4. [ex-Z-nine-SES]
Show that there are homomorphisms «: Zs — Zg and : Zg — Z3 given by a(n) = 3n and 3(m) = m. Show

that the sequence Zs — Zg i 73 is exact.

Exercise 6.5. [ex-no-homs]

(a) Let a be a C[z]-module homomorphism from C[z]/(z% — 1) to M4, where A = H
a=0.

(b) Let V be the space of functions of the form asin(¢) + bcos(t), and let W be the space of functions of
the form asinh(t) +bcosh(t). Let 8: V. — W be an R[D]-module homomorphism. Show that 8 = 0.

(c) Let v: Zy — Z* be a homomorphism of Z-modules. Prove that v = 0.

=

i ] . Prove that

Exercise 6.6. [ex-count-Hom|
Let R be a ring, and let M be an R-module with only finitely many elements, say |M| = m. How many
homomorphisms are there from R¢ to M?

7. FACTOR MODULES

Let M be an R-module for some ring R, and let N be a submodule. We next define the factor module
M/N.

For any element m € M we define the set m + N = {m +n | n € N}, which is a subset of M. A coset of
N in M is a subset C' C M that can be written in the form C' = m+ N for some m. We write M /N for the
set of all such cosets.

Example 7.1. [eg-three-cosets]
Take R =7Z and M = Z and

N=3Z={ne€Z|n=0 (mod3)}
—1{...,—9,-6,-3,0,3,6,9,...}.

Consider the following three sets:

{...,—-10,-7,-4,-1,2,5,8,...}
{...,—9,-6,-3,0,3,6,9,...}
{...,—8,—5,-2,1,4,7,10,...}.
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The set A can be described as —7+ N or as —1 + N or as 26 + N, so it is a coset. Similarly, B can be
described as 0 + N or 999 + N and C can be described as —8 + N or 1 + N, so A, B and C' are all cosets.
In fact, they are the only cosets, so Z/N = {A, B,C}.

Proposition 7.2. [prop-cosets]

Let R, M and N be as above, and suppose that mg,mi € M. Then the following are equivalent
(a) mp+N=my + N

(b) mg—mi €N

(¢c) mo€mi+ N

(d) my €mog+ N

(e) (mg+ N)N(my+ N) is nonempty.

Proof. If my € mq+ N then mg = mq +n for some n € N so mg—my; =n € N. Conversely, if mg—m; € N
then the equation mo = my + (mo —m1) shows that mg € m; + N, so statements (b) and (c) are equivalent.
Similarly, (b) and (d) are equivalent.

If (c) holds then myg lies in both mg + N and m; + N, so (mg+ N) N (my + N) # 0, so (e) holds.

Conversely suppose that (e) holds, so there is an element z lying in both mo+ N and m4 + N. This means
that © = mg + ng for some ny € N and x = my + n; for some ny € N, so mg =z —ng = my + (n1 — ng).
This shows that mg € my + N, so (c¢) holds. We now see that (b), (c), (d) and (e) are all equivalent to each
other.

If (a) holds then it is clear that (c) holds and thus that (b),(d) and (e) also hold. Conversely, suppose
that (b) holds. If 2 € mo + N then = mg + n for some n € N, so x = my + ((mg — m1) + n) and
(mo—my)+n € N sox € my+ N. This shows that mg+ N C m; + N, and a similar argument shows that
my + N Cmg+ N, so (a) holds. This now shows that all five statements are equivalent to each other. [

We next want to define addition of cosets. Given two cosets Cy and C; we choose mg,m; € M such
that Cy = mo + N and C; = my + N, and then we would like to define Cy + C; = (mg + m1) + N.
Similarly, if a € R we would like to define aCy = (amg) + N. There is a potential problem here: suppose we
chose a different description of the same coset Cy (say as m{, + N) and a different description of C (say as
m) 4+ N). This gives an apparently different answer for Cy + C;: before we had (mg+m;) + N, now we have
(mgy +mfy) + N. If these were genuinely different cosets then our definition of addition would be ambiguous
and thus invalid. However, we will show that these are simply different descriptions of the same coset, so
our definition is unambiguous after all.

Lemma 7.3. [lem-cosets]
If mo+N = m{+N and mi+N = m)+N then (mo+m1)+N = (my+m))+N and (amg)+N = (am()+N.

Proof. By Propositionwe have mo—m( € N and m;—m/) € N. As N is closed under addition this means
that mo—mg+mi—m) € N, or in other words (mo+mq)—(mg+m}) € N, so (mo+m1)+N = (m{+m})+N
as claimed. Similarly, as mg —m( € N and N is a submodule, we have amg — am{, = a(mo —my,) € N, so
(amg) + N = (am{)) + N as claimed. O

Corollary 7.4. [cor-cosets]
We can unambiguously define addition of cosets and multiplication of cosets by elements of R, using the
formulae
a(m+ N) = (am) + N.
Notation 7.5. [ntn-cosets]
If there is no ambiguity about which submodule N is intended, we will write 7w for m + N.

Proposition 7.6. [prop-factor-module]
The definitions in Comllary make the set M /N into an R-module. Moreover, the function m: M — M/N
defined by m(m) =m =m + N is an R-module homomorphism.

Proof. We need to check all the axioms in Definition All the proofs follow the same pattern, so we will
do only two of them. We first consider axiom (d), which says that addition is associative. Let A, B, C' be any
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three cosets; we must show that A+ (B+C) = (A+ B)+C. We can choose a,b,c € M such that A =a+ N,
B=b+ N and C = ¢+ N. From the definition of addition in M/N we have B+ C = (b+¢) + N and thus
A+ (B+C) = (a+(b+c¢))+ N. Similarly, we have (A4 B)+C = ((a+b)+c¢)+ N. As addition is associative
in the module M that we started with, we have (a+b)+c¢ =a+ (b+c¢) so ((a+b)+¢)+ N = (a+(b+¢))+ N,
so (A+ B)+C = A+ (B + () as required.

We next check axiom (j) (which says that multiplication is right-distributive). Let A and B be elements
of M/N, and let r be an element of R; we must show that r(A + B) = rA + rB. Choose a and b such
that A =a+ N and B =b+ N. We then have A+ B = (a+b)+ N sor(A+B) =r((la+b)+ N) =
(rla+b)+ N=(ra+rb)+ N=(ra+ N)+ (rb+ N)=r(a+ N)+r(b+ N) =rA+ rB, as required.

The very definition of addition and multiplication in M/N says that w(mg) + m(m1) = w(mo + m1) and
am(m) = w(am), so w is an R-module homomorphism. O

Theorem 7.7 (The first isomorphism theorem). Let a: M — N be a homomorphism of R-modules. Put
K = ker(a) € M and L = image(a) € N. Then there is an isomorphism a«: M/K — L such that
a(m+ K) = a(m) for allm e M.

Proof. Let C be a coset in M/K. We can choose an element m € M such that C = m + K, and clearly
a(m) € image(a) = L. We would like to define @(C) = «a(m), but we need to check that this is well-
defined. Suppose we describe the same coset C in a different way, say as C = m’ + K. This gives an
apparently different answer for @(C): before we had «a(m), now we have a(m’). As m’ + K = m+ K
we have m’ —m € K = ker(a), which means that a(m’) — a(m) = a(m’ —m) = 0, so a(m’) = a(m),
so our two answers are actually the same. Thus, we have a well-defined function a: M/K — L satisfying
a(m+ K) = a(m) for all m.
Next, we have

a((mg + K) + (m1 + K)) (mo +m1) + K)

(

(mo + ma)
(mo) + a(m1)
(mo+ K) +a(my + K)

a
«Q
o'

|
Q|

and
a(a(m + K)) = a((am) + K)
= afam)
= aa(m)
aa(m+ K),

so @ is a homomorphism.

We next show that @: M/K — L is surjective. As L was defined as the image of «, any element n € L
has the form n = «(m) for some m € M. This means that n = @(m + K), so n is in the image of &. As this
is true for every element of L, the homomorphism @ is surjective.

Finally, we show that @ is injective. Suppose we have cosets Cp,Cy with a(Cy) = @(C7). Choose
mo,m1 € M such that Cp = mg + K and C; = my + K. Then the equation @(Cjy) = @(C7) means that
a(mp) = a(mq), so a(mg—my) =0, so mg—m; € ker(a) = K. Asmg—my € K we have mg+ K =m1 + K
or in other words Cy = C;. This proves that @ is injective as well as surjective, so it is an isomorphism. [

Example 7.8. [eg-FIT]
Define a: Z? — Z? by a(u,v) = (u+v,u+v), and put K = ker(a) and L = image(«). Clearly a(u,v) = (0,0)
if and only if v = —u, so

K = {(u,v) € Z* |v=—u} = {(t,~t) | t € Z}.
Next, note that that a(u,v) is always of the form (r,r) for some r. Conversely, any vector of the form (r,r)
can be written as a(r,0), so it lies in the image of «. Thus

L={(x,y) €2’ |z =y} ={(r,r) | r € Z}.
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Consider the set

C= { ] (_37 5)7 (_274)7 (_173)7 (Oa 2)7 (17 l)a (270)7 (33 _1)7 i }
This can be described as C = (1,1)+ K or C = (=3,5) + K or C' = (—999,1001) + K, so it is a coset of K,
or in other words an element of the group Z?/K. We have

a(C) = a(1,1) = a(—3,5) = a(—999, 1001) = (2,2).

Proposition 7.9. [prop-cyclic]
Let M be a cyclic R-module. Then M ~ R/I for some submodule I of R.

Proof. Choose an element m that generates M. Define a homomorphism «: R — M by «a(a) = am. As
m generates M, this homomorphism is surjective. Put I = ker(«), which is a submodule of R. The First
Isomorphism Theorem now tells us that R/I ~ M. O

Exercises

Exercise 7.1. [ex-SIT]
Let M be a module over a ring R, and let L and N be submodules of M. Prove that L/(LNN) is isomorphic
to (L + N)/N. [You may wish to consider the homomorphism 7: L — (L + N)/N given by 7(z) = 2 + N .|

Exercise 7.2. [ex-int-ext]

Let M be a module over a ring R, and let Ny and N; be submodules of M. Define a homomorphism
o: No® Ny — M by o(ng,n1) = ng + n1. Prove that o is an isomorphism if and only if M is the internal
direct sum of Ny and Nj.

8. IDEALS AND FACTOR RINGS

Definition 8.1. [defn-ideal]

An ideal in a ring R is a subset I C R such that
(a) 0el
(b) If b,ce I thenb+cel
(¢c) Ifae Rand b€ I then ab € I.

Remark 8.2. [rem-ideal-submod]
We remarked earlier that R can be regarded as a module over itself. By comparing the above definition with
Definition we see that ideals are just the same as submodules of R.

Example 8.3. [eg-even]

Let I be the set of even integers; then I is an ideal in Z. Indeed, 0 is even so (a) holds; the sum of two even
integers is even so (b) holds; and the product of an even integer with any other integer is still even so (c)
holds.

Example 8.4. [eg-ker-eval]

Put R = Z[z] and I = {f € Z[z] | f(1) = 0}. For example 2'* —z € I and (z — 3)(z —2)(z — 1) € T
but z + 7 & I (because 1 + 7 # 0) and %x2 -+ % ¢ I (because the coefficients are not integers, so
122 —x + 5 & Z[z]). Clearly the zero polynomial is an element of I, so (a) holds. If f,g € I then
f)y=¢g(1)=0so (f+9)(1)=f(1)+g(1)=04+0=0, so f+ g € I; thus (b) holds. If f € I and g is any
polynomial then (¢gf)(1) = ¢(1)f(1) = g(1).0 =0 so gf € I; thus (c) holds. This shows that I is an ideal in
R.

Example 8.5. [eg-const]|
Put R = Z[z] and I = { constant polynomials } C R. Then [ is not an ideal. Axioms (a) and (b) certainly
hold. Moreover, if a and b are elements of I then ab € I also. However, axiom (c) says more than this: it
says that if b € I and a is any element of R, not necessarily in I, then ab must be in I. However, z € R and
1 eI but z.1¢ I so axiom (c) is violated.
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Example 8.6. [eg-field-ideal]

Let K be a field. It is easy to see that {0} and K itself are ideals in K; I claim that these are the only ideals.
Indeed, let I be an ideal in K. If I # {0} then we have some nonzero element b € I. For any element ¢ € K
we have cb™! € K and b € I so axiom (c) tells us that (cb=1)b € I, or in other words ¢ € I. This means that
I = K, as required.

Example 8.7. [eg-principal]

Let R be any ring, and let « be any element of R. Define Rz = {uz | v € R}. I claim that this is an ideal

(called the principal ideal generated by x). First, we have 0 = 0.z € Rz, so axiom (a) holds. Second, if

a,b € Rx then there exist u, v such that a = ux and b = vz so a + b = (u+ v)x, so a + b € Rz. This shows

that (b) holds. Finally, if « € R and b € Rx then b = vz for some v € R so ab = (av)z € Rx, so (c) holds.
In example the ideal I is just Z.2. In example the ideal T is just Z[z].(z — 1).

Now let I be an ideal in a ring R. Recall that I is an R-submodule of R, so we can define the R-module
R/I = {x+ 1|z € R} as before. In the case where I is the principal ideal Ra for some a € R, we will
generally write R/a rather than R/Ra.

We next show that R/I can itself be regarded as a ring.

Lemma 8.8. [lem-coset-product]
Ifa+I=ad+Iandb+1=V+1thenab+1I=a'b +1.

Proof. As a+ I =a’' + I, the element u := a — a’ lies in I. Similarly, the element v := b — b lies in I. We
have a=d' +uand b =¥+ v so

ab—a't = (a +u)(b +v) —d'V =dv+Vu+wuww = (a +u)v+bu.
As a’+wu € R and v € I, axiom (c) says that (' + u)v € I. As b € R and u € I, axiom (c) also says that

b'u € I. As I is closed under addition, this means that (' +u)v+b'u € I, s0o ab—a'd’ € I, so ab+1 =a'b' +1
as required. O

It follows that we can define multiplication of cosets unambiguously by (a + I)(b+ I) = ab+ I. By the
method of Proposition we see that this makes R/I into a ring.

Definition 8.9. [defn-ring-homomorphism|
Let Ry and R; be rings. A ring homomorphism from Ry to R; is a function a: Ry — R; such that

(a) ala+b) = ala) + ab) for all a,b € Ry

(b) a(1) =1
(¢) a(ab) = a(a)a(b) for all a,b € Ry.
One can check that a ring homomorphism automatically satisfies a(0) = 0 and a(—a) = —a(a). Moreover,

if a is invertible in Ry then «(a) is invertible in Ry with a(a)~! = a(a™!). We say that « is an isomorphism
if it is a bijection as well as a homomorphism. If so, one can check that the inverse function a~': Ry — Ry
is also a ring homomorphism.

If we define m: R — R/I by w(a) = a+ I, we find that 7(a + b) = 7(a) + 7(b) and also m(1) = 1 and
m(ab) = m(a)w(b), in other words 7 is a homomorphism of rings.
The following result is the First Isomorphism Theorem for Rings.

Theorem 8.10. [thm-FIT-rings]

Let a: Ry — Ry be a homomorphism of rings. Then ker(a) is an ideal in Ry and image(«) is a subring of
Ry. Moreover, there is a ring isomorphism @: Ro/ker(a) ~ image(a) given by @(a + ker(«)) = a(a). In
particular, if « is surjective then Rg/ker(a) ~ R;.

Proof. Put K = ker(a) and Ry = image(«). If a,b € K then a(a) = a(b) =0 so a(a+b) = ala) + a(b) =0
so a+be K. Also, if ¢ is any element of Ry then a(ca) = a(c)a(a) = a(c).0 =0, so ca € K. This shows
that K is an ideal in Rg.
As (0) = 0 and (1) = 1 we see that 0,1 € image(a) = Ry. If u,v € Ry then we have u = a(a) and
v = «a(b) for some a,b € Ry. Thus u+v = a(a+b) and —u = a(—a) and uv = a(ab), so u + v, —u,uv € Ra.
This shows that Rs is a subring of R;.
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Just as in the proof of the first isomorphism theorem for modules, we have a well-defined bijection
a: Ry/K — Ry given by a(a + K) = a(a). We then have

a((a+ K)(b+ K)) =a(ab+ K) = a(ab) = a(a)a(b) =a(a+ K)a(b+ K),
and similarly @(14+ K) = 1l and @((a+K)+ (b+K)) = a(a+ K)+a(b+ K), so @ is a ring homomorphism. O

Example 8.11. [eg-FIT-rings]

For any n > 0 we put nZ = {nk |k € Z} = {m € Z | m =0 (mod n)}. This is an ideal in Z, so we have a
factor ring Z/nZ. Note that a+nZ =b+nZ iff a —b € nZ iff a = b (mod n). Using this, we see that Z/nZ
is just the usual ring Z,, of residue classes modulo n.

Example 8.12. Let K be a field, and A an element of K. Put I = {f € K[z] | f(A\) = 0}, which is an ideal
in the ring R := KJz]. To see this, define a function a: K[z] — K by a(f) = f()). Clearly

alf+g)=(f+9)(AN) = FN) +9(\) = a(f) +alg)
a(fg) = (fg)(N) = fF(Ng(N) = a(falg)
a(ly=1

S0 « is a ring homomorphism. If ¢ € K then we can regard c¢ as a constant polynomial and we find that
a(c) = ¢; this shows that « is surjective. It is clear that ker(a) = I, so K[x]/I ~ K by the First Isomorphism
Theorem.

It is also a standard fact that f(A) = 0 iff f is divisible by — A, so [ is just the principal ideal K[z].(z— A),
so we have shown that K[z]/(x — \) ~ K.

Example 8.13. [eg-C-as-quotient]
Let I be the principal ideal R[z](2? + 1) in R[z]. I claim that R[z]/(2? + 1) = R[z]/I is isomorphic to C.
The basic point is just that 2 +1 =22 +1 =0, so T2 = —1, so T is a square root of —1.

To give a formal proof, we consider the function a: Rlz] — C defined by a(f) = f(i). Just as in the
last example we find that « is a ring homomorphism. Any complex number z can be written in the form
a + bi for some a,b € R and we find that a(a + bx) = a + bi = z, so « is surjective. Thus, if we put
I =Xker(a) = {f € R[z] | f(i) = 0} we have R[z]/I ~ C.

As i2 +1 =0 we have 22 + 1 € I and so R[z](z% + 1) C I. Conversely, suppose that f € I, so f(i) = 0.
We can divide f(z) by 22 + 1 to get f(z) = (2% + 1)q(x) + a + bz for some polynomial ¢(z) € R[z] and
a,b € R. We then have 0 = f(i) = q(i)(i> + 1) + a + bi = a + bi, and by comparing real and imaginary
parts we see that a = b = 0. This means that f(x) = q(x)(z® + 1), so f(x) € R[x].(z% + 1). This shows that
I =R[z](z? + 1), and so R[z]/(z* + 1) = R[z]/I ~ C.

The next example relies on the following result.

Lemma 8.14. [lem-Zpk-units]
Let p be a prime number and k > 0. If a is not divisible by p then @ is invertible in Zy.

Proof. Let d be the greatest common divisor of a and p*. This is in particular a divisor of p*, so it must be
of the form p’ for some j < k. It must also be a divisor of a, which is impossible if j > 0, because a is not
divisible by p. We must therefore have j = 0 or in other words d = 1. As (a,p*) = 1 we have ab + p*c =1
for some integers b,c. This means that ab = 1 (mod p*) or in other words @b = 1. This shows that @ is
invertible (with inverse b) as required. O

Example 8.15. [eg-p-local-units]

Let p be a prime, and consider the ring Z,) as in example m Let I be the principal ideal Z,) p* for
some k > 0. I claim that Z(p) / p* is isomorphic to L =7 / p*. To see this, we must define a homomorphism
p: Ly — 7/p*. Any element of x € Z(py can be written as x = a/b where a,b € Z and b # 0 (mod p). This
means that b is invertible in Z/p*, so we have an element 6571 € 7Z/p*. Now suppose we describe z in a
different way, say as = ¢/d with ¢,d € Z and d # 0 (mod p). Then a/b = c/d so ad = bc so ad = bc. As b
and d are invertible we can divide through by them to get @ =~ =&d . Thus, we can unambiguously define
a function p: Zg,) — Z/p* by p(a/b) = ab Tt is easy to check that this is a ring homomorphism.
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For any element y € Z/p* we can write y = @ for some a € {0,1,...,p* —1}. Any of these numbers a can
be regarded as an element of Z,) and then we have p(a) = @ = y. This shows that image(p) = Z/p*.

Next, suppose that « € ker(p). Then x = a/b for some a,b € Z with b # 0 (mod p) and ab = pla/b) =0
in Z/p*. We can multiply this equation by b to see that @ = 0 in Z/p*, so a = 0 (mod p¥), so a = pFc
for some integer c. If we define y = ¢/b we find that y € Z,) and = = pFy so x € p’“Z(p). Conversely, if
x € p*Z,) then z = p*y for some y € Z,) so p(y) € Z/p* and p(z) = p"p(y). However, it is easy to see that
pFz=0for all z € Z/p*, so p(x) = 0 so = € ker(p).

The first isomorphism theorem now gives us an isomorphism p: Z,/ ker(p) — image(p), or equivalently

P Ly 0" — Z/p*
Proposition 8.16. [prop-RI-mod]

Modules over R/I are the same thing as modules over R with the property that am = 0 for all a € I and
m e M.

Proof. Let M be a module over R/I. To make M into an R-module, we need to define am for each a € R
and m € M. Note that w(a) = (a4 I) € R/I, and M is a module over R/I, so 7(a)m is already defined.
We can thus define am to be w(a)m. It is easy to check that the axioms are satisfied; for example, we have

(a+bdm=n(a+b)m = (w(a) + 7(b))m = w(a)m + 7w(b)m = am + bm,

so multiplication is left distributive. Thus M is a module over R/I. If a € I then w(a) = 0soam = w(a)m =0
as required.

Conversely, suppose that M is a module over R with the property that am = 0 for all a € [ and m € M.
To make M into an R/I-module, we must define Am for each coset A € R/I and each m € M. We would
like to do this by writing A in the form a + I for some a € R and defining Am to be the same as am. This
raises the usual problem of ambiguity, but if a + I = o’ + I then a —a’ € I, so (a — a’)m = 0 (by our
assumption on M) so am = a’m. Thus, we have an unambiguous definition of Am for A € R/I and m € M.
It is again straightforward to check that the module axioms are satisfied. For example, if A, B € R/I we
can choose a,b € R such that A=a+ I and b =b+ I. We then have A+ B = (a+b)+ I so

(A+Bm=((a+b)+I)m=(a+bm=am+bm=(a+I)m+ (b+ I)m = Am + Bm,
so multiplication is left distributive. Thus M is a module over R/I, as required. (]

Example 8.17. [eg-vier]
Consider the Abelian group V = {0, a, b, ¢} with addition table as follows:

at+a=b+b=c+c=0

a+b=c
b+c=a
c+a=0>b.

Like any Abelian group, this can be regarded as a Z-module. As a +a = b+ b = ¢+ ¢ = 0, we see that
2v = 0 for all v € V, and thus that nv = 0 for all n € 2Z. It follows that V' can be regarded as a module
over the ring Zs.

Example 8.18. [eg-lagrange]

Let M be an Abelian group of order d, considered as a module over Z as usual. By Lagrange’s theorem, if
m € M then the order of m divides d. As we are using additive notation, this just means that dm = 0. It
follows that am = 0 for all a € dZ, so M can be regarded as a module over Z,.

Example 8.19. [eg-trig-module]

Let W be the space of functions of the form f(t) = acos(t) + bsin(t) (with a,b € R). As in Example
we can regard this as a module over R[D]. If f is as above then f’(t) = —asin(t) + bcos(t) and so f"(t) =
—acos(t) — bsin(t) = —f(t), so (D> +1)f = f”" + f = 0. If we let I be the principal ideal (D? + 1)R[D]
we find that p(D)f = 0 for all p(D) € I and f € W, so W can be regarded as a module over the ring
R[D]/I = R[D]/(D? +1).

Exercises
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Exercise 8.1. [ex-no-ring-homs]

(a) Show that there are no ring homomorphisms from Zs to Z. [Consider the equation 1+ 1+ 1 =0].
(b) Show that there are no ring homomorphisms from Q to Z. [Consider the equation 3.(1+ 1) = 1.]
(¢) Show that there are no ring homomorphisms from C to R.

(d) Find a ring homomorphism from C to C that is not the identity (there is only one reasonable
example).

Exercise 8.2. [ex-FIT-rings]

(a) Prove that Q[z]/(2? — 2) is isomorphic to a subring of R.
(b) Let I be the ideal Z[i].(2 + 3¢) in Z[i], and define a homomorphism «: Z — Z[i]/I by a(n) =n+ 1.
(i) Show that a(—5) =i+ I, and deduce that « is surjective.
(i) Suppose that n € Z and that n is divisible by 2 + 3i in Z[i]. Show that n? is divisible by 13 in
Z.
(iii) Show that Z[i]/I ~ Z13.

Exercise 8.3. [ex-C-as-quotient]

(a) Prove that the ring R[z]/(2? + 4) is isomorphic to C.
(b) Prove that R[z]/(z% — 4) is not a field (and thus cannot be isomorphic to C).

Exercise 8.4. [ex-F-nine|
Let R be the ring Z[i]/3, and put v = 1 + i + 3Z[i] € R.
(a) List the elements of R.
(b) Calculate u* for 0 < k < 8.
(¢) Compare your list in (a) with your list in (b), and show that R is a field.
(d) Do you know another proof that R is a field?

9. EUCLIDEAN DOMAINS

We next consider Euclidean domains, which are a particular kind of commutative ring. The idea is to
generalize the following two facts:
(1) If n and m are integers with m # 0 then we can divide n by m to get a quotient ¢ with remainder
r. We then have n = mq + r and |r| < |m]|.
(2) If f and g are polynomials over C with g # 0 then we can divide f by g to get a quotient ¢ with
remainder r. We then have f = gq+ r and the degree of r is less than the degree of g.
Given a ring R and elements a,b € R with b # 0, we would like to do a similar kind of division to get an
equation a = bg + r where the “size” of r is less than the “size” of b. If R = 7Z then “size” means absolute
value, and if R = C[x] then “size” means degree. For a general ring there may not be a suitable notion of
size, so there may not be a useful division algorithm. A suitable notion of size is called a Fuclidean valuation;
the formal definition is as follows.

Definition 9.1. [defn-valn]
A Fuclidean valuation on a ring R is a function v(a) defined for all nonzero elements a of R such that

(a) v(a) is a nonnegative integer whenever a # 0.

(b) If a,b € R and b # 0 then there are elements ¢, € R such that a = bg + r and either » = 0 or

v(r) <v(b).

(¢c) If a,b € R and a # 0 and b # 0 then ab # 0 and v(a) < v(ab).

A Euclidean domain is a ring R for which there exists a Euclidean valuation.
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Remark 9.2. The first part of condition (c) says that the product of two nonzero elements is nonzero, or
in other words that R is an integral domain.

Example 9.3. [eg-Z-euclidean]
The function v(a) = |a| is a Euclidean valuation on Z. Indeed, conditions (a) and (c) are clear, and (b) is
just the ordinary division algorithm for integers.

Example 9.4. [eg-poly-euclidean]
If K is a field then we can define a Euclidean valuation v on K[z] by v(f) = deg(f) = the degree of f.
Indeed, conditions (a) and (c) are clear, and (b) is just the ordinary division algorithm for polynomials.

Example 9.5. [eg-Zi-euclidean]

The function v(z + iy) = |z + iy|? = 22 + y? defines a Euclidean valuation on Z[i]. Indeed, condition (a)
is clear. For condition (b), suppose that a = x + iy and b = u + iv for some integers u,v,xz,y. As b # 0
we can consider the complex number a/b = s + it say, where s,¢ € R. Let sg be the closest integer to s, so
|s — so| < 1/2. (If s has the form m + 1/2 for some integer m then we could take so = m or so = m + 1; it
doesn’t matter which.) Similarly, we let ¢y be the closest integer to t, so |t — to] < 1/2. We put ¢ = so + it
and r = a — ¢b so that a = ¢b + r. We find that

la/b—q|*> = |(s —s0) + (t —to)i|> = (s —50)* + (t —t0)?> < 1/4+1/4 < 1,

so |72 = |a — qb|? = |b]?|a/b — q|* < |b|?, or in other words v(r) < v(b) as required.
Finally, for condition (c), we have v(ab) = |ab|? = |a|?|b|®. It is clear that |b|? is a nonnegative integer,
and as b # 0 we have |b|? # 0 so [b]*> > 1 so v(ab) > v(a).

Example 9.6. [eg-p-local-euclidean)]

We next define a Euclidean valuation on Z,y. Any nonzero element a € Z,) has the form u/w, where u and
w are integers and w is not divisible by p. If we divide v by p as many times as possible we end up with an
equation u = p'v where v is not divisible by p. We then define v(a) = v(ptv/w) = t. For example, if p = 3
we have v(567/13) = v(3* x 7/13) = 4.

Now suppose we have some other element b € Z,) with b # 0. We can write this in the form b = p*z/y
where p does not divide z or y, so v(b) = s. We then have ab = p'**(vz)/(wy), from which it is not hard to
see that v(ab) =t + s = v(a) + v(b). Given this, condition (c) is clear.

Condition (b) is also satisfied, in a rather trivial way. If ¢ < s then we just put ¢ = 0 and r = a and we
have a = gb + r with v(r) < v(b). On the other hand, if ¢ > s then the number ¢ := a/b = p'~*(vy)/(wx)
lies in Z,) and a = bg so we can take r = 0.

For the rest of this section, we let R denote a Euclidean domain, with Euclidean valuation v say.

Theorem 9.7. [thm-pid]
Every ideal I in R s principal.

Proof. Let I be an ideal; we must find an element b € R such that I = Rb. First, if I = {0} then I = R0
as required; so we may assume that I # {0}. Each nonzero element b € I has a valuation v(b) € Z with
v(b) > 0. Choose such an element for which v(b) is as small as possible. By assumption b € I and I is an
ideal so Rb C I.

Conversely, suppose that a € I. By axiom (b), then there are elements ¢, € R such that a = bg + r and
either 7 = 0 or v(r) < v(b). Note that r = a — bg and a,b € I so r € I. If r were a nonzero element of I
with v(r) < v(b), this would contradict our choice of b. We must therefore have r = 0 instead, so a = ¢b, so
a € Rb. This proves that I C Rb and thus that I = Rb. O

Now suppose we have two elements a,b € R. Then Ra + Rb is an ideal in R, so by the theorem there
must be an element d such that Ra + Rb = Rd. This raises the question of how to find d explicitly.

The first thing to note is that Ra + Rb is not the same as R(a + b). For example, take R =7 and a =3
and b = 2. We can write any number n as n = n X 34+ (—n) x 2 so n € Z.3 + Z.2, which shows that
7.3 + 7.2 = 7. However, Z.(2 + 3) consists only of the multiples of 5, so it is not the same.

Definition 9.8. [defn-divisible]
Let a and b be elements of R. We say that a is divisible by b if and only if there is an element ¢ € R such
that a = be, or equivalently if a € Rb, or equivalently if Ra C Rb. We also write b|a if a is divisible by b.
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Definition 9.9. [defn-gcd]
Let a and b be elements of R. A common divisor of a and b is an element d € R such that a and b are both
divisible by d. A greatest common divisor (or gcd) of a and b is an element d such that

(i) dis a common divisor of a and b; and
(i) if d’' is any other common divisor then d is divisible by d’.

Proposition 9.10. [prop-gcd]
We have Ra+ Rb = Rd if and only if d is a ged of a and b. If so, then d can be written as xa + yb for some
z,y € R.

Proof. First suppose that Ra + Rb = Rd. We can write a as 1la + 0b, so a € Ra + Rb = Rd, so a is divisible
by d. Similarly b is divisible by d, so d is a common divisor of a and b.

Next, it is clear that d € Rd, so d € Ra + Rb, so d = xa + yb for some z,y € R.

Finally, suppose that d’' is another common divisor of a and b. Then a = uv'd’ and b = v'd’ for some
u’,v" € R. This means that d = za + yb = au'd + yv'd’ = (xu’ + yv’)d’, so d is divisible by d’. This proves
that d is a ged of a and b.

Conversely, suppose that d is a ged of a and b. We know from Theorem that Ra + Rb = Rc for
some ¢ € R, and we know from the first half of this proof that ¢ must also be a ged of a and b. As d is
a greatest common divisor and ¢ is a common divisor, we see that d is divisible by ¢, so Rd C Rec. As ¢
is a greatest common divisor and d is a common divisor, we see that c is divisible by d, so Rc C Rd, so
Rd = Rc = Ra + RD as required. O

We now explain how to actually find the ged of two elements a,b € R. The answer is to use the Euclidean
algorithm, just as in Z or R[z]. We may assume that a,b # 0 (otherwise the problem is trivial). We then
define a9 = a and by = b. By the definition of a Euclidean valuation, we can find pg,a; € R such that
ag = pobo+ a1 and either a; = 0 or v(a;) < v(by). (Informally, a; is the remainder when we divide ag by bg.)
Assuming that a; # 0, we can then find g1, b; such that by = ¢1a; + by and either by = 0 or v(b1) < v(aq).
Assuming that b; # 0 we can find py,as such that a; = p1by + az and either as = 0 or v(az) < v(by).
Assuming that as # 0, we can then find ¢o,bs such that by = gaas + by and either bo = 0 or v(b2) < v(asg).
Continuing in this way, we get a sequence

V(bo) > V(al) > l/(bl) > Z/(ag) > V(bg) > ..

Now, all these valuations are nonnegative integers so they cannot keep decreasing forever. Thus, after a
finite number of steps we must end up with either a; = 0 or by = 0, forcing the process to stop.

Suppose that the first term to be zero is ay, so the elements ag, ...,ar_1 and by, ..., br_1 are all nonzero.
I claim that Ra + Rb = Rby_1, so that by_1 is a gcd of a and b.

To see this, put I = Ra + Rb and J = Rby_1; we must show that I = J. Certainly ag,by € I. Using the
equation a; = ag — pobg we deduce that a; € I. Using the equation b; = by — g1a; we deduce that b, € I.
Using the equation as = a; — p1b; we deduce that ay € I. Continuing in this way, we see that a;, b; € I for
all ¢+ and in particular that by, € I, so J C I.

We now use a similar argument in the opposite direction. Clearly b1 € J. We have ap_1 = pr_1bp—_1+ay
but ar = 0 so ax_1 = px_1bx_1 € J. We can now use the equation by_s = qr_1arx_1 + bx_1 to show that
bi_o € J, and then use the equation ay_o = py_obr_2 +ar_1 to show that ar_o € J. Working backwards in
this way, we eventually find that ag, by € J or in other words a,b € J. This implies that ua + vb € J for all
u,v € R, or in other words that I = Ra + Rb C J. We have already seen that J C I, so I = J as required.

All this assumed that the first term to be zero was ak. It could instead happen that the first term to be
zero was by, in which case a very similar argument would show that Ra + Rb = Ray, so ai is a ged of a and

b.
Exercises

Exercise 9.1. [ex-roots-of-unity]
Let n and m be coprime positive integers, and put f(z) = 2™ — 1 and g(z) = 2™ — 1. By considering the
roots of f and g, show that the ged of f and ¢ in Clz] is « — 1.
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Exercise 9.2. [eg-p-local-gcd]
Let p be a prime, and let a and b be nonzero elements of Z,). Show that either a is a gcd of a and b in Z,),
or bis a ged of a and b in Z,).

10. FACTORISATION IN EUCLIDEAN DOMAINS

Let R be a Euclidean domain. We say that an element a € R is a nonunit if it is not invertible in R.
We say that an element is reducible if it can be written as a product of two nonunits. We say that it is
irreducible if it is a nonunit but is not reducible.

Note that 0 is a nonunit and 0 = 0.0 so 0 is a product of two nonunits and thus is reducible. For the rest
of this section, we exclude the element 0 from consideration.

Example 10.1. [eg-prime-numbers]

Let p be a prime number. Then the only ways to factor p in Z are p = 1.p = (=1).(—p) = p.1 = (—p).(-1).
In each case, one of the factors is either 1 or —1 and thus is invertible in Z. Thus, p is irreducible. Similarly,
—p is irreducible, but if n > 0 and n is composite then n and —n are reducible.

Example 10.2. [eg-irreducible-poly]

Consider the ring C[z]. I claim that the irreducible elements are precisely the polynomials of the form az +b
with a # 0. Firstly, polynomials of degree 0 are invertible (because we have excluded the zero polynomial
from consideration). Thus, any nonunit has degree at least 1, so any reducible polynomial has degree at
least 2. Thus when a # 0 the polynomial ax + b is a nonunit but not reducible, so it is irreducible.

Next, let f(z) be any polynomial of degree d > 1. By the Fundamental Theorem of Algebra, f has a root,
in other words there is a complex number a such that f(a) = 0. This means that f is divisible by = — a, say
f(@) = (z — a)g(x) for some polynomial g. Note that g has degree d — 1 > 0, so both g(x) and = — a are
nonunits, so f is reducible. This shows that the irreducibles are precisely the polynomials of degree exactly
one, as claimed.

Example 10.3. [eg-p-local-irreducible]

Any element in x € Z,) can be written as x = p”a/b where a and b are not divisible by p and so a/b is a
unit in Z,y. In other words, every element is a unit multiple of p* for some v > 0. Using this we find that
x is a unit iff v = 0, that z is irreducible iff v = 1, and that z is reducible iff v > 1.

Definition 10.4. [defn-associate]

We write a ~ b if and only if there is an invertible element v € R such that au = b. If so, we say that a is a
unit multiple or associate of b. It is not hard to see that a ~ b if and only if Ra = Rb, and that the relation
~ is an equivalence relation.

Note that in Z, both 7 and —7 are irreducible, but they are unit multiples of each other so for many
purposes it makes no sense to use both of them. It is thus traditional to ignore —7. Similarly, in C[x] both
x — 2 and 2z — 4 are irreducible but they are unit multiples of each other, so we usually ignore 2x — 4. This
leads us to make the following definitions.

Definition 10.5. [defn-comp-irr]
A complete set of irreducibles in a Euclidean domain R is a set P of irreducibles such that for every irreducible
p, there is a unique irreducible p’ € P such that p’ ~ p.

Note that for any Euclidean domain, we can always choose a complete set of irreducibles. We simply
divide the set of all irreducibles up into equivalence classes under the relation ~, and we pick one irreducible
from each equivalence class.

Example 10.6. [eg-complete-set]
The set of positive prime numbers is a complete set of irreducibles in Z. The set {x—a | a € C} is a complete
set of irreducibles in C[z]. The set {p} (with just one element) is a complete set of irreducibles in Z,).

Proposition 10.7. [prop-Rp-field]
If p is irreducible in R then R/p is a field.
32



Proof. As p is not a unit we see that 1 is not divisible by p, so 1 # 0 in R/p.

Every nonzero element of R/p has the form @ = a + Rp, where a € R but a ¢ Rp. We then have
Ra + Rp = Rd, where d is a ged of a and p. Thus d divides a and p, say a = ud and p = vd. As p is
irreducible, one of v and d must be a unit. If v is a unit we have a = ud = wv™'p so a € Rp, contrary to
assumption. Thus d must be a unit instead, so 1 € Rd = Ra + Rp, so 1 = xza + yp for some z,y € R. This
means that Za = 1 in R/p, so @ is invertible as required. ([l

Corollary 10.8. [cor-irr-prime]
If a and b are not divisible by p, then ab is not divisible by p.

Proof. a+ Rp and b+ Rp are nonzero elements of the field R/p, so ab+ Rp = (a + Rp)(b+ Rp) is nonzero,
so p does not divide ab. O

Lemma 10.9. [lem-nu-greater]
If a and b are nonzero and b is a nonunit then v(ab) > v(a).

Proof. Axiom (c) for Euclidean valuations says that v(ab) > wv(a). It is thus enough to suppose that
v(ab) = v(a) and deduce a contradiction. We can divide a by ab with remainder to get a = abg + r for some
q,r with either r = 0 or v(r) < v(ab) = v(a). Note that a(l — bg) = r. As b is not a unit we cannot have
bg =1,s01—bg # 0. We also have a # 0 so r # 0, so v(r) < v(a). However, Axiom (c) also says that
v(a(l —bq)) > v(a), giving the required contradiction. O

Lemma 10.10. [lem-nu-zero]
If v(a) = 0 then a is invertible.

Proof. Divide 1 by a to get 1 = ga + r with r = 0 or v(r) < v(a). As valuations are always nonnegative we
cannot have v(r) < v(a) so we must have r = 0, so 1 = ga, so ¢ is an inverse for a. O

Theorem 10.11. [thm-ufd]

Let R be a Euclidean domain, and let P be a complete set of irreducibles in R. Then any nonzero element
a € R can be written in the form a = upy*...pl'", where p1,...,p, are distinct irreducibles in P and
ni,...,n, € N and u is invertible. Moreover, this factorization is unique (except that it could be written in
a different order, for evample 3% x 5% = 53 x 32).

Proof. We first show that any nonzero element a € R can be written as a unit times a product of standard
irreducibles, by induction on v(a). If v(a) = 0 then a is a unit, which we think of as a unit times the product
of the empty list of standard irreducibles. If v(a) > 0 then a is a nonunit. If a is irreducible then it has the
form wup, where u is a unit and p is a standard irreducible. Otherwise, a can be written as a product of two
nonunits, say a = bc. By Lemma we see that v(b) and v(c) are strictly less than v(a). By induction
we may assume that b and ¢ can be written as units times products of standard irreducibles, and it follows

that the same is true of a. By collecting factors together, we can write a = up'* ...pl'", where p1,...,p, are
distinct irreducibles in P and nq,...,n, € N and u is invertible.

Suppose we have another such factorization a = vg{"* ...q¢"=, where ¢, ..., qs are distinct irreducibles in
P and mq,...,ms € N and v is invertible. I claim that p; = ¢; for some j. If not, then all the elements

¢; would be indivisible by pi, as would v, and Corollary |10.8| would tell us that v ]] ; q;nj is indivisible by
p1, so a is indivisible by p;, which is clearly false. Thus p; = g; for some j, and the same argument shows
that each p; is a ¢;, and similarly that each g; is a p;. Thus, after renumbering the ¢’s if necessary, we may
assume that r = s and p; = ¢; for all 4.

Now suppose that ny < mj. Put b = upy?...pP' and ¢ = vp]™~ "'p52...p"". We then have pi*b = a
and pi*c = a and py* # 0 s0 b = ¢. Using Corollary again we see that b is not divisible by p; so ¢ is not
divisible by p; so my —n; = 0 so my; = ny. A similar argument works if n; > my, so ny = my in all cases.
The same method shows that n; = m; for all 7, and given this, it is clear that u = v as well. O

11. FINITE FREE MODULES OVER A EUCLIDEAN DOMAIN

Throughout this section, we let R denote a Euclidean domain.

Definition 11.1. [defn-finite-free]
A finite free module over R is an R-module M that is isomorphic to R? for some nonnegative integer d.
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To understand this definition more explicitly, we introduce the notion of a basis.

Definition 11.2. [defn-basis]
Let M be an R-module. We say that a list {m1,...,mgq} of elements of M is a basis if for every element
m € M there is precisely one list (uq,...,uq) € R such that m = uymq + ... + ugmq.

Proposition 11.3. [prop-basis]
Let M be an R-module. Then M is a finite free module if and only if it has a basis.

Proof. Suppose that {m1,...,mg4} is a basis. Asin example we can define a homomorphism ¢: R — M
by ¢(uy,...,uq) = uymy + ...+ ugmg. By the definition of a basis, for each m € M there is precisely one
element u € R? such that ¢(u) = m. This means that ¢ is a bijection, and thus an isomorphism. Thus
M ~ R% so M is free.

Conversely, suppose that M is free, so we have an isomorphism ¢: R* — M for some d. By the second
half of Example there is a list myq, ..., my of elements of M such that ¢(uq,...,uq) = uymi+...+ugmyq
for all (uy,...,uq) € R As ¢ is an isomorphism, for each element m € M there is a unique element u € R?
with ¢(u) = m, and this means precisely that {my,...,mq} is a basis. O

Example 11.4. [eg-sub-free-i]

Put M = {(z,y,2) € Z® | * = y}. Then the vectors m; := (1,1,0) and ms := (0,0,1) clearly lie in M.
Moreover, any vector in M can be written uniquely in the form (z,z,z) = mq + zmg. Thus {m1,ms} is a
basis for M as a Z-module, so M is free.

Example 11.5. [eg-sub-free-ii]
Put M = {(z,y,2) € Z*> | +y + 2z = 0 (mod 3)}, considered as a module over Z. I claim that this is
free as a Z-module. To prove this, we need to find some elements of M which can form a basis. Firstly,
if x +y+ 2z = 0 then (z,y,z) will certainly lie in M. Some obvious vectors satisfying x +y + z = 0 are
mq = (1,—1,0) and mz := (0,1, —1). Also, the vector ms := (0,0, 3) satisfles x+y+z2z=3sox+y+2=0
(mod 3) so mz € M. We can thus define a map ¢: Z3 — M by ¢(uy, us, uz) = uymy + ugms + ugms.

Now suppose we have an element m = (z,y,2) € M. Note that x + y+ 2 =0 (mod 3),s0o x+y+ 2 =3t
for some t € Z. We have

m—amy = (x,y,2) —x(1,—1,0) = (0,2 + y, 2),
and so
m—amy — (x+y)me = (0,2 +y,2) — (x +y)(0,1,—1) = (0,0, + y + z) = (0,0, 3t) = tms,

so m = xmq + (x4 y)ma + tms = ¢(x,z + y,t). This shows that ¢ is surjective.

Now suppose that (u,v,w) € ker(¢), so umy + vmg + wms = 0. By looking at the x coordinates we see
that u.1 +v.0 + w.0 = 0 so u = 0. Thus, the original equation becomes vmsy + wms = 0. By looking at the
y coordinates we see that v.1 +w.0 = 0, so v = 0, so the equation becomes wmg = 0. By looking at the z
coordinates we see that 3w = 0 but w is just an integer so the only way 3w can be 0 is if w = 0. This proves
that ker(¢) = {(0,0,0)}, so ¢ is injective and thus is an isomorphism.

We next give a convenient test for showing that certain modules are not free.

Definition 11.6. [defn-torsion]

For any R-module M, an element m € M is a torsion element if there is some nonzero element a € R
such that am = 0. We write tors(M) for the set of all torsion elements. We say that M is torsion-free if
tors(M) = {0}. Equivalently, a module M is torsion-free if whenever ¢ € R and « € M are both nonzero,
their product ax is also nonzero.

Lemma 11.7. [lem-free-torsion-free]
Every finite free module is torsion-free.

Proof. Every finite free module is isomorphic to R for some d, so it is enough to show that R¢ is torsion-free.

Let a be a nonzero element of R, and let u = (ug, ..., u4) be a nonzero element of R?. This means that u; # 0
for some i. As R is an integral domain, it follows that au; # 0, and thus that the vector au = (auq, ..., auq)
is not the zero vector. O
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Example 11.8. [eg-Z-torsion]
Suppose that n > 1, and consider Z,, as a Z-module. Then 1 is a nonzero element of Z,, and n is a nonzero
element of Z but n.1 =7 = 0. Thus Z,, is not torsion-free as a Z-module, so it cannot be a finite free module.

Example 11.9. Consider C*°(R,R) as a module over R[D] in the usual way. Then the function f(t) = e
is a nonzero element of C*°(R,R), and D —1 is a nonzero element of R[D], but (D —1)f = f'— f = 0. Thus
C* (R, R) is not torsion-free, so it is not a finite free module over C*°(R,R). For an even simpler proof, just
consider the constant function g(t) = 1, so Dg = ¢’ = 0, again showing that C*°(R,R) is not torsion-free.

We now prove a key theorem, which makes the theory of modules over Euclidean domains much simpler
than for other rings.

Theorem 11.10. [thm-hered]
Any submodule of a finite free module over a Euclidean domain is free.

Note that Examples and illustrate this.

Proof. As every finite free module is isomorphic to R? for some d, it will be enough to show that every
submodule of R? is free. We do this by induction on d.

The case d = 0 is easy. The module R° is just {0}, the only submodule of this is {0} itself, and this is
free because it is R.

The case d = 1 is essentially given by Theorem Let M be a submodule of R = R, or in other words
an ideal in R. By Theorem [9.7] we have M = Ra for some a € R. If a = 0 then M = {0} = R° so M is free.
If a # 0 then I claim that {a} is a basis for M. Indeed, as M = Ra, every element m € M can certainly
be written as m = wua for some u € R. If we have ua = m = va then (v —v)a = 0 but a # 0 and R is an
integral domain so u — v = 0 so u = v. Thus m can be written uniquely in the form m = wa, so {a} is a
basis and so M is free.

Now suppose that d > 1 and that we have proved that every submodule of R~ is free. We need to show
that every submodule M < R? is free. Let F be the set of vectors of the form (z,s,...,24_1,0) in R%
Note that F is a copy of R?"!, so every submodule of F is free. In particular, M N F is a submodule of F
so it is free, with basis {mq,...,m,} say. Define a homomorphism 7: M — R by n(z1,...,24) = 4. The
image of 7 is a submodule of R so it has the form Ra for some a € R.

Suppose that a = 0. Then image(n) = Ra = {0}, so 7(m) = 0 for all m € M, so every element of M has
the form (z1,...,24-1,0). This means that every element of M is an element of F', so M is a submodule of
F,so M is free.

Suppose instead that a # 0. As a € Ra = image(n), we can choose m,41 € M such that 7(m,11) = a.
I claim that {mq,...,m,,m,41} is a basis for M. To see this, let m be an element of M. Then w(m) €
image(r) = Ra, so w7(m) = ur41a for some u,1 € R. Put m’ = m — upy1mypqq, som’ € M and

7(m') = 7(m) — up 17 (Myy1) = Upy1a — Upyp1a = 0.

This means that the last coordinate of m’ is 0, so m’ € F. As m/ € M N F and {my,...,m,} is a basis for
M N F we see that m’ = uymq + ... + u,m, for some uq,...,u, € R, so

/
Mm=m + Upp1Mpp1 = UM+ ... + Upp1Mypy1.

This shows that the elements my,...,m,41 generate M.
Now suppose that we have elements v, ...,v,41 € R satisfying vymq + ... +v41mp41 = 0. I claim that
vy = ... = v41 = 0. Indeed, as my,...,m, € F we have w(m1) = ... = w(m,) = 0, so when we apply

7 to the previous equation we get v.417(m,q41) = 0, or equivalently v,11a = 0. As a # 0 and R is an
integral domain this means that v,;1 = 0. Thus, our original equation becomes vymy + ... +v,m, = 0. As

{mq,...,m,} is a basis for M N F, the only way we can have vymi +... +v,m, =0isifv; =... = v, =0,
as claimed.

It now follows that {mg,...,m,41} is a basis for M, so M is free. This completes the inductive step, and
thus the proof of the theorem. O

Corollary 11.11. [cor-Noether]
Let M be a finitely generated module over a Euclidean domain R, and let N be a submodule of M. Then N
is also finitely generated.
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Proof. As M is finitely generated, there is a list mq, ..., mg of elements of M such that an arbitrary element
m € M can be written in the form wym; + ...+ ugmg. Define ¢: R* — M by ¢(uy,...,uq) = uymy +
...+ ugmy; this is clearly a surjective homomorphism. Put L = {u € R? | ¢(u) € N}. 1 claim that this is
a submodule of RY. Indeed, if u,v € L then ¢(u),d(v) € N so ¢(u+v) = ¢(u) + ¢(v) € N so u+v € L.
Similarly, if w € L and a € R then ¢(u) € N so ¢(au) = ap(u) € N so au € L, so L is a submodule as
claimed. Submodules of R? are finite free modules by the theorem, so we can choose a basis {pi, ..., p,} for
L. Put n; = ¢(p;); as p; € L we have n; € N. I claim that the elements ny,...,n, generate N. Indeed,
suppose n € N. Then n € M and the homomorphism ¢: R? — M is surjective so we have n = ¢(u) for
some u € RY. As ¢(u) =n € N we see that u € L, so u can be written in the form u = vip; + ...+ v,.p, for
some v1,...,v, € R. It follows that

n=¢(u) =vid(p1) + ...+ v0(p,) =ving + ...+ V0

This shows that the elements nq,...,n, generate N as claimed, so N is finitely generated. O

Exercises

Exercise 11.1. [ex-find-bases]

Find bases over Z for the following submodules of Z3. Justify your answers.
(a) Mo={(5,9,2) | & —y+2=0 (mod 5)}
(b) My ={(z,y,2) | x =y (mod 2) and y = z (mod 3)}
(¢) My ={(z,y,2) | 6z + 15y + 10z = 0}.

Exercise 11.2. [ex-split-quotient]

Let dy,...,d, be elements of a ring R, and let N be the submodule of R"™ generated by the elements
dyey,...,dpe,. Prove that R*/N ~ R/d1®...® R/d,. [You may wish to start by defining a homomorphism
a:R" = R/d1 & ...® R/d,.]

Exercise 11.3. [ex-compatible-bases]
Put

F={(w,z,y,2) €Z* |w+x+y+ 2 is even }

G={(w,z,y,2) €Z* |w—2, x —y, and y — z are divisible by 4}.
Find integers d,ds,ds,ds > 0 and vectors uy,ug, u3, uy € Z* such that {u, us,us,us} is a basis for F' and
{dyuq,daus, dsug, dyus} is a basis for G. [It is possible to do this using matrix methods, but intelligent trial

and error is likely to be easier.] It follows that G C F', so we can form the factor group F/G. Deduce a
description of F/G as a direct sum of cyclic groups.

12. ROW AND COLUMN OPERATIONS

We saw in the last section that a submodule of a finite free module over a Euclidean domain is free. We
next give a systematic method for finding a basis for such a submodule.

Suppose we have vectors uq,...,u, in R™, and we let N be the submodule generated by uq,...,u,. It
will be convenient to form the n X m matrix A whose columns are the vectors wu;.

Definition 12.1. [defn-col-ops]
An elementary column operation on a matrix A over a ring R is any of the following operations:

(a) Add a multiple of one column to another column
(b) Multiply a column by an invertible element of R
(¢) Exchange two columuns.
We say that a matrix A is in (unreduced) column echelon form if
(a) All nonzero columns occur to the left of all the zero columns.
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(b) If the i’th and (¢ + 1)’st columns are nonzero, then the top nonzero entry in the (i + 1)’s column is
below the top nonzero entry in the ¢’th column.

Example 12.2. The matrix

10 0 O

2 0 0 O

3 6 0 0

4 7 9 0

5 8 10 0

is in column echelon form, but the following matrices are not
0 30 010 0 0 8
1 40 0 2 4 0 40
2 50 0 3 5 2 00

Proposition 12.3. [prop-col-red|

Let A be an n x m matriz over a Fuclidean domain R, and let N be the submodule of R™ generated by the
columns of A. Then A can be reduced by elementary column operations to a matrix B in column echelon
form, and the nonzero columns of B form a basis for N.

Remark 12.4. [rem-unreduced-echelon]
The resulting matrix B is not unique; in general, a matrix A can be converted to many different matrices B
in column echelon form.

The algorithm is a mixture of the Euclidean algorithm and the usual Gaussian algorithm for column-
reducing a matrix over a field. Suppose that the top row of A is nonzero (if not, we simply ignore any rows
of zeros at the top and work with the first nonzero row). Of all the nonzero elements in the top row, we
find one whose valuation is as small as possible. After swapping the columns around, we can assume that
this element occurs in the top left corner of the matrix, so it is the entry ai;. If we were working over a
field, we would subtract ax;/ai; times the first column from the k’th column (for & = 2,...,n), and then
the top row would have the form (a11,0,...,0). As we are not working over a field, we do not necessarily
have ag1/a11 € R, so we cannot perform these operations. As the next best thing, we divide ag; by ai; by
the division algorithm to obtain a1 = a11qx + rr with either r, = 0 or v(rg) < v(ai1). We then subtract
i times the first column from the k’the column for k = 2,...,n. The top row is now (ai1,72,...,7). If
0
A/
matrix A’ by the same process, and eventually we get a column-reduced form for A. Generally, however, the
elements ro, ..., 7, will not all be zero. Among those that are nonzero, we choose one whose valuation is as
small as possible. Note that by construction this valuation is strictly less than that of a1; and valuations are
always nonnegative integers, so this kind of step can only occur finitely many times. We swap the columns
around to put the element of minimum valuation in the top left corner and repeat the whole process.

We end up with a matrix B in column echelon form. Let N’ be the submodule of R™ generated by
the columns of B. It is clear from the form of B that its columns are linearly independent, so they form
a basis for N’. To prove Proposition it will be enough to check that N’ = N, or equivalently that
when we perform an elementary column operation on a matrix, the module spanned by the columns does
not change. We will explain this by example rather than giving a formal proof. Suppose that the matrix
has three columns, say uq, us and us.

ro = ... =1, = 0 then we have a matrix of the form ( a: > We can then column-reduce the smaller

(a) A typical operation of the first type replaces the list (u1,us,u3) by (ur,us + cuj,uz) for some
¢ € R. If a vector v can be written as aju; + asus + agus, it can also be written as (a1 — caz)u; +
as(ug + cuy) + agus, so span{uy, ug, us}t C span{uy, ug + cuy, us}. Conversely, if v can be written as
biug+ba(ug+cuy)+bsus, it can also be written as (by +cbg )ug +boug+bsus, so spanf{u, us+cuy, uz} C
Span{ula Uz, u3}'

(b) A typical operation of the second type replaces the list (uy, us, u3) by (u1, cus, us) for some invertible
element ¢ € R. If a vector v can be written as aiju; + asus + aszus, it can also be written as
ajuy + (age™b)(cuz) + azug, so span{uy, ug,uz} C span{uy, cug,uz}. Conversely, if v can be written

37



as byuy + ba(cug) + bsug, it can also be written as byuy + (bac)us + bsus, so spanfuy, cus, uz} C
span{uy, ug, us}.

(¢) A typical operation of the third type replaces the list (uy,us,us) by (us2,u1,us), and this clearly
does not change the span.

A formal proof would be essentially the same but would need more elaborate notation.

Example 12.5. [eg-col-red-i]
Here we perform a column reduction over Z by strictly following the algorithm.

5 8 11 311 (3 5 8 11
16 25 34 9 9 16 25 34
3)'3222'
9 7 7 7
3'2322'
79 7 7
i>'2100'
7 2 0 0
3'1200'
2 7 0 0
3'1000'
2 3 0 0

In step 1 we note that the element of smallest valuation in the top row is the 3 in the 4’th column. We
therefore move the 4’th column round to be the first column. In step 2 we divide the remaining entries in
the top row by 3. We have 5 =1 x3+2 and 8 =2 x 3+ 2 and 11 = 3 x 3 + 2 so we subtract 1 times
the first column from the second column, 2 times the first column from the third column, and 3 times the
first column from the fourth column. In step 3 we note that the element of smallest valuation on the top
row is 2, so we swap the first two columns to put a 2 in the top left corner. Then in step 4, we subtract
the first column from each of the other columns. The element of smallest valuation in the top row is now
1, so we swap the first two columns to put the 1 in the top left corner; this is step 5. Finally, we subtract

. o . 0 .
twice the first column from the second column. Our matrix is now in the form ( ail Yy ) , and the matrix

A" =(300) is already in echelon form so we are finished.
If we use a little imagination rather than strictly following the algorithm, we can reduce the matrix more
quickly:

5 8 11 3] 1 [-1 -1 -1 3
16 25 34 9] 7 |-2 -2 -2 9
2 [-1 00 0
2 0 0 3
s [L 000
2 3 00

The conclusion is that if N is the submodule of Z? generated by the vectors (5,16), (8,25), (11,34) and
(3,9) then {(1,2),(0,3)} is a basis for N.
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Example 12.6. [eg-col-red-ii]
Here is a column reduction over Q[z].
2 r—-1 23 [ 1 z—1 1
0 -1 a|B|z+l -1 a®+2r+1
0o -1 0 lz+1 -1 > +r+1
1 0 0
r+1 —2?2 2242
[z+1 —z? x2
!
z+1
[z +1
!
L le+1
[z +1

\Lw

\Lw
o8 O HNHN)O
HMOOIOE%O

In step 1 we subtracted =+ 1 times the middle column from the first column, and 22 4 x + 1 times the middle
column from the third column. In step 2 we subtracted x — 1 times the first column from the middle column,
and and subtracted the first column from the last column. In step 4 we multiplied the middle column by
—1 and then subtracted it from the last column. In step 4 we subtracted x times the last column from the
middle column, and then swapped the middle and last columns.

The conclusion is that the vectors m; := (1,2 + 1,2+ 1), mg := (0,2,0) and m3 := (0,0, 22) form a basis
for the submodule of Q[z]® generated by the columns of the original matrix.

In fact, the columns of the original matrix also form a basis for this submodule (just because they are
linearly independent over Q[z]). However, the basis {m1,ma, ms} is easier to work with because it is in
echelon form.

Example 12.7. [eg-power-vecs]
Put v, = (k, k2, k% k*) € Z*, and let N be the subgroup of Z* generated by wv1,...,vs. These vectors are
the columns of the first matrix written below:

1 2 3 4 5 1 0 0 0 0]
1 4 9 16 25 1 2 6 12 20
1 8 27 64 125 1 6 24 60 120
1 16 81 256 625 1 14 78 252 620]
1 0 0 0 0]
L2 0 0 0
1 6 6 24 60
|1 14 36 168 480]
1 0 0 0 0
Lt 2 0 000
1 6 6 0 0
1 14 36 24 0

~ =

We deduce that the vectors (1,1,1,1), (0,2,6,14), (0,0,6,36) and (0,0, 0,24) form a basis for N. Note that
the “leading terms” of these vectors are 1!, 2!, 3! and 4!; this is part of a general pattern.

The above algorithm helps us to find a basis for a submodule N of R™. However, we often want instead
to investigate the structure of R™/N, and so far we do not have a method for this. The simplest case is
where N is generated by the elements dyeq,...,d.e, for some r < n and some nonzero elements dy, ..., d,
in R, where e; is the i’th standard basis vector. It is then easy to see that

R"/N~R/d1®...®R/d. ® R"".

More generally, suppose we can find a (non-standard) basis u1, . .., u, for R™ and nonzero elements dy, . .., d,
such that N is generated by dyuq,...,d,u,. We again find that R"/N ~ R/dy & ... ® R/d, & R*~". Our
next algorithm will enable us to find bases of this type.
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Definition 12.8. [defn-normal-form]
D
A matrix over a Euclidean domain is in normal form if it has the form <T‘%>’ where

(1) D is an r x r matrix for some r (called the rank)
(2) The diagonal entries in D are nonzero, and the other entries are zero
(3) If the diagonal entries are dy,...,d,, then di|da|...|d,.

For example, the following matrix over Z is in normal form:

2 0 0|0 O
06 0]0 O
0 0 12]0 O
00 01]00O0

We have already defined elementary column operations over a Euclidean domain, and elementary row
operations are defined in the obvious analogous way.

Theorem 12.9. [thm-gauss]

Let A be an n x m matriz over a Fuclidean domain R, and let N be the quotient of R™ by the span of the
columns of A. Then A can be transformed by row and column operations to a matriz B in normal form.
Moreover, if the nonzero diagonal entries in B are dy,...,d, then N~ R/d; & ...® R/d, ® R™".

The proof will follow after some auxiliary definitions and preliminary results.

Remark 12.10. [rem-mod-unit]
It could happen that some of the elements d; are units. In this case we have Rd; = Rand so R/d; = R/R =0
so we can drop the term R/d; from the direct sum.

Definition 12.11. [defn-nu-A]
Let R be a Euclidean domain with valuation v. For any nonzero matrix A over R, we let v(A) be the smallest
of the valuations of all the nonzero entries in A. For example, if R = Z we have v [ :g] =v(-3)=3.

Definition 12.12. We say that a nonzero n x m matrix A over R is prenormal if it has the form < g g ) ,

where

(1) d is a nonzero element of R
(2) Bisan (n—1) x (m — 1) matrix over R
(3) every entry in B is divisible by d.

Lemma 12.13. [lem-prenormal]
Let A be a nonzero matriz over a Fuclidean domain R. Then A can be transformed into prenormal form by
elementary row and column operations.

Proof. Let a;; be the entry in the ¢’th column and j’th row of A. Put n = v(A), which is a nonnegative
integer. By definition we have v(a;;) = n for some ¢, j, and after reordering the rows and columns we may
assume that v(aj1) = n. Put d = ay;.

Suppose that every entry in A is divisible by d. Then for each i > 1 we have ay; = ¢;d for some ¢; € R. We
can subtract ¢; times the top row from the i’th row for each i to get a new matrix in which every row except
the first starts with 0. It is easy to see that in this new matrix, every entry is still divisible by d. We can

then subtract multiples of the first column from the other columns to get a matrix of the form ( g g )

where every entry in B is divisible by d. Thus A can be made prenormal, as claimed.

Now suppose instead that some entry in A is not divisible by d. I claim that A can be transformed to a
new matrix A’ with v(A") < n = v(A). Indeed, if some entry ai; in the first column is not divisible by d
then we have ay; = dg + r for some nonzero remainder r with v(r) < v(d) = n. If we subtract ¢ times the
first row from the 7’th row we get a new matrix A’ in which the i’th row starts with r, so v(A") < v(r) < n.
A similar argument works if some entry a;; in the first row is not divisible by d. This leaves the case where
all entries in the first row or the first column are divisible by d, but some entry a;; (with 4,7 > 1) is not
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divisible by d. After reordering some rows and columns we may assume that ags is not divisible by d. We
thus have ags = dg+r where r # 0 and v(r) < v(d) = n. We also have a12 = ud and as; = vd for some u,v.
The top left corner of our matrix looks like this:

a ud
vd qd+r|’
We now subtract v times the first row from the second row, then add the second row to the top row, then

subtract (¢ — uv + u) times the first column from the second column. The effect on the top left corner is as
follows:

[Udd qdui T} {g (g %d + r] {g (q(; 3%?1? T} [g (¢ — uZ)d +r|

Thus, the matrix A’ that we end up with has r as an entry, so v(A’) < v(r) < n as claimed.

We now repeat the whole process. We find that either A’ can be made prenormal, or it can be transformed
to another matrix A” with v(A”) < v(4’), and so on. As valuations of matrices are nonnegative integers,
we cannot keep on reducing them indefinitely, so eventually we must get to a matrix that can be made
prenormal. O

Proposition 12.14. [prop-gauss|
Any matrixz A over a Fuclidean domain R can be transformed to normal form by row and column operations.

Proof. Let Ay be a matrix over a Euclidean domain, of shape n x m say. If Ag = 0 then Ay is already in
normal form. Otherwise, by the Proposition, we can convert Ay by row and column operations to the form

( Cél ;1) ), where every entry in A; is divisible by dy. Clearly A; has shape (n — 1) x (m —1). If A; is
1

2| O

0 | As

obtained from A; by row and column operations, we see that all the entries are still divisible by d;, and in

particular dq|dy. This converts Ag to the form

nonzero we can convert it to the form ( >, where the entries in Ay are divisible by ds. As this is

d 010
0 d2| O
0 0| A
The theorem follows by iterating this process in the evident way. O

Example 12.15. [eg-gauss]

[13 3}_)[6 1]_}[6 1}_}{0 1]_}{1 0}

7T 2 7 2 -5 0 5 0 0 5|°

This row reduction follows the method implicit in the above proof, except that we have not bothered to
reorder the columns until the end. We start by finding the entry of smallest valuation, which is 2. We
subtract the bottom row from the top row to make the entry above the 2 have smaller valuation than 2
does. Now the 1 in the top right hand corner has smaller valuation than everything else, and everything is

divisible by 1. We can thus use row and column operations to clear away the rest of the entries in the same
row or column as the 1. We then swap the columns to put the matrix in normal form.

2 0 2 3 2 1 2 1 1 0

R R R R P
Here we start with a diagonal matrix whose entry of smallest valuation is in the 2 in the top left corner.
However, the other entries are not all divisible by 2, so the matrix is not prenormal. We first perform a
row operation to ensure that there is a non-divisible entry on the top row. We then subtract 2 times the
first column from the second column, leaving a remainder of 1 in the top right corner, which has valuation

smaller than 2. We can now clear the entries below and to the left of the 1 and then reorder to get a normal
matrix.

Example 12.16.
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Example 12.17. [eg-power-vecs-ii]
Put vy = (k, k% k%, k*) € Z*, and let N be the subgroup of Z* generated by wv1,...,vs. We showed in
Example that the corresponding matrix can be column-reduced as follows:

1 2 3 4 5 1 0 0 0 0
1 4 9 16 25 1 2 0 0 0
1 8 27 64 125 7|1 6 6 0 0
1 16 81 256 625 1 14 36 24 0

We can now perform row operations to reduce this matrix further. This works easily in this particular
example, because the entries underneath the 1 are divisible by 1, the entries under the 2 are divisible by 2,
and the entry under the 6 is divisible by 6. Explicitly, we subtract the first row from each of the other rows;
then we subtract 3 times the second row from the third row, and 7 times the second row from the last row;
then we subtract 6 times the third row from the last row. This gives the matrix

100 0 O
020 0 O
0 06 0 O
00 0 24 0

The conclusion will be that Z*/N ~ Zy @ Zg ® Zo4. (We have omitted the Z; because Z; = 0.)

Definition 12.18. [defn-elementary-matrix]
Let E be an n x n matrix over a ring R. We say that E is elementary if either

(1) Tt is obtained from the identity matrix by exchanging two rows (or equivalently, exchanging two
columns); or

(2) The diagonal entries are all equal to 1, there is a single nonzero entry off the diagonal, and all other
entries are zero; or

(3) One of the diagonal entries is an invertible element of R, the remaining diagonal entries are equal to
1, and all other entries are zero.

Note that elementary matrices are always invertible, and that their inverses are also elementary matrices.

Just as in the case of fields, if A" is obtained from A by a single elementary row operation then A’ = FA
for some elementary matrix E. For example, let A be an n x 3-matrix. Then

(3) Multiplying the second row by —1 is the same as multiplying the matrix on the left by [é —21 ?]

(1) Exchanging the first and third rows is the same as multiplying on the left by

(2) Adding the third row to the first is the same as multiplying on the left by [é i

[=lelog

RO~ ROO
L—oro

o

Similarly, if A’ is obtained from A by a single column operation then A’ = AFE for some elementary matrix
E. Thus, if A’ is obtained from A by a sequence of row and column operations then A’ = PAQ for some
matrices P and @) which are products of elementary matrices and thus are invertible. Using this, the following
corollary follows immediately from Proposition [12.14]

Corollary 12.19. [cor-gauss]
If A is an n x m matriz over a FEuclidean domain, then there exist invertible square matrices P and Q (of
size m and n respectively) such that PAQ is in normal form. O

Lemma 12.20. [lem-standard-presentation]
Let F be a free module over R, and let uy, ..., uy, be a basis for F. Suppose that r < m and dy,...,d, € R.
Let M be the submodule of F generated by dyuy,...,dyu,.. Then F/M ~R/d; & ... ® R/d. ® R™".

Proof. Write @ = R/d1®...® R/d,. @ R™ " for brevity. Any element z € F' can be written uniquely in the
form zyuy + ... + Ty, with 1, ..., 2, € R. It therefore makes sense to define a map a: F' — @ by
a(ziur + ..+ Tpuy) = (1 + Rdy, ..., 2r + Rdyry Tpg1, - oo, T

This is easily seen to be a homomorphism. Suppose we have an element y = (y1,...,ym) € Q, so y; € R/d;
for i < r and y;, € R for i > r. For i < r we can choose x; € R such that y; = z; + Rd;. We can then
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define u = (z1,...,Zr, Yrt1,.--,Ym) € R™ and we find that a(u) = y. Thus « is surjective, and the First
Isomorphism Theorem tells us that Q@ ~ F/ker(c).

We now need to understand ker(a). If x = Y~ z;u; € ker(a) then (x1+Rdy, ..., 2, +Rdy, Tpy1, ..., Tm) =
(0,...,0) which means that x; = 0 for ¢ > r and x; € Rd; for i < r. This means that for i < r we have
elements y; € R such that z; = y;d; and so

x=x1u1 + ...+ 2pur = y1(diur) + ...+ yr(druy),

so x € span{djuq,...,du,.} = M. This shows that ker(a) C M, and the reverse inclusion is easy so
ker(ar) = M. We thus have Q ~ F'/M as claimed. O

Proof of Theorem[12.9. Let A be an n X m matrix over a Euclidean domain R, let let M be the submodule
of R™ spanned by the columns of A, and put N = R™/M. Choose P and @ as in Corollary so the
matrix C := PAQ is in normal form, with diagonal entries dy,...,d, say. Put B = AQ. This is obtained
from A by elementary column operations, so the columns of B span the same submodule as the columns of
A; in other words, they span N.

Next, note that PB = C so B = P~'C. Let uq, ..., um be the columns of P~'; as P~ is invertible, these
form a basis for R™. I claim that the columns of P~1C are dyuy,...,du,,0,...,0 (with n — r zeros). This
is clear in the following special case, where n =4, m = 3 and r = 2:

Uil U1  U31

pt= U2 U2 U32
|U13  U23 U33

([dy, 0 0 0
C=1[0 dy 0 0
0O 0 0 O

_dlull d2U21 0 0
PilC = d1U12 d2u22 0 0
_d1U13 ng23 0 0

The general case is the same except for more elaborate notation.
Thus M is spanned by dyuy,...,du,, and it follows that N = R™/M is isomorphic to R/d; ® ... ®
R/d.® R™". O

Corollary 12.21. [cor-class]
Let M be a finitely generated module over a Euclidean domain R. Then

M~R/d&...®R/d &R’
for some r,s > 0 and some nonunits dy,...,d, € R with dy|ds| ... |d,.

Proof. As M is finitely generated, we can find a finite list vy, ..., v,, of elements that generate M. We can
then define a homomorphism «: R™ — M by

alar,...,am) = a1v1 + ... + QU

This is surjective because the elements v; span M. Thus, the First Isomorphism Theorem for modules tells
us that M ~ R™ /ker(«). We also know that ker(«) is a submodule of R™ and thus is a finite free module,
with basis uq,...,u, say. Let A be the n x m matrix with columns wy,...,u,, so M is isomorphic to the
quotient of R™ by the span of the columns of A. The claim now follows |

Corollary 12.22. [cor-fg-Ab]
Let M be a finitely generated Abelian group. Then

MEZdl@...@ZdTEBZS

for some r,s > 0 and some natural numbers di,...,d, with 1 < dy|ds]...|d,. O
43



Exercise 12.1. [ex-col-red-i]
Reduce the following matrix over C[z] to column echelon form.

r—1 =z x+1
A= T 0 T
r+1 =z xz-—1

Exercise 12.2. [ex-gauss-i]
Consider the following matrix over Clz]:

x 0 -1
A=|-1 =« -1
0O -1 x+1

Let M be the quotient of C[z]® by the span of the columns of A.

(a) Reduce A to normal form by row and column operations.
(b) Give a polynomial f(z) such that M ~ C[z]/f(x).
(¢) Give a list of basic C[z]-modules whose direct sum is isomorphic to M.

Exercise 12.3. [ex-gauss-ii]
Consider the following matrix over Clx]:

Let M be the quotient of C[z]® by the span of the columns of A.

(a) Reduce A to normal form by row and column operations.
(b) Give a polynomial f(z) such that M ~ C[z]/f(x).

Exercise 12.4. [ex-gauss-iii]
Consider the following matrix over Clx]:

T 0 0
A=|0 z-1 0
0 0 2 —x

Let M be the quotient of C[z]? by the span of the columns of A.

(a) Reduce A to normal form by row and column operations.
(b) Describe M as a direct sum of cyclic modules over C[z].

Exercise 12.5. [ex-gauss-iv|
Let M be the subgroup of Z® generated by the columns of the following matrix.

1 1 2 3 3
-1 0 1 -1
1 2 -1 -1
1 -1 0 0
-1 0 -1 1

R e

Determine the structure of Z5/M.

[Readers familiar with representation theory may be interested to know that A is the character table of
the symmetric group Sy. This means that Z°/M = C/R, where R is the character ring of S; and C' is the
ring of integer-valued class functions. You can do the question without knowing any of this, however.]
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Exercise 12.6. [ex-col-red-primes]
Reduce the following matrix over Z to column echelon form.

Ao [71 o7 113 149
B R

(The entries in the top row are the 20’th, 25’th, 30’th and 35’th prime numbers. You could actually derive
the answer from this fact, but it is probably easier to just do the calculation.)

Exercise 12.7. [ex-det-deg]

(a) Let A be and n x n matrix over Z, and suppose that B is obtained from A by row and column
operations. Show that | det(A)| = |det(B)|.

(b) Let A be an n X n matrix over Z, and suppose that | det(A4)| = d # 0. Let M be the quotient of Z"
by the span of the columns of A. Show that M is a finite Abelian group of order d.

(c) Let A be an n x n matrix over C[x], with det(A) = f(z) # 0. Let M be the quotient of C[z]™ by
the span of the columns of A. Show that dim¢ (M) is the degree of the polynomial f(x).

Exercise 12.8. [ex-hilbert-matrix]
Let A be the 3 x 3 matrix whose (4, j)’th entry is 1/(i + j — 1), as shown below:

1 1/2 1/3
A= |1/2 1/3 1/4
1/3 1/4 1/5

This is called a Hilbert matriz. Put B = 120A (so the entries in B are integers) and let M be the quotient
of Z3 by the span of the columns of B. Describe M as a direct sum of cyclic groups.

Exercise 12.9. [ex-cubic-span]
Let M be the subgroup of Z? generated by the vectors (k, k3) for k = 2,3,4,5. Find a basis for M over Z,
and determine the order of Z?/M.

Exercise 12.10. [ex-thirty]
Let A be the following matrix over Z:

6 0 0
A=1(0 10 O
0 0 15

(a) Reduce A to normal form by row and column operations over Z.
(b) What does the answer tell you about the group Zg ® Z1g ® Z157?
(c) Can you prove this fact in an easier way?

13. PRIMARY DECOMPOSITION

Corollary gives us in some sense a complete list of all finitely generated R-modules. However, it
turns out not to be the most convenient kind of list to work with. Moreover, it still leaves us with a question
about uniqueness. For example, both Z4 @ Z15 and Zs @ Zo4 appear in the list of finitely generated Abelian
groups, and so far we have no way of knowing whether they might be isomorphic. In this section we will
modify the classification given in Corollary [[2.21] to get a new classification which is more useful in practice
and which allows us to prove a uniqueness theorem.

Let R be a Euclidean domain, and choose a complete set of irreducibles P.

Let M be an R-module. Recall that in Definition We defined tors(M) to be the set of torsion elements
in M, in other words the set of elements m € M such that there is a nonzero element a € R with am = 0.
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Proposition 13.1. [prop-tors-submodule]
tors(M) is a submodule of M.

Proof. Suppose that m,n € tors(M). Then there are nonzero elements a,b € R such that am = 0 and
bn = 0. It follows that ab # 0 and ab(m+n) = b(am)+a(bn) = b.04+a.0 =0, so m+n € tors(M). Similarly,
for any ¢ € R we have a(ecm) = c(am) = 0, so em € tors(M), so tors(M) is a submodule as claimed. O

Definition 13.2. [defn-torsion-module]
We say that M is a torsion module if tors(M) = M. We say that M is a finite torsion module if it is finitely
generated as well as being a torsion module.

Definition 13.3. A basic R-module is an R-module of the form R/p* for some p € P and k > 0.
We will show that any finite torsion module is isomorphic to a direct sum of basic modules.

Example 13.4. [eg-torsion-group]

For any m € Z15 we have 12m = 0, so m is a torsion element. This shows that Z5 is a torsion module over
Z. More generally, let M be any finite Abelian group, considered as a Z-module. If d is the order of M then
dm = 0 for all m € M, which shows that M is a torsion module. We saw in Example that M is also
finitely generated, so it is a finite torsion module.

Example 13.5. [eg-poly-torsion]

Let W> be the set of functions of the form f(t) = a + bt + ct?, considered as an R[D]-module in the usual
way. For a function f of this form we have f'(t) = b+ 2ct so f’(t) = 2¢ so f"’(t) = 0. This means that
D3f =0, so f is a torsion element of W. It follows that W5 is a torsion module. We saw in Example
that W5 is a cyclic module over R[D] and thus is finitely generated, so it is a finite torsion module over R[D].
Similarly, the space Wy of polynomials of degree at most d is a finite torsion module over R[D].

Example 13.6. [eg-QZ-torsion]

Consider the Abelian group M = Q/Z as a Z-module. Any element m € M has the form a/b+ Z for some
a,b € Z with b # 0. it follows that bm = a + Z, but a € Z so a + Z = Z, which is the zero element of the
group M. Thus bm = 0, proving that m is a torsion element. It follows that M is a torsion module. It is
not finitely generated, however.

Example 13.7. [eg-eigen-torsion]
Let K be a field, and let A and u be elements of K. Consider K? as a module over K[z] using the
endomorphism z.(u,v) = ¢(u,v) = (Au, pv). Then

(1‘ - /\)(ua ’U) = (Au’ :U‘U) - ()\’U,, /\’U) = (07 (:u - A)U)a
and

(@ — p)-(u,v) = (Au, ) = (p, p) = (A = p)u, 0),

(2 — )@ — N)-(u,0) = (& — 12).(0, (1t — A)v) = (0,0).

In other words, the element p(z) = (z — p)(z — \) € K|[z] satisfies p(z).(u,v) = (0,0) for all (u,v) € K2,
which proves that K2 is a torsion module.

Example 13.8. [eg-fin-dim-torsion]

More generally, let V be any module over K [z] that is finite-dimensional (of dimension d say) when considered
as a vector space over K. I claim that V is a finite torsion module over K[z|. Indeed, suppose that v € V.
We then have vectors v, zv, z%v, ..., x% in V. There are d + 1 vectors in this list, but V only has dimension
d, so the vectors in our list must be linearly dependent. Thus, there are scalars ao, .. .,aq € K (not all zero)
such that agv + a1zv + ... + agz® = 0. This means that the polynomial f(z) =ap+ a1z + ...+ agz? is
nonzero and satisfies f.v = 0, so v is a torsion element. This shows that V is a torsion module. Moreover,
we can choose a basis vy, ...,v4 for V as a vector space, and it follows that these elements generate V' as a
module over K[z], so V is finitely generated.
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Next recall that for any two rings Ry, R; we can form the product ring Ry X R;. The elements of Ry x Ry
are pairs (ag,a1) with ag € Rp and a; € R;. Addition and multiplication are defined in the obvious way:

(a0, a1) + (bo, b1) = (ao + bo, a1 + b1)
(@o, a1)(bo, b1) = (apb0, a1b1).

The additive identity is the element (0,0), and the multiplicative identity is the element (1,1).
The following result is called the Chinese remainder theorem.

Proposition 13.9. [prop-chinese]
If a and b are coprime then R/ab ~ R/a x R/b as rings (or as R-modules).

Proof. Define a: R — R/a x R/b by «a(t) = (t + aR,t + bR). Note that a(s +t) = «a(s) + a(t) and
a(st) = a(s)a(t) and a(l) =1, so « is a homomorphism of rings.

As a and b are coprime, we have za + yb = 1 for some x,y € R.

Suppose that «a(t) = (0,0). Then t + aR is the zero coset 0 + aR, so t is divisible by a, say t = au for
some u. Similarly ¢ = bv for some v. This means that

t = 1.t = (za + yb)t = xat + ybt = xa(bv) + yb(au) = (zv + yu)ab,

so t is divisible by ab. Conversely, if ¢ is divisible by ab then it is divisible by both a and b, so «(t) = (0, 0).
Thus ker(a) = Rab.

Now suppose we have some element (u+aR,v+bR) € R/ax R/b. Consider the element t = ybu-+zav € R.
Note that t = (1 — za)u + zav = u+ za(v —u) = v (mod @) and t = ybu + (1 — yb)v = v+ yb(u —v) = v
(mod b), so a(t) = (t+ Ra,t+ Rb) = (u+ Ra,v + Rb). This shows that « is surjective. Thus, Theorem [8.10]
says that R/ab~ R/a & R/b. O

Corollary 13.10. [cor-basic-split]
Any finite torsion R-module is isomorphic to a direct sum of basic R-modules.

Proof. Let M be a finite torsion R-module. By Corollary we have M ~ R/d1®...® R/d, ® R® say. If
s > 0 then M contains a copy of R so it cannot be a torsion module, contrary to assumption. Thus we must
have s=0and so M = R/d; @ ... ® R/d,. It will thus be enough to show that R/d is a direct sum of basic
modules for all d # 0. For this we factor d as upy'...p" as in Theorem As Rd = Rdu~! we may
replace d by du~! and thus assume that d = p}* ...p"". Put ¢; = p!'* and b; = ¢i¢i+1 - - - ¢r, s0 by = d. Note
that d = ¢1b2 and ¢ and by are coprime. Thus Proposition tells us that R/d ~ R/q1 & R/bs. Similarly,
by = q2b3 and g2 and b3 are coprime so R/by ~ R/q2 © R/b3 so R/d = R/q1 ® R/q2 © R/bs. Continuing if
the obvious way we find that R/d = R/q1 & ... ® R/q,, and the modules R/q; are basic, as required. O

Example 13.11. [eg-finite-abelian)]
In the case R = 7Z, we deduce that any finite Abelian group is a direct sum of groups of the form Z,» = 7Z/ pF
where p is prime and k > 0. Suppose that M = By & ... & B, where B, ~ Z/p}*. (Note that the primes p;
need not all be different.) We then have

|M| = |Bi]...|B: =pi*...p0"

Consider for example the case where |M| = 81 = 3%. Clearly all the primes p; must be equal to 3, and
3% =|M|=3™"...3" =3t " 50 ny +...+ny = 4. Given this, it is not hard to see that the possibilities
are as follows:

M ~ Zgl
M ~ ZQ7 D Zg
M ~ Zg D Zg
M~ 79 ®Z3® L
Now consider instead the case where |M| = 36 = 2232 Then all the primes p; must be either 2 or 3.

The orders |B;| = p;* must divide 36 so we must have n;, = 1 or 2. Using this it is not hard to see that the
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possibilities are as follows:

M ~ 74 @ Zg
M~7,®7Z3®ZLs

M ~ 70 ®Zy @ Ly

M ~ 7y ® Zy ® Zs D Zs.

It remains to discuss the question of uniqueness. Could it happen, for example, that the groups A :=
Zgo ® Zg and B := Zg X Z3 X Z3 are isomorphic? The answer is no, because A contains 9 elements satisfying
3a = 0, whereas B contains 27 elements satisfying 3b = 0. An elaboration of this argument will show that
any finite torsion module can be written in an essentially unique way as a direct sum of basic modules.

Definition 13.12. [defn-f-p-k]
Suppose that p € P and k € N. For any finite torsion module M, we define

k k—1
Fj(M)={x€p” "M |px =0}

This is easily seen to be a submodule of M. As M is finitely generated, we see from Corollary [I1.11] that
Fzﬂ“ (M) is finitely generated. As px =0 for all x € FI’f(M), we can regard FI’f (M) as a module over R/p. As
R/p is a field, every finitely generated module over it has a well-defined dimension, so we can define

fp (M) = dimp, (Fy (M)).
We also define
9p (M) = f}(M) — f; " (M).

Remark 13.13. [rem-f-p-k-sum]
It is easy to see that a pair (z,y) € M & N lies in F¥(M & N) if and only if 2 € F/(M) and y € FF(N). It

k _pk k k _ sk k k _
f(;llows tha}f Fy(M®N) = Fy(M)® F;(N) and thus that f;(M @& N) = f;(M)+ f;(N) and g;(M & N) =
9p (M) + g, (N).
Remark 13.14. [rem-f-p-k-iso]
Suppose that M ~ M’. 1 claim that Fy(M) ~ FF(M'), and thus that fF(M) = fF(M’) and gk(M) =
g;j(M’). Indeed, let ¢: M — M’ be an isomorphism. Then if z € FIf(M) then 2 = p*~1y for some y and
px =0, s0 ¢(z) = p*~¢(y) and pp(x) = 0, so ¢(z) € Fy(M’). Thus, ¢ gives a homomorphism from FF (M)
to Fzﬂ“(M "). Similarly, the homomorphism ¢~1: M’ — M restricts to give a homomorphism from F;C(M ) to
FY(M). 1t is easy to see that these two maps are inverse to each other, so F¥ (M) ~ FF(M') as claimed.

Proposition 13.15. [prop-g-p-k-basic]
We have
1 ifp=qandk=j

0 otherwise.

g5(R/q7) ={

Proof. We first prove that

0 ifp#gq
fo(R/qj): 0 ifp=qgandk >y
1 ifp=gqgandk <.

First suppose that p # ¢. Then p* and ¢/ are coprime, so ap® + bg’ =1 for some a,b € R. If z € F}(R/¢’)
then z = pF~1y for some y and pz = 0 so p¥y = 0. On the other hand, it is clear from the definition of R/q’
that ¢’z = 0 for all z € R/¢?, so ¢’y = 0. We thus have y = 1.y = ap*y + b’y = 0, and thus = = p*~ly = 0.
Thus FF(R/¢’) = 0 and so ff¥(R/¢’) = 0, as required.
Now suppose that ¢ = p and j < k. If z € R/p’ then p’z = 0 and k — 1 > j so p*~lz = 0. Thus
p" 1 .(R/p’) = 0 and therefore F}(R/p’) =0 so f}(R/p’) = 0.
Now suppose instead that ¢ = p and k < j. Put e = p/ =1 + p/ R € R/p’, so clearly pe = 0. We also have
e=pF e, where ¢ = pF + pPR € R/p?, so e € p*"1(R/p’), s0 e € F;“(R/pj). If @ is another element of
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F;(R/p]) then pa = 0 so pa is a multiple of p’ so a is a multiple of p?~! so @ is a multiple of e. As e # 0
and e spans F)'(R/p’) we conclude that F(R/p’) has dimension one, so f¥(R/p’) = 1, as required.

It is now easy to deduce our description of gF(R/¢7). If ¢ # p then fr(R/q’) = 0 for all k and it
follows easily that g;f(R/qj) = 0. Suppose instead that p = ¢q. If k > j then K+ 1 > j as well so
TER/P7) = fFTH(R/p7) = 0 s0 gF(R/p’) = 0 as claimed. If k < j then both k and k + 1 are less than or
equal to j, so f¥(R/p’) = fF*H(R/p’) = 1 so gk(R/p’) = 0 as claimed. If k = j then f(R/p’) =1 and
fFH(R/p7) = 050 gh(R/p’) =1 as claimed. O

Corollary 13.16. [cor-primary]
Let M be an finite torsion module. Then M can be expressed in a unique way as a direct sum of basic
modules. The number of copies of R/p* in the direct sum is gZ(M).

Proof. We know from Corollary that M can be written as By @ ... ® By, where each B; is a basic
module. Let n¥ be the number of copies of R/p* in this list. We know that gk (M) = gF(By) + ...+ gk (By).
In this sum we get a 1 for every B; that is a copy of R/p* and a 0 for all other B;’s. Thus implies that
g]’;(M )= n’;.

Now suppose we have another splitting, say M = C; @ ... ® Cs where each C; is basic. Let m’; be the
number of copies of R/p"* in this list. The same argument as before shows that gy (M) = m}, so mk = nk.
Thus the lists By, ..., B; and Cy,...,C, contain the same number of copies of R/p* for all p and k, so the
two lists must be the same up to reordering. Thus, M can be written in an essentially unique way as a direct

sum of basic modules. O

Exercises

Exercise 13.1. [eg-decompose-i]
Write the C[z]-module M := C[z]/(x* — 2?) & Clz]/(2* — 22% + 1) as a direct sum of basic C[z]-modules.

Exercise 13.2. [ex-FpkM-calc]
Let M be the Z-module Zy @ Z4 @ Zg. List all the elements of the subgroups Fi (M), F3(M) and F3(M).

Exercise 13.3. [ex-classify-CCV]

(a) List all the Abelian groups of order 225 up to isomorphism. You should write all the groups as direct
sums of basic Z-modules.

(b) Which of the groups in your list is isomorphic to Zaas?

(c) Let M be an Abelian group of order 225. Suppose that there is an element in M of order 25, and
that there are 9 elements x € M satisfying 3z = 0. Which of the groups in your list is isomorphic to
M?

Exercise 13.4. [ex-ten-thousand]
Let p be a prime number.
(a) List all the Abelian groups of order p*, up to isomorphism.
(b) Let M be an Abelian group of order p*, and put N = {z € M | pz = 0}. Suppose that dimz,, N = 3.
Which of the groups in your list is isomorphic to M?
(¢) How many isomorphism classes of Abelian groups of order 10000 are there? You should justify your
answer, but you need not list all the groups.

Exercise 13.5. [ex-p-fifth]

(a) Given a prime number p, list all the isomorphism classes of Abelian groups of order p°.
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(b) Let M be an Abelian group of order 2°. Suppose that M has precisely 8 elements satisfying 2m = 0,
but that all elements satisfy 4m = 0. Which of the groups in your list is isomorphic to M?

Exercise 13.6. [ex-diffop-basis]
Suppose that f € C*°(R,R) satisfies f" = f’. Find elements eg, e1,e_1 € R[D] such that

f=eaf+tef+ef

(D — 1)671]0 =0
Deof =0
(D + 1)61f =0.

Exercise 13.7. [ex-diffop-solve]
In this problem we solve the differential equation f"/ = f’.

(a) Write the equation f”” = f’ in the form p(D)f = 0 for some polynomial p.

(b) Put M = {f € C*(R,R) | f”" = f'}. Factorise p(D) and thus write M as a direct sum of three
submodules.

(c) Show that if f"”” = f’ then there are constants a, b, c € R such that f(¢) = ael + be™t + ¢ for all .

Exercise 13.8. [ex-diffop-torsion]

Consider C*®(R,C) as a module over C[D]. Let W be the space of functions of the form p;(t)e*t + ... +
pr(t)et for some Ai,...,\,. € C and polynomials py,...,p, € C[t]. In this (quite substantial) problem we
will show that tors(C*(R,C)) = W.

(a) For each A € C, let W, be the space of functions of the form f(t) = p(t)e*, where p is polynomial.
Calculate (D — A\)* f, and deduce that W) is a torsion module over C[D].

(b) Suppose that f € C*(R,C) and that (D — A\)*f = 0 for some k& > 0. Prove that the function
g(t) == f(t)e~ satisfies D¥g = 0.

(c) Suppose that a function g € C*(R,C) satisfies D¥g = 0. Prove by induction on k that g is a
polynomial of degree less than k.

(d) Deduce that every function f with (D — A\)*f = 0 lies in W).

(e) Suppose that f € C*°(R, C) and that p(D)f = 0 for some nonzero element p(D) € C[D]. By factoring
p(D) and considering the module {g € C*(R,C) | p(D)g = 0}, show that f € Wy, +...+ W), for
some 7.

(f) Deduce that tors(C>(R,C)) = W.

Exercise 13.9. [ex-matrix-monomials]
Consider the following matrix over Clx]:

3 22 oz
A=z 2% =z
r T T

Let M be the quotient of C[z]® by the span of the columns of A.

(a) Reduce A to normal form by row and column operations.
(b) Give a list of three cyclic Clz]-modules whose direct sum is isomorphic to M.
(¢) Gve a list of basic Clz]-modules whose direct sum is isomorphic to M.
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14. CANONICAL FORMS FOR SQUARE MATRICES

Given any n x n matrix A over a field K we have a module M4 over K[z]. We see from Example that
My is a finite torsion module, and Corollary [I3.16] gives a classification of such modules. In this section, we
will see what this tells us about square matrices.

For simplicity, we will restrict attention to the case K = C, where the irreducibles are easy to understand.

As we saw in Example the set
P={zx—-X|XxeC}
is a complete set of irreducibles in Clz]. The basic Clz] modules are thus the modules
B(\ k) := B¥_, = Clz]/(z — M)*.

Thus Corollary says that any finite torsion module over C[z] can be written essentially uniquely as a
direct sum of B(\, k)’s, in an essentially unique way.

The next proposition explains the most basic case of this. Recall that M) is the module whose elements
are the complex numbers, with the multiplication rule f.z = f(\)z.

Proposition 14.1. [prop-B-1lm-one]
B(\ 1) ~ M.

Proof. Define a map a: C[z] — M) by a(f) = f(A). This is a C[z]-module map because

a(g-f) = (9)X) = g F(N) = g.f(A) = g.a(f).

If a is a constant polynomial then «a(a) = a, and this shows that « is surjective. We also have a(f) = 0 iff
f(A) = 0iff f(x) is divisible by x — A, so ker(«) is the principal ideal C[z].(z — ). Thus, the first isomorphism
theorem gives us an isomorphism @: B(A,1) = C[z]/(z — \) — M. O

Now suppose that A is a diagonalizable n X n matrix over C, with eigenvalues A1, ..., A, say. Then there
exists a matrix P (whose columns are eigenvectors of A) such that D := P~1AP is a diagonal matrix, with
entries Aq,..., A\, on the diagonal. Recall from Example [5.16] that the direct sum of matrices is defined by

A@B(%H).

If we regard \; as a 1 x 1 matrix and use this notation, we find that D = A1 & ... B \,.
We saw in Corollary that M4 ~ My, @ ... ® M), , and we can now rewrite this as

My~ B(MA,1)®...® B\, 1).
To extend this picture to nondiagonalizable matrices, we need the following definition.

Definition 14.2. [defn-jordan-block]
Given A € C and k > 0 we let J(A, k) be the k x k matrix such that

(1) Every entry on the diagonal is A
(2) Every entry just below the diagonal is 1
(3) Every other entry is 0.

This is called a Jordan block of size k and eigenvalue A. For example, we have

J(\4) =

OO~ >
(el P =)
= > O O
> O O O

Proposition 14.3. [prop-B-1J]
B(A, k) is isomorphic to My 1.
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Proof. Put y =2 — X € C[z], so that B(\, k) = C[z]/y"*. Put A= J(\ k) — I, so for v € M\ ) = CF we
have y.v = J(A, k)v — Av = Av. From the definition of J(A, k) we see that A has 1’s just below the diagonal
and 0’s everywhere else. In the case k = 4 we have

0 0 0 0] v 0
UiAU71000 ’027’1)1
FOZAU=00 1 0 of [ug] ~ |we
0 0 1 0 V4 U3
It is not hard to see that the general case follows the same pattern, so we have
y.(v1,...,0k) = (0,v1,...,0%-1).
It follows that y2.(vy,...,vx) = (0,0,v1,...,vx_2) and so on, so y* L. (vy,...,v.) = (0,...,0,v;) and yFv =

0.

Let {e1,...,ex} be the usual basis for M) = C* over C, so y.e; = ;11 for i < k and y.e, = 0. We
define a: Clz] — M\ x) by a(f) = f.ex = f(J(X k))e1. This is easily seen to be a map of C[z]-modules.

I next claim that « is surjective. Indeed, for any v = (v1,...,vx) € My k) We can put f = vy + voy +
... +ury* ! € Clz] and we find that

a(f) = f.ey =vie; +voy.e1 + ...+ vky’“l

€ = V161 + ...+ vgep =,
which proves surjectivity.

We next claim that ker(a) = C[z].y*. Indeed, suppose we have some polynomial f(z) with a(f) = f.e; =
0. By putting # = y + A and expanding everything out, we can write f(z) in the form ag + a1y + . .. + aqy®.
(For example, if f(x) =22 +2+1then f(z) = (y+ N2+ W+ AN +1=1+A+ 1)+ (1+2\)y +y>.) We
then have

f.el =ap€1 + ...+ ak_lykfl.el =ap€1 + ... +ag—1€ = (ao, Alyeeny ak_l).

As f.e; = 0 we must have ag = ... = ap_1 = 050 f(x) = apy® + ... + aqy?, so f(z) is divisible by y* as
required.

The first isomorphism theorem now tells us that

My ry = image(a) ~ Clz]/ ker(a) = (C[x]/yk = B(\ k)
as claimed. 0

Theorem 14.4. [thm-jordan]
Any square matriz A over C is conjugate to a matriz A’ (called the Jordan normal form or JNF of A) that
is a a direct sum of Jordan blocks.

Proof. We know from Corollary [13.16| that M 4 is isomorphic to a direct sum of modules of the form B(\, k),
say

Ma~ B\, k) @...® B, k).
Put A’ = J()\h kl) D...D J()\t, kt), SO

My ~ MJ(/\1J€1) b...0D MJ(Atykt) ~ B(/\l,k‘l) ©...b B(/\t,k't) ~ Myu.
As M ~ M4/, Proposition tells us that A is conjugate to A’, as claimed. O

The row-reduction algorithm described previously can be used write M 4 as a direct sum of cyclic modules,
or in other words modules of the form C[z]/f(z). If we factor f(x) as (z — A1)* ... (z — \.)¥" (with all the
N’s different) we see from Proposition that

Clz]/f(z) =~ Clz]/(z — M)** @ ...Clz]/(x — M) = B\, k1) @ ... @ B\, k).
We can use this to give an explicit expression for My as a direct sum of B(\, k)’s and thus to determine the
JNF of A.

A different, and usually easier, approach is to use Corollary [I3.16 which tells us that the number of copies
of B(\, k) in the decomposition of My is just g*_, (M), as defined in Definition To calculate these
numbers g’;_ 1 (M4), we need to recall the definition of the characteristic polynomial and minimal polynomial
of a matrix.
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Definition 14.5. [defn-char-poly]
The characteristic polynomial char(A) of a square matrix A is the polynomial det(¢t] — A).

Note that this is easy to calculate directly from A; for example, if
1 2 3
A=14 5 6
7 8 9
then the characteristic polynomial is

t—1 =2 -3
—4 t-5 -6 :(t—l)‘
7 -8 t-9

t—5 —6 -4 -6

-8 t—g‘_(—2)’ 7 t_9‘+(—3)‘ - t—5’

-7 -8

=(t—=1)((t—=5)(t—9) —48) +2(—4(t —9) —42) — 3(32 4+ 7(t — b))
=3 — 15¢% — 18¢.

It is also not hard to see that for any n x n matrix A we have char(A) = ¢™ + lower terms ; in other words,
char(A) is a monic polynomial of degree n.

We now define the minimal polynomial of a square matrix A. First, we put I = {f € C[z] | f(4) = 0}.
Clearly if f(A) = g(A) = 0 and h is arbitrary then (f+g)(A) = f(A)+g(A) = 0and (hf)(A) = h(A)f(A) =
0, so I is an ideal. By Theorem we see that I = C[z]g for some polynomial g. I next claim that I is
never the zero ideal. Indeed, the set of all n x n-matrices over C is a vector space over C of dimension n?, so
any list of n? + 1 such matrices must be linearly dependent. In particular, the list I, 4, ..., A" is linearly
dependent, so there is some list ag, ..., a,2 (not all zero) such that agl + a1 A+ ...+ a,z A" = 0. If we put
fl@)=ap+ar1z+... +an2x"2 we find that f #0 and f € I, so I #0. As I = C[z]g, we deduce that g # 0.
After multiplying g by a nonzero constant, we may assume that g is a monic polynomial. This justifies the
following definition:

Definition 14.6. [defn-min-poly]
The minimal polynomial min(A) of a square matrix A is the unique monic polynomial that generates the

ideal Iy = {f € Clz] | f(A) = 0}.

Theorem 14.7. [thm-char-min]
Let A be an n x n matriz, with char(A) = [[;_,(t — X\;)", where all the \;’s are distinct and r; > 0. Then

(a) We have min(A) = [[;_,(t — X\;)*', where 0 < s; < r;. In other words, the roots of min(A) are
precisely the same as the roots of char(A), and the multiplicities of the roots in min(A) are at most
as large as the multiplicities in char(A).

(b) The JNF of A contains only blocks of the form J(\;, k), where X\; is a root of the characteristic
polynomial, as before. The number of such blocks is dim(ker(A — \;I)) = n —rank(A — \;I). The
mazimum value of k that occurs with \; is precisely s;, and the sum of all the k’s that occur with \;
is ;.

Remark 14.8. [rem-cayley-hamilton]

In particular, part (a) says that min(A)(¢) divides char(A)(¢), so char(A)(t) € I4, so if we substitute the
matrix A into its characteristic polynomial (in other words, evaluate char(A)(A)) we get the zero matrix.
This is the Cayley-Hamilton Theorem.

The proof will follow after some examples and preliminary results.

Example 14.9. [eg-JNF-i]
Consider the following matrix over C:

b
|
cow
=3 SR
U
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The characteristic polynomial is

t—2 -3 4
char(A)=det | 0 t—2 -3 |=(t—2)>
0 0 t—2

Here we have used the fact that if a matrix has zeros everywhere below the diagonal, then the determinant

is just the product of the entries on the diagonal. It follows from the theorem that the minimal polynomial
must be (t —2) or (t — 2)% or (¢t — 2)3. However, we find that

0 3 4
A-2I=10 0 3 (A—21)* =
00 0

o O O

09
0 0
0 0

If the minimal polynomial is f(¢), we must have f(A) = 0. Thus, the above shows that min(A4) # ¢ — 2 and
min(A) # (t — 2)2, so min(A) must be (¢t — 2)3.

We also see that the JNF of A can only contain blocks of the form J(2, k), so it must have the form
J(2,k)®...®J(2,k,), and we may as well order the factors so that 0 < k; < ... < k,.. By comparing char-
acteristic polynomials we see that (t —2)3 = char(A) = (t — 2)*1++F By comparing minimal polynomials
(and noting that max(ky, ..., k) = k) we see that (t—2)% = min(A4) = (t—2)%. Thus 3 = k1 +...+k, = k,.
As all the k;’s are supposed to be positive, this can only work if » = 1 and k; = 3. Thus the JNF of A is
just the single Jordan block J(2,3), and thus M4 ~ B(2,3) = C[z]/(x — 2)3.

For an alternative approach, we can observe from our formula for A — 2T that rank(A — 2I) = 2 and so
dim(ker(A —2I)) =3—2 = 1. Part (b) of Theorem therefore tells us that there is only one block in the
JNF, so A is conjugate to J(2, k) for some k. As A is a 3 x 3 matrix, we must have k = 3.

Example 14.10. [eg-JNF-1ii]
Consider the following matrix over C:

DO = = N
<. O O .
<. OO .
DO = =0 N

The characteristic polynomial is the determinant of the first matrix shown below:

t—2 —i —i -2 t 0 0 -t t 0 0 0
it 0 —i 0 ¢t —t 0 0O ¢t 0 0
i 0 ot —i| =i 0 t —il| 7= 0o t -2
9 i =i t—2 9 i i t—2 —9 i —2i t—4

It is perfectly possible to evaluate the determinant directly, but it is more efficient to perform some row and
column operations first, as shown above. In the first step we have subtracted the fourth row from the first
row and the third row from the second row. In the second step we have added the first column to the fourth
column and the second column to the third column. None of these operations change the determinant. The
determinant of our final matrix is ¢? times the determinant of the 2 x 2 block in the bottom right corner,
which is t? — 4t + 4. Thus det(tI — A) = t?(t2 — 4t + 4) = t2(t — 2)%. The factor (t — 2)? comes from some
Jordan blocks of the form J(2,k), each of which contributes a factor (t — 2)¥. The only possibilities are
J(2,2) and J(2,1) ® J(2,1). Similarly, the factor t* comes from J(0,2) or J(0,1) @ J(0,1). This gives four
possibilities for the JNF of A; we list these below, together with their minimal polynomials.

J(0,1)® J(0,1)® J(2,1) & J(2,1) t(t—2)
J(0,2) ® J(2,1) ® J(2,1) t2(t —2)
J(0,1) & J(0,1) & J(2,2) t(t—2)2

J(0,2)® J(2,2) t2(t — 2)2.



The minimal polynomial of A must be one of the polynomials in the list above. By direct calculation, we
find that

1 i i 1]
i —1 =1 3
A(A—20) = 1 —1 =1 3
1 i 1
A
i =1 =1 1
AA-20) = 1 -1 -1 1
1o i 1
A(A-20)* = A*(A-21)*=0.

It follows that the minimal polynomial of A is t(t — 2)2. By comparing this with the list, we deduce that the
JNF of A must be J(0,1)® J(0,1) & J(2,2).

Example 14.11. [eg-need-rank|

Consider the following matrix over C:
0
-1
-1
0 0 0 1

Here we will just calculate the characteristic polynomial directly by expanding along the top row, although

more efficient methods are certainly possible. We have

t 0 -1 -1

o~ O

1
1
2

—_— O =

A=

t—-1 -1 0 1 -1 0
1%1 t__12 _01 =t| 0 t—2 -1 |-0|1 t-2 -1 |+
0 0 0 1_1 0 0 t—1 0 0 t—1
1 t—1 0 1 t—1 -1
(-1 0 -1 |—(-|1 0 t-2
0 0 t—1 0 0 0
t—-1 -1 0
0 t-2 -1 (t—1)%(t—2)
0 0 t-1
1 t—1 0
1 0 —1 |=—(t—1)?
0 0 t—1
1 t—1 -1
10 t=2[=0
0 0 0

SO
char(A) = t(t — 1)*(t —2) — 0+ (=1)(=(t — 1)*) = 0
= (t—1)*(t(t—2)+1)
=({t—-1)2* -2t +1)=(t— 1™
It follows that the minimal polynomial is (* — 1)* for some k with 1 < k < 4. We have

-1 0 1 1
-1
—1
0
(A-1)*=0.
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(A-1)=

o O O

1
1
0

o = O



It follows that the minimal polynomial must be (t—1)2. We also see that rank(A—1) = 2, so dim(ker(A—1)) =
4 —2 = 2, so there are 2 blocks in the JNF. The JNF is thus J(1, k1) ® J(1, ko) for some ky, ko with k1 < k.
By comparing characteristic polynomials we find that k1 + k2 = 2, and by comparing minimal polynomials
we find that ks = max(ki, ko) = 2. It follows that k1 = ks = 2, so the JNF is J(1,2) & J(1,2).

Proposition 14.12. [prop-conj-char]
If A is conjugate to B, then char(A) = char(B) and min(A) = min(B) and dim(ker(A — AI)) = dim(ker(B —
Al)) for all X € C.

Proof. As A and B are conjugate, we have A = PBP~! for some invertible matrix P. It follows that
P(tI — B)P~' = tPP~' — PBP~' = t] — A so

det(tI — A) = det(P(tI — B)P~') = det(P) det(t] — B)det(P)~! = det(tI — B),

so char(A) = char(B) as claimed.

Next, we have f(A) =0 iff f.m =0 for all m € My, and f(B) =0iff fm =0 forall m € Mp. As A is
conjugate to B the modules M4 and Mp are isomorphic, so f(A) =0 iff f(B) = 0. (More directly, one can
check that f(A) = Pf(B)P~!, and again it follows that f(A) = 0 iff f(B) = 0.) Thus, the ideals I4 and I
are the same, so they have the same monic generator, in other words min(A) = min(B).

Finally, note that ker(A—XI) = {m € M4 | (xt —A\)m =0} and ker(B— ) = {m € Mg | (xt —\)m = 0}.
As My ~ Mp we see that these two vector spaces are isomorphic and thus have the same dimension, as
claimed. ]

Proposition 14.13. [prop-oplus-char]
Let A and B be square matrices of sizes n and m. Then char(A @ B) = char(A) char(B), and min(A & B)
is the least common multiple of min(A) and min(B). Moreover, for any A € C we have

dimker(A @® B — A1) = dimker(A — AI,,) 4+ dimker(B — Al,,).
Proof. We first claim that det(A @ B) = det(A) det(B). We have

won-(45)- () (i) -ormnonm

so det(A @ B) = det(A @ I,,) det(I,, ® B). By expanding along the top row we find that det(I, ® B) =
det(l,—1®B), and it follows inductively that det(I,,®B) = det(B) for all n. Similarly, by expanding along the
bottom row we see that det(A®I,,,) = det(A) for all m, so the equation det(A® B) = det(A® [,,,) det([,, & B)
gives det(A @ B) = det(A) det(B) as claimed.

Next, observe that t1, ., — A® B = (tI, — A)® (tI,, — B), so det(tI,m — A® B) = det(tl, — A) det(t1,, —
B) = char(A) char(B) as claimed.

Next, note that f(A® B) = f(A) ® f(B). Thus

f is divisible by min(A@® B) & f(A® B) =0
< f(A)=0and f(B)=0
< f is divisible by both min(A4) and min(B).

This means that min(A @ B) is the least common multiple of min(A) and min(B).

Finally, we can regard C"*™ as C" @ C™ and we then have (A & B).(u,v) = (Au, Bv). It follows that
(A® B — \).(u,v) = (Au — Au, Bv — A\v), and thus that ker(A @ B — \I) is the set of pairs (u,v) for which
(A—M)u=0and (B — Al)v =0. In other words we have ker(A @ B — A\I) = ker(A — A\I) @ ker(B — A\I)
and so dimker(A @ B — AI) = dimker(A — AI) + dim ker(B — \I). O

Proposition 14.14. [prop-jordan-char]
We have char(J(\, k)) = min(J(A, k)) = (t — \)*. Moreover, we have
1 ifdA=up

dimker(J(A, k) — ul) = {O if A .
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Proof. 1 first claim that det(J(\, k)) = AF. To see this, we need to recall the usual row-expansion method
for evaluating determinants. Suppose we have a k X k matrix A with entries aq, ..., a; on the top row, and
that A; is obtained from i by deleting the top row and the i’th column; then

det(A) = a1 det(A1) — asdet(As) + ... £ ax det(Ayg).

If we take A = J(\, k) thena; =\, Ay = J(\,k—1)and ay = ... = ax = 0, so det(J(A\, k)) = Adet(J(\, k —
1)). Moreover, J(), 1) is the 1x 1 matrix (\) so det(J(A, 1)) = A. It follows inductively that det(J(\, k)) = A¥
for all k£ > 0, as claimed. Here we illustrate the case k = 5:

A0 0 00

IfTx 0 0 0 N
JA5) = o0ol1 X 0 0 —( )

00 1 X 0 | J(04)

0/0 0 1 XA

Next, note that J(\, k) —tI = J(\ —t,k), so det(J(\, k) — tI) = (A — t)¥. For a k x k matrix we have
det(—A) = (=1)*det(A), so det(t] — J(\ k) = (=1)*(A — )k = (t — A\)* as claimed.

We next need to understand which polynomials f(z) have f(J(\, k)) = 0. This happens iff f.m = 0 for
all m in the module M () j), which is isomorphic to B(X, k) = Clz]/(x — A)*. It is clear that f.B(X, k) = {0}
iff f is divisible by (z — A\)¥, so min(J(\, k)) = (z — \)¥ as well.

Finally, note that J(\, k) —ul = J(A—pu, k). If p # X we deduce that det(J(\, k) —pul) = (A —pu)* # 0, so
J (A, k) —pl is invertible and ker(J(A, k) —uI) = {0}. On the other hand, if 4 = A then J(A, k) —ul = J(0, k),

and it is not hard to see that J(0,k).(z1,...,2%) = (0,21, ...,25—1). Thus J(0,k).x =0iffx1 = ... =241 =
0,s0 z=(0,...,0,z) for some z; € C. It follows that ker(J(\, k) — AI) is the span of the standard basis
vector ek, and so dimker(J(A, k) — AI) = 1. O

Proof of Theorem[I].7] Let A’ be the JNF of A, so A’ is conjugate to A and is a block sum of matrices
of the form J(A, k) for various A’s and k’s. We know from Proposition that char(A4) = char(A’) and
min(A) = min(A’) and dimker(A — AI) = dimker(A’ — AI) for all A.

First suppose that all the Jordan blocks in A’ have the same eigenvalue A\. Then we can write

A =T Nk)®...® J(\kq)
for some sequence ki, ..., k4 of positive integers. We then have
char(A Hchar H(t — Nk = (t =\,

where r = 3, k;. We also see that min(A’) is the least common multiple of the polynomials (t — A)*, which
is (t — \)®, where s = max(ky,...,kq). As each k; is positive this means that 0 < s < r. Finally, we see that

dimker(A — A\I) = dimker(A" — \I)

d
= dimker(J(A, k;) — AI)
i=1

d
= Z 1=
i=1
A similar argument shows that dimker(A — ul) = 0 for pu # .
More generally, there will be a number of different eigenvalues, say A1, ..., Aq. Let A; be the block sum
of all the terms of the form J(A;, k) for some k. The above argument shows that char(A4%) = (¢t — A;)™ and
min(A}) = (t — \;)® for some integers r;, s; with 0 < s; < r;. We also have A’ = A/ & ... ® A/, so

char(A) = char(4’) = H(t )
57



Similarly, we find that min(A) is the least common multiple of the polynomials (£ — A1)%!, ..., (t — A\g)%. As
these polynomials are all powers of inequivalent irreducibles, their lcm is just their product, so

min(A) = [ [t = x)*.
We also see that dimker(A — A;) = 3, dimker(A; — A;). The terms for j # i are zero, and the term for
j =1 is just the number of Jordan blocks in A;.
The theorem now follows immediately. |

We conclude by studying the structure of cyclic modules over C[z].
Let f(x) be a monic polynomial of degree n over C. We then have a cyclic module Cz]/f(x) over C[z].

For any polynomial g(x) € C[z] we have an element g(z) = g(x) + Clz]f(z) € Clz]/f(z), and g(x)
iff g(z) — h(z) is divisible by f(z).

Proposition 14.15. [prop-cyclic-basis]
If f is as above then the elements 1,T,..., 2" form a basis for C[z]/f(x) over C. In particular, we have

dime(Clz]/f(2)) = n.

Proof. Every element of C[z]/f(z) can be written as g(z) for some g(z) € C[z]. We can divide g by f to
get g(x) = f(z)q(z) + r(z) for some polynomial r(x) of degree at most n — 1. It follows that g(z) — r(z)

is divisible by f(z), so g(x) = r(x). As deg(r) < n we have r(z) = ag + a12 + ... + a,_12"" ! for some
ag, ..., an_1 € C. Tt follows that r(z) = Z?:_Ol a;7', so the elements 1,7, ...,2" ! span C[z]/f(z) over C.
Now suppose we have a linear relation among these elements, say bl + ...+ b,_1Z" ! = 0. This means
that the polynomial g(z) := bg+ b1z +. ..+ b,_12" ! satisfies g(x) = 0, so g is divisible by f. As the degree
of g is less than the degree of f,this can only happen if ¢ = 0, which means that by = ... = b,_1 = 0. Thus,

the elements 1,...,Z" ! are linearly independent over C. ]

Theorem 14.16. [thm-JNF-cyclic]
Let A be an n x n matriz over C, with JNF J(A1,k1) ® ... ® J(\r, k). Then the following statements are
all equivalent (so if any one of them is true, then all of them are true):

(a) My is a cyclic module over Clz].
) The numbers \; are all different.
(¢) min(A) = char(A).
) My ~ Clx]/ char(A)(x).
) There is a vector v € M such that {v, Av,..., A"~ v} is a basis for M over C.

Proof. (a)=(b): If M4 is cyclic then M4 ~ Cl[z]/f(z) for some polynomial f(z). This must be nonzero,
otherwise M4 would be the same as C[x] and thus would have infinite dimension over C, which is impossible
because dimg(Ma) = n. We can factor f(z) as c(x — u1)* ... (z — ps)*s for some nonzero constant ¢ and
numbers p1, ..., us. By collecting terms we may assume that the p;’s are all different. Using the Chinese
Remainder Theorem we find that

My = Clz]/f(z) = @C[w]/(w — )" = @B(Mh ki),

so the JNF of A is J(u1,k1)®...® J (s, ks). Thus the p’s are the same as the \’s (up to possible reordering)
and so the \;’s are all different.

(b)=(a): Conversely, suppose that the \;’s are all different. Then the polynomials (z — ;) are all
coprime to each other, so if we put f(z) = [[;(z — A\;)* the Chinese Remainder Theorem tells us that

Clz]/ f(z) ~ @C[x]/(:c — )k = @B(/\zw ki) ~ Ma,

so M, is cyclic.

(b)<(c): Note that A is conjugate to J(A1, k1) ®...® J (A, k). We know from Propositions
and that char(A) is the product of the polynomials (z — \;)*, and that min(A) is their least common
multiple. The product is the same as the least common multiple iff the factors (z — A;)** are all coprime to
each other, which is true iff the numbers A; are all different.
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(a)<(d): If (d) holds (ie M4 ~ C[z]/ char(A)(z)) then M4 has the form C[z]/f(x) and is certainly cyclic.

Conversely, suppose that (a) holds, so M4 ~ Clz]/f(z) for some f. Just as in the proof that (a)=-(b)
we see that f is a unit multiple of [[,(z — A;)*, which we know is the same as char(A)(z). It follows that
M, ~ Clz]/ char(A)(x), so (d) holds.

(e)=>(a): Suppose that v € M, and that {v, Av,..., A" v} is a basis for M4 over C. Then for any
w € My there exist ag,...,an—1 € C such that w = apv + a14v + ... + an_1 A" tv. Thus, if we put
g(x) = Y, a;z* € Clz] we find that w = g.v. It follows that v generates M4 as a C[z]-module, so M, is
cyclic.

(a)=-(e): Suppose that M, is cyclic, so we can choose an isomorphism a: Clz|/f(x) — M4. It follows

that deg(f) = dim(C[z]/f(z)) = dim(Ma) = n. It follows from Proposition 5[ that {1,...,2" '} is a
basis for C[z]/f(x), and thus that {a(T),...,a(z" 1)} is a basis for M4. If we put v = (1) we find that
a(z*) = a(z*.1) = 2F.a(T = A*v. This means that our basis is just {v, Av,..., A" v}, as required. O

Example 14.17. [eg-JNF-not-cyclic]
Consider the following matrices:

1 1 11 1 01 1
01 1 1 01 1 1
A= 0 0 11 B= 0010
0 0 0 1 0 0 0 1
We find that char(A) = char(B) = (¢t — 1)*. Moreover (A —I)® # 0

, so min(A) = (t—)* = char(A), so M4
is cyclic. On the other hand, (B —I)?2 =0 (and B — I # 0) so min(B) = (t — 1)? # char(B), so Mp is not
cyclic.

Example 14.18. [eg-JNF-cyclic]

Consider the following matrix:

0 0 0 =3
0 0 -1 0
A= 01 0 O
30 0 0

We find that
char(A) = 9+ 1022 + 2* = (2% + 1)(2? +9) = (z +4)(z — ) (z + 3i)(x — 3i).

As the four roots are distinct, we see that the minimal polynomial is the same as the characteristic polynomial,
so M, is cyclic. If we put v = (1,1,1,1) € C* we find that

=(1,1,1,1)

= (-3 1,1,3)
=(-9,-1,-1,-9)
A3y = (27,1,— ,—27).

By standard methods we can check that these vectors are linearly independent and thus form a basis of C*.
This gives another proof that M4 is cyclic.

Exercise 14.1. [ex-antisymmetric]
Let A be the matrix

0 a b
—a 0 ¢
-b —c O

We assume that a, b, ¢ € R, but we consider A as a matrix over C so we get a module M4 over Clz]. Prove
that
My ~ My ® My @ M_,,

where r = va? + b2 4 2.
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Exercise 14.2. [ex-circulant]
(This question is quite elaborate.) A 3 x 3 circulant matrix is a matrix of the following form:

A:

ISEESEE]
e 8 <
S~

We will assume that u, v and w are real numbers. Put a = u+v+v and b = ((u—v)?+ (v—w)*+ (w—u)?)/2.

(a) Show that the characteristic polynomial of A is (z —a)(z? —b) [You may wish to start by performing
some row and column operations rather than just wading in and calculating the determinant.]

(b) Show that if uv +vw + wu # 0 and u, v, w are not all the same then the minimal polynomial is equal
to the characteristic polynomial.

(c) Show that if uv + vw + wu = 0 and a # 0 then the minimal polynomial is 22 — a?.

(d) Calculate and factorise the minimal polynomial when v = —13, v = 11 and w = 10.

(e) Calculate and factorise the minimal polynomial when u = —2, v = 3 and w = 6.

Exercise 14.3. [ex-JNF-i]
Consider the following matrix over C:

-1 1 1 -1
0 -1 0 1
0 0o -1 -1
0 0 0 -1
(a) What is the characteristic polynomial of A?
(b) What is the minimal polynomial of A?
(¢) What is the rank of the matrix A + I?
(d) Which direct sum of basic C[z]-modules is isomorphic to M4?

Exercise 14.4. [ex-JNF-ii]
Consider the following matrix over C:

1 2 3 4
01 0 5
A= 0 01 6
0 0 01
What is the characteristic polynomial of A?

(¢) Which direct sum of basic C[z]-modules is isomorphic to M4?

()

(b) What is the minimal polynomial of A?
)

(d) What is the Jordan normal form of A?

Exercise 14.5. [ex-JNF-iii]
Consider the following matrix over C:

-1 0 1 O
0o 1 2 0
A= 0 0 -1 0
0 1 1 1

(a) What is the characteristic polynomial of A?
(b) What are the ranks of A+ I and A —I?

(¢) What is the Jordan normal form of A?
(d) Show that M4 is cyclic.
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Exercise 14.6. [ex-INF-iv]
Put a = v/—8. Consider the following matrix over C:

0 0 O 1
0 0 1 o
A= 0 1 o -4

1l o -4 —«

(a) What is the characteristic polynomial of A?
(b) What are the ranks of A+ I and A —I?

(c) What is the Jordan normal form of A?
(d) Show that My, is cyclic.
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SOLUTIONS

Exercise 2.1:

e R; is a ring. The main point is to observe that Ry is closed under addition and multiplication,
because if f(—z) = f(z) and g(—z) = g(x) then

(f +9)(=2) = f(=2) + 9(—2) = f(z) + g(x) = (f + 9)(=)
fo(=z) = f(=2)9(=z) = f(z)g(z) = fg(z).

e R; is not a ring, because it is not closed under multiplication: if f and g lie in R; then

fo(=x) = f(=x)g(—x) = (=f(2))(=g(x)) = +fg(x) # —fg(),
so fg € Ry (except in trivial cases where fg = 0).

e R, is not a commutative ring, because matrix multiplication is not commutative in general. For
example, if we take a = [} J] and b = [ }] then ab = b and ba = 0 so ab # ba. All the other axioms
are satisfied, however.

e Rj3is a ring. The additive identity is the zero matrix, and the multiplicative identity is the matrix
1.

e R, is not a ring. Firstly, it is not commutative, because b x a = —a x b. It is not even associative,
because

ax (bxec)=(a.c)b— (a.b)c
(a x b) x ¢ = (a.c)b— (b.c)a.

There is also no multiplicative identity: if there were, then we would have 1 x 1 = 1, but a x a is
always zero for any vector a. (Rs is in fact an example of a Lie algebra; these are rather different
from rings, but also very important.)

Exercise 2.2:

(a) In Z5) we could take a = 3/4 and b = 6/7; these both lie in Z) because 4 and 7 are not divisible
by 5. We have a + b = 45/28 and ab = 18/28 = 9/14. These both lie in Z5) because 28 and 14 are
not divisible by 5.

(b) In Z[i] we could take a = 2+ 3¢ and b =4 — 5i. We then have a + b = 6 — 2i and ab = 23 + 2i; both
of these clearly also lie in Z[i].

(c) In Q[x,y] we could take a = (x +y)/2 and b = (x — y)/2. Then a + b=z and ab = (22 — y?)/4, so
a + b and ab are again elements of Q[z, y].

(d) In Zy2 we could take a =3 and b=4,s0a+b=7=—5 and ab =12 = 0.

Exercise 2.3: Puta=1/2and b= —-1/3. Thena,b€e Rbuta+b=1/6¢ Rand ab=—1/6 ¢ R, so R is
not closed under addition or multiplication.

Exercise 2.4: Let a and b be nonzero elements of K; we must prove that ab # 0. As K is a field, we
know that a and b are invertible, so we can find elements ¢,d € K with ac =1 and bd = 1. It follows that
abed = 1. If ab were zero we would also have abed = 0, so 1 would be equal to 0, contradicting the definition
of a field. We must thus have ab # 0 as required.

Exercise 2.5:

(a) We have AUP=Aand ANP=0so A+0=A\( = A. Similarly, we have AUA=A=ANA, so
A+ A=A\A=0.
(b) For the equation xa4p(x) = xa(x) + xB(x), there are four cases to consider.
(i) z lies in both A and B, so x does not lie in A+ B, so xa+p(x) = 0. Here we have x a(x)+x5(z) =
141 =2 =0 (because we are working in Zs), so xa+5(x) = xa(z) + xp(x) as required.
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(ii) z lies in A but not in B, so x € A+ B, so xa+p(z) = 1. Here we have xa(z) +xp(z) =140 =
1= xa+p(x) as required.

(iii) « lies in B but not in A; this works the same way as in (ii).

(iv) x lies in neither A nor B. Here it is clear that x 44 5(z) =0=0+0 = xa(x) + x5(2).

The argument is similar but easier for the equation xap(x) = xa(z)x5(z).

(c) It is clear that {x € X | xa(x) =1} = A. If x4 = xp then {z | xa(z) =1} = {z | xp(z) =1}, so
A=B.

(d) Tt is clear that the above rules do indeed define subsets of X, so R is closed under addition and
multiplication. It is easy to see that AB = ANB = BNA=BAand (AB)C = (ANB)NC =
AN (BNC) = A(BC), so multiplication is commutative and associative. Moreover, for A C X we
have X N A = A, so X is a multiplicative identity element.

It is also clear that A+ B = B + A, so addition and is commutative. Part (a) says that @) is an
additive identity, and A is an additive inverse for itself. We next show that addition is associative.
By part (b), we have

Xa+B+0)(®) = xa(x) + xBrc(x) = xa(®) + xB(2) + Xc(7) = xa1B(7) + xXc(T) = X(a+B)+c(T).
It follows using (c) that A+ (B + C) = (A + B) + C, as required.
All that is left is to check distributivity, which can be done by the same method. We have
XaB+c)(T) = xa(x)XB1ro(T)

= xa(@)(xs(x) + xc(2))
= xa(@)xs(r) + xa(@)xc(2)
= XaB(2) + xac(z)
= XAB+ac(T),

so A(B+ C) = AB + AC as required.

Exercise 3.1: The elements are (0,0), (0,1), (0,2), (0,3), (0,4), (1,0), (1,1), (1,2), (1,3) and (1,4). I claim
that the element x := (1,1) has order 10. Indeed, we have nx = (m,7). The first 7 is in Zg, so it is zero iff n
is divisible by 2. The second 7 is in Zs, so it is zero iff n is divisible by 5. Thus nz = (0,0) iff n is divisible
by both 2 and 5, or equivalently iff n is divisible by 10. This means that = has order 10 as claimed.

Exercise 3.2:

(a) We have D.t3 = 3t? so D?.¢3 = 3D.t? = 6t so D3.t3 = 6D.t = 6. This means that (D?/2).t> = 3t
and (D3/6).t3 = 1 so (14 D + D?/2 + D3/6).t> = 3 + 3t> + 3t + 1. We notice that this is just
(t+1)3. The generalisation is that

(Em: DFJEN.™ = (t +1)™.
k=0

More generally, if f(¢) is any polynomial of degree less than or equal to m, it can be shown that

m

(S DM/kD).F() = f(E+1).

k=0

This is essentially Taylor’s theorem.
(b) Put

g9(t) = (D + D F)(t) = f'(t) + f(t)

(—e 'sin(t) + et cos(t)) + e Fsin(t) = e cos(t).
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(©)

We have ((D — 1)gi)(t) = g, (t) — gi(t) = (kth~let 4 tFet) — thel = kth~let) or in other words
(D —1)gr = kgi—1. It follows that

(D =1)%gx = k(D —1)gr_1 = k(k — 1)gr_o
(D—1)%gr. = k(k —1)(D = 1)gg o = k(k — 1)(k — 2)gk—s3

and so on. We eventually find that (D — 1)*g, = klgo, so ((D — 1)kgx)(t) = klet.
We certainly have (D°f)(t) = f(t) = (0 + t)e*. Assuming that (D*f)(t) = (k + t)e* for some
particular value of k, we have

(DMLY (t) = D((k +t)e!) = (k+t)D(e') + ' D(k +t) = (k4 t)e! + et = (k+ 1) + t)e!
It follows by induction that (D¥f)(t) = (k 4 t)e! for all k. Thus, for an operator p(D) = Y, a;D*,

we have
Zak (k+t Zkak (Z ap)t)e’
k

We also have p(1) = >, aj.1%F = Zk ay,. Similarly, we have p/'(D) = Y, kapD*~1, sop/(1) = 3, kay.
Putting these into our earlier formula gives

(p(D))(t) = (¢'(1) + p(1)t)e’,

as claimed.

Exercise 3.3:

()

(b)

()

We just need to check that V is closed under differentiation. Note that v'(t) = tet’/2 = to(t), so

%f(t)v(t) = [V (t) + f1(v(t) = (LF () + [/ () (D).

If f(t) is a polynomial, then clearly ¢ f(¢)+ f/(t) is also a polynomial, so the function (¢f(¢)+ f'(t))v(t)
lies in V' as required.
If we differentiate repeatedly using the above rule we find that

(D)(t) = v(t)
(D'w)(t) = tu(t)
(D?)(t) = (t* + 1)u(t)
(D*)(t) = (£ + 3t)u(?).

As V is an R[D]-module, we must have DFvy € V, so D*v = pyv for some polynomial py. (From
part (b) we see that po(t) = 1, p1(t) = t, po(t) = t2 + 1 and p3(t) = t3 + 3t.) Using part (a)
we see that pri1(t) = tpr(t) + pi(t). The claim is that py(t) = t* + lower terms . If this is
true for some value of k, then tpy(t) = t**1 4 lower terms and p)(t) = kt*~1 + lower terms , so
pra1(t) = t**1 + lower terms , so the claim holds for the next value of k. Moreover, the claim visibly
holds for k£ = 0, so it holds for all £ by induction.

Let k be the degree of ¢, so q(D) = ag + a1 D + ... + apD* for some ay,...,a; € R with a; # 0.
Then ¢(D)v = (agpo + ... + arpr)v, and using part (c¢) we see that agpo(t) + ... + arpr(t) =
apt® + lower terms , so in particular it is not zero.

First suppose that f has degree 0, say f(t) = ¢ for all ¢, where ¢ € R. We can regard ¢ as an element
in R[D], and fv = cv as required; this proves the claim for k& = 0.

Now suppose we have proved the claim for all polynomials of degree less than k, and that f has
degree k. Then f(t) = at® + lower terms for some a € R. It follows that the function g(t) =
f(t) — apk(t) is a polynomial of degree less than k, so we have gv = ¢(D)v for some ¢(D) € R[D]. It
follows that

fo = gv+apyv = g(D)v + aD*v = (¢(D) + aD")v,

so fv € R[D]v as required. The claim now follows for all degrees by induction.
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(f) We know from part (e) that v generates V as an R[D]-module. It follows that V ~ R[D]/I, where
I ={q(D) € R[D] | ¢(D)v = 0}. Part (d) tells us that I =0, so V ~ R[D].

Exercise 4.1: The first few powers are

2 [4759]
A® = 0012
LOO0O 1]
s _[6733]
A” = 0013
LOO0O 1]
s [5196]
A" = 0014
L0001

In general, in the matrix A™ all the entries in the £’th band above and parallel to the diagonal are equal to
the binomial coefficient [} ]. The entries below the diagonal are zero.

Exercise 4.2:
s _p_ [00
@ 4 -1 =48

QoW

} S0
(3 —1)m = [888] [ﬂ = [8} .
000] L1 0
(b) A2 =1Tso A% = Aso A* — T = A— 1. Moreover Am = (3,2,1) so (A —I)m = Am —m =
(3,2,1) — (1,2,3) = (2,0,—2). Thus (2* — 1)m = (2,0, —2).
(c) Am = (0,0) so 2¥m = AF*m = 0 for all k > 0. Thus when we expand out (14x'% + 5zt — 3627 —
2221 + 13z — 5)m, all the terms except the last one are zero, so we are left with —5m = (=5, 5).

Exercise 4.3: We have

42 |9 bl [a b] _ [a®?+bc ab+bd
“le d||e d| T |ac+ed be+d?

and

2
(a+d)A = [a + ad aberd}

ac+cd ad+ d?
SO
f(A) =A%~ (a+d)A+ (ad — be)I

_[a*+bc ab+bd] [a*+ad ab+bd ad — bc 0
" lac+ced be+d? ac+cd ad+d? 0 ad — bc

Exercise 4.4: A% =[322] =2As0 A* = (A?)2 = (24)? = 442 = 8A. Thus f(A) = A* -34=84-3A =
5A=[33].

Exercise 4.5:

(a) Clearly A° = I and A' = A. We observe that A?> = I, and it follows immediately that A’ is I
whenever ¢ is even, and A whenever ¢ is odd.

(b) We have f(1) =3, a; =b+c, and f(—1) = > .(—1)'a; = b—c. It follows that b = (f(1)+ f(—1))/2
and ¢ = (f(1) — f(-1))/2.
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(c) We have f(A) = >, a;A*. The term corresponding to an even number i = 2j is as;I, whereas the
term corresponding to an odd number ¢ = 25 + 1 is as;11A. We thus have

f(A) = Z(azj—”r azjt1A)
= b}+CA
= ((f(D)+ f(=1)/2)I + ((f(1) — f(-1))/2)A
=f(I+A)/2+ f(-1)(I - A)/2

L o]

Exercise 5.1: Let a: M — N be a homomorphism of modules over a Euclidean domain R. Suppose that
aM = {0} and bN = {0} and let ¢ be the ged of a and b. I claim that ¢n = 0 for all n € image(«). Indeed,
we can write ¢ = au + bv for some a,b € R. If n € image(a) then n = a(m) for some m € M. We have
am = 0 (because aM = {0}) so an = aa(m) = a(am) = a(0) = 0. We also have n € N and bN = {0} so
bn = 0. Thus cn = vuan +vbn =040 = 0 as claimed.

In the case considered we have R = Clz] and a = 2° — 2 = (x — 1)(x + 1)z and b = 2° so it is clear that
¢ =z. Thus zn = 0 for all n € image(«).

Exercise 5.2: Suppose that M @ N is cyclic, so there is an element (z,y) € M @ N as an R-module. This
means that for any element (m,n) € M @ N, there exists a € R such that a(z,y) = (m,n). In particular,
for any element m € M we have (m,0) € M @ N, so there exists a € R such that a(z,y) = (m,0), which
means that m = axz. This shows that M is generated by the single element x, so M is cyclic. Similarly, NV
is generated by y and so is cyclic.

Exercise 5.3:

(a) The set N is not a submodule, because (1,0) € Ny but 2(1,0) = (2,0) ¢ N;. However, the set Ny is
a submodule. To see this, suppose that (n,m) and (n’,m’) lie in Ny, so n —m and n’ —m’ are even.
Then (n,m)+ (n/,m’) = (n+n’,m+m’) and the integer (n+n') — (m+m’) = (n—m)+ (n' —m/)
is even so (n,m) + (n’,m’) € Ny. Similarly, for any a € Z we have a(n,m) = (an,am) and
an —am = a(n —m) is even, so a(n,m) € Ny. It is clear that (0,0) € Ny and it follows that Ny is a
submodule as claimed.

(b) I claim that both Ny and Nj are submodules of M4. It is clear that they are both vector subspaces
of R?, so it is enough to check that they are both stable under A. An element w € Ny has the form
w=[%]so Aw =[11][%Z] = [3%], so Aw € Ny. This shows that Ny is stable under A and thus is a
submodule. Similarly, an element w € N; has the form w = [ ;] so Aw = [{]. As the zero vector
certainly lies in N7 we have Aw € N; and so IV is also stable under A.

(c) T claim that neither Ny nor N is an R[D]-submodule of C*°(R,R). Indeed, put f(t) =t —1, so
f € C®(R,R). Then f(0) =0, so f € Ny. However, f'(0) =1 # 0, so f' ¢ No, so Ny is not
closed under differentiation, so it is not an R[D]-submodule of C*°(R,R). To prove that N is not a
submodule, we can use the same function f. We have fOQ f=1?/2—1t2=0,so f € N;. However,

f02 = f02 1=2,s0 f' & Ny, so N; is not a submodule.

Exercise 5.4: If M were free, it would be isomorphic to R? for some d, so we would have 20 = |M| =
|RY = |R|? = 10%. As 20 is not a power of 10, this is impossible, so M cannot be free.
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Exercise 5.5: The elements of Ng are the multiples of 6, which are 0, 6, 12 and 18. We can stop at this point
because 24 = 0, 30 = 6 and so on. Thus Ng = {0, 6,12, 18}, and similarly we have Ny = {0,4,8,12,16,20}.
From this we see that Ny N Ng = {0,12} = N2, so we can take d = 12.

As 8 € Ny and 18 € Ng, the group N4 + Ng contains 8 + 18 = 26 = 2. As N4 + Ng is a subgroup of Zgy
we deduce that all multiples of 2 lie in N4 + Ng, so No C N4+ Ng. On the other hand, as 4, 6 and 24 are all
even we see that all elements of Ny + Ng have the form @ for some even integer a and thus they lie in N,.

This shows that Ny + Ng = N, so we can take e = 2.

Exercise 5.6:
(a) The order is 900/10 = 90.
(b) The factor group Zgoo/N1o is isomorphic to Zig.
(c) Here d is the greatest common divisor of 70 and 900, which is 10.
(d) Here d is the greatest common divisor of 12 =22 x 3,30 =2 x 3 x 5 and 100 = 22 x 52, so d = 2.
(e) Here d is the least common multiple of 30 =2 x 3 x 5 and 50 = 2 x 52, s0 d = 2 x 3 x 52 = 150.

Exercise 5.7: Put u = (1,0,0). Then zu = (0,0,1) and z?u = (1,1,1). These three vectors are clearly
linear independent, so they form a basis of Q3, so they span Q3. Thus any vector v € Q3 can be written in
the form au + bzu + cx?u for some a,b,c € Q. In other words, v = (a + bx + cx?)u € Q[z]u, so we see that
u generates M4 as a Q[z]-module. This means that My ~ Qz]/f(x) for some polynomial f(z), which we
can assume is monic. From the general theory we know that the degree of f is the size of A, which is 3. We
also know that f(z) is the only monic polynomial of degree 3 such that f(x).u = 0.
The polynomial f is in fact the characteristic polynomial of A, which can be calculated directly:
T 0 -1
det(zl —A)=] 0 2—-1 -1 |=a%-22%—z+1.
-1 -1 z-1

For another approach, consider the vector z3u = x(1,1,1) = (1,2,3). We would like to write this in the
form au + bxu + cx’u, so we want
(1,2,3) = a(1,0,0) + 6(0,0,1) + ¢(1,1,1) = (a + ¢, ¢, b+ ¢).

The solution is a = —1,b = 1,¢ = 2, so z%u = —u + zu + 22%u, so (23 — 222 —z + 1)u = 0, so f(z) =
23 —22% —x+ 1.

Exercise 5.8: Define a: R[D] — W, by a(p(D)) = p(D).t?. Note that
D.t% = qt?-1
D%t =d(d —1)t72
D3t =d(d—1)(d —2)t*3
and so on. In general, we have D¥.t? = mt4=* where my =d(d —1)...(d —k+1) = Hi:ol(d —1), as one
can easily check by induction. Note also that when &k < d all the factors d —i for 0 < i < k—1 are nonzero, so
my, # 0. However, we have my, = 0 for k > d. Any element f(t) € Wy has the form f(t) = ag+ait+.. Fagt?

for some ag,...,aq € R. If we define
d
p(D) = Zad,iD’/mi =aq + ad,lD/ml + ...+ aODd/md
i=0
we find that

p(D).t% = agt? + ad,lmle.td +...+ aomngd.td
=agt? + ag_1t* " + ... + aot®
= f().
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Thus every element f € Wy has the form f = p(D).t? for some p(D) € R[D], so W, is generated by t? as a
module over R[D].

Now put I = {p € R[D] | p(D).t¢ = 0}, so Wy ~ R[D]/I. Suppose we have an element p(D) = Y, b;D" €
R[D]. Then p(D).t% = bot? + bymyt¢=1 + ... + bgmgat®, and this is zero iff by = ... = by = 0. This means
that p(D) has the form by, D9 + by, o D42 4 .. so it is divisible by D9t Thus I is the principal ideal
R[D].D, and Wy ~ R[D]/ D%

Exercise 5.9:

(a) If v € L then v = tu for some t € R, so zv = ¢(v) = t(u x u) = 0 (using the fact that a x a = 0 for
any vector a). This shows that L = ¢(L) = 0, so certainly ¢(L) < L, so L is a submodule.

(b) For any v € M we have zv = ¢(v) = u X v, which is always perpendicular to u, so it lies in K. This
says that M = ¢(M) < K, so certainly ¢(K) < K, so K is a submodule. Next, for any v € K we
have u.v = 0 and so

220 = ¢?(v) = u x (u x v) = (wv)u — (wu)v = 0u — r2v = —r?v,
so (z2 4+ 72)v = 0. This shows that (22 + r?)K = 0 as claimed.
(¢) We now know that M < K so

(23 + r22)M = (2* + r¥)aM < (2® +r?)K = 0.

Exercise 6.1: Such homomorphisms correspond to matrices P of the appropriate shape (the same number
of columns as A, and the same number of rows as B) such that PA = BP.

(a) Here P is a 2 x 2 matrix, say P = [ }]. We have PA = [2%t"] and BP = [¢ {]. Thus PA = BP
if and only if a = ¢, a+b=4d, ¢c = a and ¢+ d = b. By solving these equations we find that
c=a =0 and d = b. Thus, the homomorphisms from M4 to Mp are precisely the matrices of the

form P = [§%] over Q.

(b) Here again we have P = [‘Z g] for some a,b,c,d. Thus PA = [ii 52} and BP = [‘/{‘FL f\‘s], SO
PA = BP if and only if Aa = pa and pd = Ad, or in other words (A — p)a = (A — p)d = 0. As
A — i # 0 this means that a = d = 0. Thus, the homomorphisms from M4 to Mp are precisely the
matrices of the form P = [0}].

(¢) Here P is a 2 x 3 matrix over Q. We have PA = PI, = P and BP = I3P = P so the condition
PA = BP is automatically satisfied. Thus the homomorphisms from M4 to Mp are all the 2 x 3

matrices over Q.

Exercise 6.2:

(a) The homomorphisms correspond to matrices C = [2 4] with CA = BC, or equivalently [ % 3¢720] =
a+c b+d
[a+c b+d] , SO
a=a+c
2a+2b=b+d
c=a+c
2c+2d=b+d.

The first and third equations give a = ¢ = 0, and the remaining equations then give d = b, so C'
must have the form [J?].
(b) We need to find the 3 x 3 matrices with CA = BC. Note that BC =C. Put D=A -1 = [g El)) (8)}.
The condition CA = BC now becomes C(I + D) = C, or equivalently CD = 0. If the columns
of C' are u, v and w, then the columns of C'D are easily seen to be v, w and 0. Thus CD = 0 iff
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v =w = 0, so all the nonzero entries of C' must be in the first column. Thus the homomorphisms
. a00
from M4 to Mp are the matrices of the form [b 0 8]
(&

Ci2 C22 (32

A0 0
C11 €21 C31 0 X 0= M1 0 C11 €21 C31
Ci12 C22 (32 0 0 A ’

(¢) Here we need the matrices C' = {CH c21 631} such that

or equivalently

[()\1 —p)err (A2 —pr)ear (Mg — M1)631] _ {0 0 0}
(A1 —p2)ern (A2 —p2)ear (A3 — p2)es 0 0 0]

For most choices of numbers A1, Aa, Az, i1, p2, the X's will all be different from the u’s, so all the
numbers A; — p; will be nonzero. In this case, the only possible matrix C' is the zero matrix. In
general, if we have A\; = p; for some pairs (4, j), then the corresponding entries ¢;; can be nonzero.

Exercise 6.3:
(a) ann(4,Z12) = {0,3,6,9} ~ Zy4.

(b) We have
(@ =) = (4= = )| [ =[],

v u

so (x — 1)(u,v) = (0,0) iff w = 0. Thus ann(z — 1, M4) = {(0,v) | v € R}.

(¢) aa(1l) = a(a.l) = a(a) = «(0) = 0, because @ = 0 in R/a.

(d) Suppose that m € ann(a, M). We can certainly define a homomorphism §: R — M by g(z) = zm.
As am = 0 this satisfies S(ya) = yam = 0, so B(x) = 0 for z € Ra. By the first isomorphism
theorem we get an induced map a = 3: R/aR — M defined by a(%) = B(x) = xm, and in particular
a(l) =m.

(e) Note that ann(D? — 1,C*°(R,R)) is the space of solutions of the differential equation f” = f, or
equivalently the space of functions of the form f(t) = ue® + ve™t with u,v € R. For each such
function we get a homomorphism a: R[D]/(D? — 1) — C*°(R,R) given by

a(a+bD) = (a + bD)(ue' +ve ™) = (a+ b)ue’ + (a — b)ve™".

Exercise 6.4: Recall that there is a map ¢: Z, — Z, with ¢(m) = 7m iff rp is divisible by ¢. This is
satisfied when r = p = 3 and ¢ = 9, so « exists. It is also satisfied when p =9 and r =1 and ¢ = 3, so 3
exists.
The elements of Zz are 0, 1 and 2. We have a(0) =0, a(1) = 3 a(2) = 6, so the image of « is {0, 3,6}.
Next, the elements of Zg are 0, ...,8. We have 3(3) = 3. The 3 on the left hand side is interpreted as an
element of Zg and thus is nonzero, but the 3 on the right hand side is interpreted as an element of Z3 and
thus is zero. In other words, we have 3(3) = 0. Similarly, we have

B(0) = B(3) = B(6) =0
A1) =pA) =p(7) =1
B(2) =B(5) =BE®) =2

Thus ker(8) = {a € Zo | B(a) = 0} = {0,3,6}.
Zs 2 Zg E) Zs3 is exact.

—

We have shown that ker(8) = image(«), so the sequence

Exercise 6.5:
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(a) It is easy to see that A% = 3A, so for all v € M,y we have (2> — 3z)v = 0. In particular, for
u € Clz]/(2®> — 1) we have (22 — 3z)a(u) = 0. However, we also have (z? — 1)u = 0 and so
(22 — 1)a(u) = 0. The polynomials 22 — 3z = z(x — 3) and 22 — 1 = (x — 1)(z + 1) are coprime, so
there exist polynomials p(x) and g(z) with p(x)(2? — 3z) + q(z)(z? — 1) = 1. It follows that

a(u) = p(a)(@? - 3z)a(u) + ¢(x)(@® — Dalz) = 0+0 = 0.

As this holds for all v € C[z]/(2? — 1), we have o = 0 as claimed.

(b) As sin” = —sin and cos” = — cos we have (D? + 1)V = 0. As sinh” = sinh and cosh” = cosh we
have (D? — 1)W = 0. The elements D? + 1 and D? — 1 are coprime in R[D], so 8 = 0 by the same
argument as in part (a).

(c) We have (1) = (w,z,y, z) € Z* for some w,z,w,z € Z. As 4.1 = 0 we see that (4w, 4x,4y,4z) =

~(0) = (0,0,0,0), so 4w = 4o = 4y = 42 = 0. As w, x, y and z are just integers, this implies that

w=xz=y=z=0,s0 (1) =0. This in turn implies that v(7) = n.y(1) = n.0 = 0 for all n.

Exercise 6.6: A homomorphism from R? to M corresponds to a list (mq,...,mg) of elements of M.
There are m possible choices for each entry in the list, so there are m? possible lists, and thus m? different
homomorphisms from R? to M.

Exercise 7.1: Let 7 be as described. Every element of (L + N)/N has the form z+ N for some z € L+ N.
We can write z as x + y for some x € Landy € N,so 2+ N=xz+y+ N =z + N (because y + N = N).
Thus every element of (L + N)/N has the form m(z) for some = € L, which means that 7 is surjective.
Next, ker(m) is the set of those € L for which x + N = N, or in other words those x € L for which we
also have z € N, so ker(m) = LN N.
The First Isomorphism Theorem now tells us that

L/(LNN) = L/ker(r) ~ image(n) = (L + N)/N.

Exercise 7.2: The homomorphism ¢ is an isomorphism iff it is both injective and surjective, or equivalently
ker(c) = {0} and image(c) = M. We have image(c) = M iff every element of M can be written in the form
ng +ny for some ng € Ny and ny € Ny, or equivalently M = Ng+ N;j. Next, ker(o) is the set of pairs (n, —n)
where n € Ny and —n € N;. However, we have —n € Ny iff n € Ny, so ker(o) = {(n,—n) | n € NoNN1}. It
follows that ker(o) = {0} iff NoN N; = {0}. Thus o is an isomorphism iff M = Ny + Ny and NoNN; = {0},
which means precisely that M is the internal direct sum of Ny and V;.

Exercise 8.1:

(a) Let a be a ring homomorphism from Z3 to Z. By applying « to the equation 1+ 1+ 1 = 0 we obtain
a(l) + a(l) + a(1) = a(0) but a(1) =1 and a(0) =0so 1+ 1+ 1 =0 in Z. This is clearly false, so
no such « can exist.

(b) Let « be a ring homomorphism from Q to Z. By applying « to the equation %(1 +1) =1 we get
a(3).(a(1) + a(1)) = a(1). We also have a(1) = 1 so a(3).2 = 1. However, there is no element
x € Z with .2 = 1 so this is impossible, so no such « can exist.

(c) Let a be a ring homomorphism from C to R. By applying a to the equation i2 + 1 = 0 we obtain
a(i)?2 + a(1) = a(0) or in other words a(i)? + 1 = 0. There is no element z € R with 22 +1 = 0, so
this is impossible, so no such « can exist.

(d) The only reasonable example is given by «a(z) = Z (the complex conjugate of z). This is a ring
homomorphism because z +w =z +w and zw = z w and 1 = 1. (There are some other examples
defined by a bizarre procedure involving heavy set theory. The above example is the only one that
is a continuous function from C to itself.)
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Exercise 8.2:

(a)

(b)

Define a: Q[z] — R by a(f) = f(v/2); this is clearly a ring homomorphism. As (v/2)? —2 = 0 we
have 22 — 2 € ker(a), so Q[z].(22 — 2) C ker(c). Conversely, suppose that f € ker(a), so f(v/2) = 0.
We can divide f(x) by 22 — 2 to get f(z) = (22 — 2)q(z) + a + bz for some a,b € Q. We then have

0=f(v2) = (V2" - 2)q(v2) + a + bv2 = a + bV/2.

If b # 0 we can deduce that V2 = —a/b which is impossible as v/2 is irrational. Thus, we must have

b = 0, in which case the equation 0 = a + by/2 tells us that a = 0 also. Thus f(z) = (22 — 2)q(z),

so f(x) € Q[z].(z? — 2). Thus ker(a) = Q[z].(z2 — 2), so Q[x]/(z? — 2) ~ image(a) (by the First

Isomorphism Theorem for rings), and image(«) is a subring of R as required.

(i) We have a(—5) = —5+ I, and we want to show that this is the same as i+ I, or in other words
that —5 — ¢ € I. By direct calculation we have (=5 —14)/(2 + 3i) = 1 + ¢ which lies in Z[i], so
—5—i=(141)(2+ 3i) € Z[i].(2+ 3i) = I as required.

Now suppose we have an element a + ib+ I € Z[i]/I (so a,b € Z). We find that a(a — 5b) =
ala) + a(b)a(—5) = a+ bi+ I, and it follows that « is surjective.

(ii) Suppose that n = (24 3i)(u+iv). By taking norms we find that n? = N(n) = N(2+ 3i)N(u+
iv) = 13(u? +v?), so n? is divisible by 13 in Z.

(iii) As 13 = (24 3:)(2 — 3i) € I we have a(13) = 0 so 13Z C ker(e). Conversely, suppose
that a(n) = 0, so n is divisible by 2 + 3i in Z[i]. By (ii) we see that n? is divisible by 13,
but 13 is prime so n itself must be divisible by 13, so n € 13Z. Thus ker(a) = 13Z and
Zy13 = Z/137Z ~ image(«) = Z[i] /1.

Exercise 8.3:

(a)

Define a: R[z] — C by a(f) = f(2¢). This is clearly a ring homomorphism. Any complex number
a + ib can be written as a(a + bx/2), so « is surjective. Put

I =ker(a) = {f € R[z] | f(2¢) = 0}.

The First Isomorphism Theorem for rings now tells us that R[z]/I ~ C, so it will be enough to show
that I = R[z].(z2+4). It is clear that the polynomial f(z) = 22+ 4 satisfies f(2i) = 0, so 22 +4 € I,
so R[z].(x% +4) C I.

Conversely, suppose that g(z) € I, so g(2i) = 0. By the division algorithm we have g(z) =
q(x)(22 + 4) + ax + b for some polynomial ¢(x) € R[x] and some a,b € R. If we substitute x = 2i in
this relation and use the fact that g(2¢) = 0 we find that 2ai + b = 0. As a and b are real, we can
conclude that a = b =0, so g(x) = q(z)(z? +4), so g(z) € R[z].(z? + 4). Thus I = R[x].(z% +4), as
required.

In R[z]/(2? — 4) the elements x — 2 and = + 2 are nonzero, but their product is 22 —4 = 0. Thus
R[z]/(z? — 4) is not an integral domain, and thus not a field.

Exercise 8.4:

(a)

I claim that

R={0,1,2,4,1+,2+1,2i,1+ 20,2 + 24},
or equivalently R = {a + bi | a,b € {0,1,2}}. Indeed, the listed elements are certainly contained in
R, and it is easy to see that they are all different. Conversely, any element x € R can be written
as © = a + ib for some a,b € Z. We can then write a = 3¢ + @' for some ¢ € Z and o’ € {0,1,2}
and ¢ € Z. Similarly we have b = 3d + b for some d € Z and ¥ € {0,1,2}. It follows that
(a+bi)=(a’ +b'i)+3(c+di), sox=a'+bi,so xis in our list.
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(b) Here we will just write a + bi for a + bi. We have

u’ =1

ul =147

ur=(1+40)?*=2
w=wtu=2i(1+i)=2-2=2i+1
ut=w??=-4=2
ub=utu=2+2i

wS=utu? =4i=1

u=utud =4i+2=1i+2

ud = (u)?=4=1.

(¢) On comparing (a) with (b) we see that every nonzero element of R is a power of u. We also have
u® =1, so 4% is an inverse for u*, so every nonzero element of the ring R is invertible. This means
that R is a field.

(d) If we can prove that 3 is irreducible in Z[i], it will follow that Z[i]/3 is a field (Proposition 10.6 in
the notes). It is a general fact that prime numbers of the form 4k — 1 are irreducible in Z[i], and this
obviously covers the case of the prime 3. More explicitly, if 3 were reducible we would have 3 = rs
for some nonunits r and s. We would then have 9 = N(3) = N(r)N(s), and N(r),N(s) # 1 as r
and s are not units. This means we must have N(r) = N(s) = 3. However, 3 cannot be written as
a? + b? for any integers a and b, so we cannot have N(r) = 3, so 3 must be irreducible after all.

Exercise 9.1: Let h be the ged of f and g, which we can take to be monic. Note that f(1) = g(1) =0, so
both f and g are divisible by = — 1, so h is divisible by & — 1, or equivalently h(1) = 0. We claim that this
is the only root of h. Indeed, suppose that h(¢) = 0. As h divides both f and g and h({) = 0, we see that
f(€) =g(¢) =0,s0 ("™ = (™ = 1. We are also given that n and m are coprime, so nu + mv = 1 for some
integers u and v. We deduce that

C _ Cl _ Cnu-{-mv _ (Cn)u(cm)v — 1u1U — 17

so ¢ = 1 as claimed. As this is the only root of h, we see that h(z) = (x — 1)* for some k > 0. To show that
k = 1, it will suffice to check that f and g are not divisible by (x —1)?2, or equivalently that f/(1) # 0 # ¢'(1).
This is clear from the formulae: we have f’'(z) = nz"~!, so f/(1) =n > 0, and similarly ¢'(1) = m > 0.

Exercise 9.2: We can write a = p"r/s for some integer n > 0 and some integers r, s that are not divisible
by p. Similarly, we can write b = p™t/u for some integer m > 0 and some integers ¢, u that are not divisible
by p. If n < m then the number x = b/a = p™~"ts/ru lies in Z,) and b = ax. This says that b is divisible
by a, and it follows easily that a is a ged of a and b. Similarly, if n > m then b is a ged of a and b.

Exercise 11.1:
(a) Put w = (1,1,0) and v = (0,1,1) and w = (0,0,5). I claim that these vectors form a basis for My
over Z. Indeed, it is easy to see that u, v and w all lie in My. Moreover, if m = (z,y, z) € My then
x —y + z = 5t for some ¢, so z = 5t — x 4+ y, and one checks that
zu+ (y —x)v + tw = (x,2,0) + (0,y — 2,y — z) + (0,0, 5t)
= (z,y,5t +y —x) = (z,y,2) = m.
This shows that m lies in the submodule generated by u, v and w, and it is clear that u, v and w

are linearly independent over Z, so they form a basis as claimed.
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(b) Here we put u = (2,0,0) and v = (3,3,0) and w = (1,1,1); these are easily seen to be elements of
M;. Given an arbitrary element m = (z,y,z) € M;, we note that © —y = 2s and y — z = 3¢ for
some integers s, t. It follows that

su+tv 4+ zw = (2s,0,0) + (3t,3t,0) + (2, 2, 2)
= (m—y,0,0)+(y—z,y—z,0)+(z,z,z)

= (z,y,2) =m.

This shows that m lies in the submodule generated by u, v and w, and it is clear that u, v and w
are linearly independent over Z, so they form a basis as claimed.

(¢) Here we put u = (5,-2,0) and v = (0,2, —3); these are easily seen to be elements of M. Now
consider an arbitrary element m = (z,y,2z) € Ms, so 6x + 15y + 10z = 0. We can reduce this
equation modulo 5: as 6z = (mod 5) and 15y = 10z = 0 (mod 5), we deduce that 2 =0 (mod 5).
Similarly, we can reduce modulo 2 to show that y = 0 (mod 2), and reduce mod 3 to see that z =0
(mod 3). We thus have (z,y, z) = (5r,2s, 3t) for some r, s,t € Z. The equation 6z + 15y + 10z = 0
now gives 307 4+ 30s + 30t = 0, so r + s+t = 0. It follows that

ru—tv = (br, —2r,0) — (0, 2t, —3t)
= (5r,—2(t +r), 3t)
= (5r,2s,3t) = (z,y,2) = m.

This shows that m lies in the submodule generated by u and v, and it is clear that u, v and w are
linearly independent over Z, so they form a basis as claimed.

Exercise 11.2: We can define a: R — R/dy & ... ® R/d, by
alal,...,an) = (a1 + Rdy,...,a, + Rdy).

Suppose we have an element (uj,...,u,) € R/dy & ... ® R/dy, so u; € R/d; for i = 1,...,n. For each i
we can choose a; € R such that u; = a; + Rd;, and then «(aq,...,a,) = (u1,...,u,). Thus « is surjective,
and the First Isomorphism Theorem now tells us that R™/ker(a) ~ R/d; @ ... ® R/d,. We now need to
determine the kernel of a. If a(ayq,...,a,) = 0 then a; + Rd; must be the zero element of R/d; for all i. This
means that a; € Rd;, so a; = b;d; say. It follows that a = >, ae; = Y, b;i.(d;e;) € N. Conversely, it is clear
that «(d;e;) = 0 for all 4, so that N C ker(«), so ker(a) = N. Thus R"/N ~ R/d; & ...® R/d,, as claimed.

Exercise 11.3: One solution is as follows:

ulz(l,l,l,l) dlzl
us = (0,0,0,2) di =2
U3:(0,1,170) d1:4
Uy = (0,0,171) d1 =4.
Put v; = d;u;. It is clear that the set {uq,...,u4} is linearly independent, as is the set {vy,...,v4}. It will
thus be enough to show that the elements u; generate F', and the elements v; generate G.
It is clear that the elements w; all lie in F. Suppose we have an element f = (w,z,y,2z) € F, so

w+ x +y + z = 2t for some integer t. We then have
wuy + (t—w — x)ug + (. — w)uz + (y — 2)ug = (w, w,w,w) + (0,0,0, 2t — 2w — 2x)+
(O,x—w,x—w,O)+(0,0,y—m,y—x)
= (w7$79a2t_w_$_y) = (w7$7y72)'

Thus f lies in the Z-submodule generated by {u,...,us}, as required.
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Next, we have

vy =(1,1,1,1)
vy = (0,0,0,4)
vy = (0,4,4,0)
vg = (0,0,4,4).

These vectors clearly lie in G. Suppose we have an element g = (w,z,y,2) € G, so w —x = 4r, x — y = 4s

and y — z = 4t for some integers r,s,t. We then have x = w — 4r and y = © — 4s = w — 4r — 4s and

z=y—4t =w—4r —4s —4t, s0 g = (w,w — 4r,w — 4r — 4s,w — 4r — 4s — 4t). From this we see directly

that g = wvy — (t + r)ve + rvs + svg. Thus f lies in the Z-submodule generated by {u1, ..., us}, as required.
We now deduce that

F_ Z0LOZoZ _, . ..
G- Zooarpay ~ YV A

Exercise 12.1:

zr—1 = x+1 -1 = 1
T 0 T i) x 0 =
z+1 =z -1 |1 =z -1
[ 1 0 O]

i) —z 22 2z
_—1 2x O_
F 0 Z

3) —x 2x 0
_—1 0 2x_

. (1 0 0

- 10 = O

-1 0 =z

We will refer to the three columns as C7, Cy and C3. In step 1 we subtracted Cy from C; and from Cj
columns. In step 2 we multiplied C7 by —1, then subtracted zC; from C5 and subtracted C; from C5. In
step 3 we exchanged C5 and Cj3, and then subtracted %xCQ from C3. This gives us a matrix in column
echelon form. In step 4 we tidy up a little further by multiplying Cs and Cs by % and then addin Cs to Cf.

Exercise 12.2:

(a) In step 1 we add = times the middle row to the top row, and then multiply the middle row by —1.
In step 2 we add x times the first column to the middle column, and subtract the first column from
the last column. In step 3 we subtract 22 times the bottom row from the top row. Finally, in step 4
we add 1 + z times the middle column to the last column, and then move the top row down to the

bottom.
T 0 —1 (0 22 —-1-—12x 0 22 —-1-—z
1 oz 1|51 -z 1 201 0 0
0 -1 z+1 0 1 -l1-u 0 1 —-1-2z
0 0 2*+22—z-1 10 0
2301 0 0 0o 1 0
0 1 —1-z 00 2®+2*-a-1

This gives us a matrix in normal form.

(b) It follows that
M ~Clz]/(2® + 2> —x — 1).
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(c) Wehave 2 + 22 —2—1= (22— 1)(z +1) = (x — 1)(z + 1)%2. Asz — 1 and = + 1 are coprime, The
Chinese Remainder Theorem implies that

M ~Clz]/(2®* + 2* —x — 1) ~ C[z]/(z — 1) ® C[z]/(z + 1)* = B(1,1) ® B(—1,2).

Exercise 12.3:

(a)

z 0 1 0 0 1
1z ol 5|1 0
0 1 =z _—m2 1 x|
1 0o 0]
3> 0 1 T
_0 —x2 1_
1 0 0
310 1 0
_0 —x2 1423
1 0 0
Llo1 o0
0 0 1+23

We refer to the rows as Ry, Ry and R3 and to the columns as C7, Cy and Cs.
In step 1 we subtract *C3 from C;. In step 2 we move C3 to the front and then subtract xR;
from Rs. In step 3 we subtract Cs from Cs. In step 4 we add z2Rs to Rs.
(b) It follows from (a) that M ~ R/1®R/1® R/(1+2?). As R/1 = {0} it follows that M ~ R/(1+42?),
so we may take f(z) =1+ 3.

Exercise 12.4:

(a)

T 0 0 [z z—1 0 [ 1 z—1 0
0 z—1 0 | 5o z=1 o0 |Z3|1-2 2z—-1 0
0 0 " 10 0 " | 0 0 22—z
[ 1 0 0 ] 1 0 0
A l-z 22—z 0 Llo 22—z 0
| 0 0 xg—x_ 0 0 "

In step 1 we add Rs to Ry, and in step 2 we subtract Co from C;. In step 3 we subtract (x — 1)Cy
from Cs, and in step 4 we subtract (1 — z)R; from Rs.

(b) Tt follows that M ~ C[z]/(x? — ) ® C[z]/(2® — z). (As usual, we have omitted the factor of C[z]/1,
because C[z]/1 = {0}.)

Exercise 12.5: We need to reduce A to normal form by row and column operations. We start by
subtracting multiples of the first column from the other columns to clear out the entries in the top row. We
then subtract the first row from each of the other rows to clear out the first column. Finally, we multiply
all the rows except the first one by —1. This leaves the following matrix:

1[0 0 0 0
0]2 2 2 4
0]0 0 4 4
0|0 3 3 3
0]2 0 4 2



From here onwards, we can ignore the first row and column and just work with the remaining 4 x 4 block.
This can be reduced as follows:

2 2 2 4 1 2 -1 -1
0 0 4 4 ERN 4 0 O 4| 2
0 3 3 3 3 0 3 3
2 0 4 2 2 2 0 4

In step 1 we subtracted the third row from the first row to get 4 —3 = 1 in the top right corner, then moved
the last column to the front so as to get a 1 in the top left corner. In step 2 we subtracted multiples of the
first column from the remaining columns to clear out the top row, and then cleared out the first column.

From here onwards we can ignore the first row and column and just work with the remaining 3 x 3 block.
This can be reduced as follows:

8 4 8 2 —2 6 2 0 0 2.0 0
6 6 6| 5 |-8 4 8/ 2 lo -4 —16| >0 4 0
2 2 6 6 6 6 0 0 —12 0 0 12

In step 1, we moved the bottom row to the top and multiplied it by —1. In step 2 we added multiples of the

first column to the other columns to clear out the top row, then cleared out the first column. In step 3 we

subtracted 4 times the middle column from the last column, and then multiplied both these columns by —1.
The conclusion is that Z° /M ~ Zo ® Z4 ® Z12.

Exercise 12.6:

71 97 113 149 EN (71 26 42 7
1 1 1 1 10 0 -1
2, (1 5 0 7
11 3 6 -1
3, 1 0O 0 O
11 52 6 78
4 [1 0 0 O
11 2 6 0
5, [1 0 0 O
11 2 0 0|

We refer to the columns as Ci,...,Cy. In step 1 we subtract Cy from Cs and C3, and 2C; from C4. In
step 2 we subtract 10Cy from Cy, 3Cy4 from Cy and 6Cy from C3. In step 3 we subtract 5C; from Cy, and
7C4 from C4. In step 4 we add 9C5 to Cy and 13C3 to Cy. Finally, in step 5 we subtract 3C5 from Cj.

Exercise 12.7:

(a) If we add one row of a matrix to another row, then the determinant is unchanged. If we swap two
rows, then the determinant just changes sign. The only invertible elements in Z are 1 and —1. If
we multiply a row by one of these invertible elements, then the determinant is either unchanged or
just changes sign. Similar remarks apply to column operations. Thus, if B is obtained from A by a
sequence of row and column operations then det(B) = £ det(A) and so | det(B)| = | det(A4)|.

(b) Let A be an n x n matrix over Z, and suppose that |det(A)| = d # 0. Let B be a matrix in normal
form obtained from A by row and column operations, so B has the form

D ‘ O(nfr)xr )
B= :
< 07“>< (n—7r) ‘ O(n—r) X (n—r)

where D is a diagonal matrix with nonzero diagonal entries di,...,d, say. By multiplying some

rows by —1 if necessary, we may assume that d; > 0 for all s. By part (a) we have |det(B)| =

| det(A)| = d > 0. If we had r < n then the last n —r columns in B would be zero and we would have

det(B) = 0, giving a contradiction. We must thus have r = n and so B = D. As D is a diagonal
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matrix we have d = |det(B)| = |det(D)| = d1ds . ..d,. We also know that M ~Zg4, & ... Z,4, and
thus |M| = |Zg,|...|Za,| = di ...d,. Thus |M| = d as claimed.

(¢) Let B be a matrix in normal form obtained from A by row and column operations. Just as in (a)
we see that det(B) is an invertible element of Clx] times det(A). The invertible elements of C[z] are
the nonzero constants, and it follows that the degree of det(B) is the same as the degree of det(A).

In particular, we see that det(B) # 0 so B cannot contain blocks of zeros, so it must just be
a diagonal matrix with nonzero entries gi(x),...,g,(x) say. Let m; be the degree of g;. Then
det(B) = g1 ... gn so deg(f) = deg(det(B)) =mq + ...+ my.

On the other hand, we also have M ~ C[z]/g1®...®C[z]/gy, so dimc(M) = >, dime(Clz]/g;).
Using the division algorithm we see that every element of C[z]/g; has the form ag+. . .+ @, 2™ 1+
Clz]g:(z) for some unique list of coefficients ag, ..., am,—1. This means that {1,z,..., 2™~} is
a basis for Clz]/g;, so dimc(Clz]/g;) = m;. It follows that dimc(M) = >0, dime(Clz]/g;) =
St m; = deg(f) as claimed.

Exercise 12.8: We have

120 60 40
B=|60 40 30
40 30 24
This can be put in normal form as follows:
120 60 40 (40 20 40 60 20 —40
60 40 30| |0 10 30| 2|10 10 —10
40 30 24 -8 6 24 2 6 0
(60 200 —40 0 200 40
3010 40 —10l & |0 40 10
2 0 0 2 0 0
2 0 o0 2 0 0
5000 40 10| & o 10 40
0 200 40 0 40 200
2 0 0 20 0
Zlo 10 ol 2 o 10 0
0 40 40 0 0 40

In step 1 we subtract 2C5 from C; and C3 from Cs. In step 2 we add Cs to C;. In step 3 we add 3C; to
Cs. In step 4 we multiply C'5 and R3 by —1 and then subtract 30R3 from R; and 5Rs from Ry. In step 5
we swap R; and R3, and in step 6 we swap Cy and C3. In step 7 we subtract 4C5 from Cj3, and in step 8 we
subtract 4Rs from Rj.

The conclusion is that M ~ Zo @ Z1g ® Zuag.

. .12 3 4 5
Exercise 12.9: The generators of M are the columns of the matrix {8 97 64 125

} . We can perform

column operations to simplify this matrix as follows:

2 3 4 5 - 2 1 0 1 - 1 2 0 1

8 27 64 125 8 19 48 109 19 8 48 109

_ 1 0 0 0 . 1 0 0 O
119 —30 48 90 19 30 18 0

. (1 0 0 0 L1000

19 12 18 0] 7|1 6 0 0]
It follows that M is generated by the vectors (1,1) and (0,6), and these elements are clearly linearly inde-
pendent, so they form a basis for M over Z. Note also that (1,1) and (0, 1) form a basis for Z?; using this,

it is easy to see that Z2/M ~ Zg, and so |Z*/M| = 6.
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Exercise 12.10:

(a) Note that A is not in normal form to start with, because 10 and 15 are not divisible by 6. The first
step is to bring some numbers that are not divisible by 6 up onto the top row. It is convenient to
add both the second and third rows to the first row. This has the effect that the greatest common
divisor of the numbers on the new first row is 1. We can then perform column operations until we
have a 1 in the top right corner:

6 0 O 6 10 15 6 -2 3 6 -2 1
0 10 0{—=1|0 10 0] =10 10 O|— (0 10 10
0 0 15 0 0 15 0 0 15 0 0 15

We then subtract multiples of the first row from the other rows, to clear out the entries underneath
the 1. After that, we perform column operations to clear out the entries to the left of the 1. We
then exchange the first and last columns to put the 1 in the top left corner.

6 -2 1 6 -2 1 0 0 1 1 0 0
0 10 10 —+|-60 30 O| — [-60 30 O] = |0 30 —60
0 0 15 -90 30 O -90 30 O 0 30 -90

We now add twice the middle column to the last column, subtract the middle row from the last row,
and multiply the last row by —1:

1 0 0 1 0 0 1 0 0 1 0 0
0 3 -60 —-10 30 O (=10 30 0| —=10 30 O
0 30 -90 0 30 -30 0 0 =30 0 0 30

The last matrix (which we will call B) is in normal form.
(b) As B is obtained from A by row and column operations, the quotient of Z3 by the span of the
columns of A is isomorphic to the quotient of Z3 by the span of the columns of B. In other words,

ZOLOLZ  LOLOL
6Z ®10Z @ 15Z ~ 1Z & 30Z @& 302’

or equivalently Zg @ Z19 @ Z15 =~ Z3o B Zzo. (We have omitted the factor of Z;, because Z; = {0}.)
(¢) The Chinese Remainder Theorem implies that

ZG ~ ZQ EB Zg
Lo ~ 7Ly ® Zs
Zys ~ 73 ® ZLs
Zgo ~ ZQ @ZS @257
S0
L @ ZLio ® Zns =~ (Lo © ZL3) @ (Lo ® Zs) O (L3 © Zs)
~ (Zy ® L ® ZLs) D (Lo ® L3 B Zs)
~ Zso B ZLsp.

Exercise 13.1: We have
ot — 2% = (z — 1) (z + 1)2?
zt =22 1= (2 —1)*(z +1)?
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& Cla]/(z +1) ® Cla] /2
® Cla]/(z + 1)

® Clz]/(z — 1)*®

® Clz]/(z + 1)%®

=B(1,1)® B(1,2) ® B(-1,1) ® B(-1,2) ® B(0, 2).

Exercise 13.2: The elements of M have the form (a,b,¢) with @ € Zy = {0,1} and b € Z, = {0,1,2,3}
and ¢ € Zg = {0,1,...,8}. We have

Fy (M) = {(g,

={(a,

Clearly 2 always divides 2a, and 4 divides 2b iff b is even, and 9 divides 2c iff 9 divides ¢. Thus @ can be
either element of Zs, b can be 0 or 2, and ¢ must be 0. Thus

F} (M) = {(0,0,0),(0,2,0),(1,0,0), (1,2,0)}.

¢)|2a=0,2b=0, 2c=0}

b,
b,¢) | 2|2a , 4]2b and 9|2c}.

The elements of FZ(M) are the elements of Fi (M) that have the form 2m for some m € M. Thus
F3 (M) ={(0,0,0).(0,2,0)}.

By similar arguments we have

Exercise 13.3:

(a) The prime factorisation of 225 is 3252. Thus any group of order 225 is the direct sum of a group of
order 32 = 9 and a group of order 52 = 25. The 3-primary part could be Zg or Zs @ Zs , and the
5-primary part could be Zss or Zs @ Zs. The possibilities are:

M, =73 ®Z3 ® ZLs & Zs
My =79 ® Zs ® ZLs
M3 =73 ®Zs D ZLas
My =279 @ ZLss.
(b) As 9 and 25 are coprime, The Chinese Remainder Theorem says that Zaos = Z/(9x 25) ~ Zg®Zgs =
My.

(c) Only the groups M3 and M, have any elements of order 25. The group My has only 3 elements
satisfying 3z = 0, so we must have M ~ Mj.

Exercise 13.4:

(a) Any Abelian group M of order p* can be written as a direct sum of groups of the form Zpx With
1<k<4.IfM :Zpkl @ ... 2y, then

:|M|:pk1><...><ka:p e



so k1 + ...+ k. =4. As each k; is at least 1 this means that » < 4. Using this and some trial and
error we see that the possibilities are as follows:

My =7, &7 &Zy ® L,
My =7y & Zp & ZLy>

M3 =7, ® Zys
My = Zp2 @sz
My = Zpa.

(b) In the usual notation, the question tells us that f, (M) = 3. It is a standard fact that f}(Z,+) = 1
for all k > 1, and that f)(A® B) = f,(A) + f}(B). Using this, we find that

fo(My) =4
fr(My) =3
fo(Ms) =2
fr(My) =2
fo(Ms) =1

The only possibility is thus that M ~ M.

(c) We have 10000 = 2% x 5. As 2 and 5 are coprime, any Abelian group of order 24 x 5% is the direct sum
of a group of order 2% and a group of order 5%, in a unique way. By part (a), there are 5 possibilities
for the 2-primary part and 5 possibilities for the 5-primary part, giving 5 x 5 = 25 possible groups
of order 10000.

Exercise 13.5:
(a) The possibilities are as follows:
M =2y ®Zy,®ZLy®ZLy DLy
M; =7y ®Zy, ® Ly ® Ly
Mz = Zp2 EBZP2 @Zp
My = Zps ® L D Zy

My = Zps D sz
My = Zps & Zy
Mg = Zps.

(b) Take p = 2. The groups My, ..., Mg all contain elements of order p> = 8, but all elements in M
have 4m = 0, so we must have M ~ M, for some i < 3. By assumption we have |F}(M)| = 8 = 23
so f3(M) = dimg, F3 (M) = 3. However, we know that f¥(Z,;) = 1 for all j > 0 so f}(M;) =5,
fA(My) = 4 and f}(Ms) = 3. We must therefore have M ~ M.

Exercise 13.6: First note that (D — 1)D(D + 1)f = (D* — D)f = f"” — f' = 0. Suppose we take
e_1 = a_1D(D + 1) for some a_y € R. Then (D — l)e_1f = a_1(D —1)D(D + 1)f = 0, as required.
Similarly, if we take eg = ao(D — 1)(D + 1) and e; = a1(D — 1)D then we will have Degf = 0 and
(D+1)erf =0.

If we can arrange that e_; + ey + e; = 1 then the remaining condition f =e_;f + egf + e1 f will clearly
also be satisfied. We have

€e_1 —+ €0 + €1 = a,l(D2 —+ D) + ao(D2 — 1) —+ al(D2 — D)
= —ap+ (a_1 —a1)D + (a_y + ap + a1) D%
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For this to equal 1, we must have ag = —1 and a1 =a_; and a_; + a9+ a; =0, 80 a1 = a_1 = 1/2. Thus

e1=(D*+D)/2
enp = 1-— D2
e; = (D* — D)/2.

Exercise 13.7:

(a)
(b)

()

p(D) = D — D.
Note that p(D) = (D —1)(D +1)D and all the factors are coprime to each other and p(D)M = {0}.
It follows that if we put

My={feC*RR) [ (D-1)f =0} ={f[ [ =/}

My ={f € C¥R,R) [(D+1)f =0} ={f | f'=—-f}

My ={f € C*R,R)[Df =0} ={f | f' =0}
then M = MO @Ml EBMQ
By standard methods we have

My = {ae' | a € R} M; = {be” " |beR} My =R.

As M = My ® M7 & Ms, any function f satisfying f”/ = f’ can be written as f = fo + f1 + fo with
fi € M;, or equivalently as ae + be~! + ¢ for some a, b, c € R.

Exercise 13.8:

(a)

We have f/(t) = p'(t)eM 4+ Ap(t)er = p/(t)eM + Af(t). Thus (D — \)f)(t) = p'(t)e’. It follows
inductively that (D —\)*f)(t) = p®) (t)eM for all k > 0. If p is a polynomial of degree d then p*) is
a polynomial of degree d — k for k = 1,...,d, and p(*) = 0 for k > d. It follows that (D — \)*f =0
for k > d. This means that f is a torsion element of W). This holds for every element of Wy, so W

is a torsion module.
We have

gt)=ft)e M = Af(H)e ™ = (D - Nf)t)e .
By extending this inductively, we find that ¢ (t) = (D — \)*f)(t)e=** = 0, or in other words
DFg =0.
In the case k = 1 we have Dg = 0 so g is constant and so certainly polynomial of degree less than 1.

Suppose we have shown that all functions with D*~'g = 0 are polynomial of degree less than
k—1.If D*f =0 then D*~1f' = 0 so f’ is polynomial, say f'(t) = ag + ...+ ap_ot*~2. Put

F(t) = £(t) - 1(0) = / ) = aat ot (1)

which is clearly a polynomial of degree less than k. As f(0) is just a constant we deduce that
f(t) = F(t) + f(0) is also a polynomial of degree less than k.

If (D — A\)*f = 0 then the function g(t) = f(t)e *! satisfies D¥g = 0, so g is a polynomial, so
f() = g(t)e* is an element of Wj.

Suppose that p(D)f = 0. We can factor p(D) as u(D— ;) ... (D —\,.)* for some nonzero constant
u, where the \;’s are all different and the k;’s are all strictly positive. It follows that the terms
(z—M;)¥i are all coprime to each other. If weput V = {f | p(D)f = 0} and V; = {f | (D—\;)* f = 0},
it follows that V =V, @ ... ® V.. However, we know from (d) that V; C W),. Thus

feVi+... + V., CWy, +...+ W,

It follows immediately from the definitions that f € W.
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(f) Suppose that f € tors(C°°(R,C)). Then p(D)f = 0 for some nonzero element p(D) € C[D], so (e)
tells us that f € W. Conversely, if f € W then we can write f(t) = pi(t)e*? + ... + p.(t)eM? for
some A, ..., \. € C and polynomials py,...,p, € C[t]. If we put f;(t) = p;(t)ert then f; € Wy,
so f; is a torsion element by (a). Thus f = fi; + ...+ f- is a sum of torsion elements and thus
is a torsion element, as claimed. More concretely, if the degree of p; is k; — 1 then the element

q(D) = (D — X1)* ... (D — A\.)* is nonzero and satisfies ¢(D)f = 0.

Exercise 13.9:

(a) In step 1 we subtract 22 times the last column from the first column, and subtract 2 times the last
column from the second column. In step 2 we swap the first and last columns. In step 3 we subtract
the middle row from the bottom row, and then subtract the top row from the middle row. Finally,
we swap the middle row and the bottom row.

3 22 =z 0 0 x x 0 0
x 22 =z i> x — b 0 T 3) x 0 z — 3
r T T _x—x?’ x — a2 x| K3 x — a2 x—x?’_
[ 0 0 ] [ 0 0 ]

S50 0 az—a2*| 5|0 2—22 0
0 z—a? 0 | 0 0 x— 3

Note that z — 22 = (1 — ) and z — 2% = (1 — 2)(1 + 2), so z|(x — 2?)|(z — 23), so the last matrix
is in normal form.
(b) It follows that
M ~ Clz]/x & Clz]/(x — 2?) & Clz]/(z — 2%).
(¢) The Chinese Remainder Theorem implies that
Clz]/(z — 2?) ~ Clz]/z @ Clz]/(z — 1)
~ B(0,1) ® B(1,1)
Cla]/(z — 2%) = C[a]/z & Cla]/(z — 1) ® C[z]/(z + 1)
~ B(0,1)® B(1,1) ® B(~1,1).
Thus
M

1

Clz]/z & Clz]/(z — 2®) & Cla]/(z — 2°)
B(0,1) & (B(0,1) @ B(1,1)) & (B(0,1) & B(1,1) & B(—1,1))
B(0,1)* ® B(1,1)? @ B(—1,1).

12

12

Exercise 14.1: The characteristic polynomial is

to—a b —c a —c a t
Zi_tcztct_(_a)bt+(_b>bc

= (3 + c2t) + (a®t + abc) + (—abc + b*t)
=12+ 1%t = t(t +ir)(t — ir).

If r # 0 then the three roots of char(A) are distinct. It follows easily that the Jordan normal form is
J(0,1) ® J(ir,1) & J(—ir,1) and thus that

My ~ B(0,1) @ B(ir,1) ® B(—ir,1) = My ® M & M_;,..

In the exceptional case where r = 0 we must have a = b = ¢ =0 so A is just the zero matrix and it is clear
that MA >~ MO EBMO @MO
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Exercise 14.2:

(a) The characteristic polynomial is by definition the determinant of the first matrix below. The second
matrix is obtained by adding the second and third rows to the top row, and the third matrix is
obtained by subtracting the first column from each of the other columns. It is a standard fact that
these operations do not change the determinant.

rT—u = —w rT—a T—a T—a T—a 0 0
v r-—w —u|=>|-v z-w —u|—=|-v z+(@v-—w) v—u
—w -u =0 —w —u  T—v —w w—u x— (v—w)

The determinant of the last matrix can be expanded out directly to give

(z—a)(z? = (v—w)? = (w—u)(v—2u)) = (r—a)(z? —v? —w?+ 20w — vw + wv 4+ vw — u?)
= (z —a)(z? —u?® —v? —w? + uwv + vw + wu).
On the other hand, we have
b= ((u—v)*+ (v —w)* + (w - u)?)/2
= (u* +v* = 2uv + v +w 2vw + w? + u? — 2uw)/2
= (2u® 4 2v% + 2w? — 2uv — 2vw — 2wu) /2

:u2+v2+w2—uv—vw—wu.

Using this, we can rewrite the characteristic polynomial as (z — a)(x? — b).

(b) Suppose that the numbers u, v and w are not all the same, and that uv + vw + wu # 0. The
characteristic polynomial of A is (z — a)(z — v/b)(x + v/b); if we can show that the three roots are
distinct, it will follows that this is the same as the minimal polynomial.

As u, v and w are not all the same, at least one of the numbers u — v, v — w and w — u is nonzero.
Thus (u — v)?, (v —w)? and (w — u)? are all nonnegative, and one of them is strictly positive, so
the number b = ((u — v)? + (v — w)? + (w — u)?)/2 is strictly positive. This means that v/b > 0, so
Vb # —Vb.

We also have
a> —b=(u+v+w)?—(u?+02+w?—uw—ovw—wu) = 3w + vw + wu) # 0,

so a # +v/b. Thus, the three roots are all different, as required.

(c) If uv + vw + wu = 0 we see from the above equation that a? = b, so the characteristic polynomial is
(x —a)(2? — a?) = (z — a)?*(z + a). By assumption we have a # 0 so x — a and = + a are coprime.
We know from the general theory that the minimal polynomial divides the characteristic polynomial
and has precisely the same roots, so it is either (x —a)(z+a) = 2% —a? or (v —a)(z +a)?. By direct

calculation one finds that

A2 —d’T=(w+vw+wu) |1 -2 1],
1 1 -2

which is the zero matrix because uv + vw 4+ wu = 0. Thus the minimal polynomial is z? — a2, as

claimed.

(d) fu=-13,v=11and w=2thena=—-134+11+2=0and b= ((—13 —11)? 4+ (11 — 2)? + (2 —
(—13))?)/2 = 441 = 212, The characteristic polynomial is z(z? — 441) = z(x — 21)(x + 21). The
three roots are clearly distinct, so this is also the minimal polynomial.

(e) If u= -2, v=3and w=06then a =7 and uv + vw + wu = —6 + 18 — 12 = 0 so part (c) applies
and the minimal polynomial is 22 — 49.

Exercise 14.3:
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(a) The characteristic polynomial is the determinant of the matrix

1+t -1 -1 1
0 1+t 0 -1
0 0 1+t 1
0 0 0 1+t

tl — A=

As this is an upper-triangular matrix, the determinant is just the product of the diagonal entries,
which is (1 +¢)%.

(b) The minimal polynomial is a divisor of the characteristic polynomial, so it must by (1+%)* for some
integer k < 4. The matrix I + A is clearly nonzero, but

011 —17J0 1 1 -1 000 0
, looo 1|looo 1| |oo o0 o0
U+ =10 0 0 —1]o 0 0 -1 000 0
000 0|looo o 0000

It follows that the minimal polynomial of A is (t + 1)2.

(c) The first two rows of I + A are clearly linearly independent, but the third row is minus the second,
and the last row is zero. Thus, the rank is two.

(d) If M4 is a direct sum of modules of the form B(A, k), then the numbers A must be roots of the
minimal polynomial of multiplicity at least k. The only root of the minimal polynomial is —1,
which has multiplicity 2. It follows that the only possible summands in M4 are B(—1,1) (which
has dimension 1 over C) and B(—1,2) (which has dimension 2 over C). As x + 1 has rank 0 on
B(—1,1) and rank 1 on B(—1,2), we see that the number of copies of B(—1,2) is the rank of 4+ 1
on My, or in other words the rank of A + I, which is 2. The two copies of B(—1,2) have total
dimension 4, which is the dimension of M4, so there cannot be any copies of B(—1,1) and we have
My ~ B(-1,2) ® B(—1,2).

Exercise 14.4:

(a) The characteristic polynomial is the determinant of the matrix

t—1 =2 -3 —4
0 t—1 0 )
0 0 t—1 —6
0 0 0 t—1

tl — A=

As this is an upper-triangular matrix, the determinant is just the product of the diagonal entries,
which is (¢ — 1)%.

(b) The minimal polynomial is a divisor of the characteristic polynomial, so it must be (¢t —1)* for some
integer k < 4. We have

0 2 3 4] [0 2 3 4 00 0 28]
2 1000 5/ {0005 000 O
A=D"=16 0 0 6[lo 006/~ ]ooo of°
0 00 o0/[0 000 000 0]
0 0 0 2810 2 3 4 00 0 0]
s {0000 0|]0o0 05 f000 0
A=D"=15 00 o|fo oo 6 ~|oo o of
000 0[]0 00O 00 0 0

and it follows that the minimal polynomial is (t — 1)3.

(c) As 1 is the only root of the minimal polynomial, the module M, is isomorphic to a direct sum of
modules of the form B(1,k). As 1 is a triple root of the minimal polynomial, we must have at least
one summand of the form B(1,3). This has dimension 3 and M4 has dimension 4 so there is only one
dimension left over, so the other summand must be B(1,1). We thus have M4 ~ B(1,3) @ B(1,1).
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(d) We read off from this that A is conjugate to J(1,3) & J(1,1), which is the following matrix:

o

0 0
0 0
1 0
01

OO = =
[

Exercise 14.5:

(a)

The characteristic polynomial is the determinant of the matrix

t+1 0 -1 0
0 t—1 =2 0
0 0 t+1 0
0 -1 -1 t-1

tl — A=

Expanding along the top row and ignoring the 0’s we get

t—1 =2 0 0 t—1 0
det(t/—A)=@t+1)| 0 t+1 0 |+(-1)|0 0 0
-1 -1 t-1 0 -1 t-—1

The second term here is easily seen to be 0. For the first term, we have

t—1 =2 0
0 t+1 0 _(t—l)‘

t+1 0 0 0‘
-1 -1 t-1

-1 t—1 ’_(_2)’ -1 t-1

=({t—1%(t+1)—(=2)(0) = (t - 1)*(t+1).

It follows that char(A)(t) = (¢t — 1)%(t + 1)%.
A slightly quicker approach is possible if you know that determinants can be expanded along any
row or column, not just along the top row. We then have

t+1 0 -1 0
0 t—1 =2 0
0 0 t+1 0
0 -1 -1 t-1

t—1 -2 0
Z(t+1)] 0 t+1 0
-1 -1 t-1
2 t+1 0
—(t—i—l)(t—l)‘ o tl‘

= (t+1)%(t—1),

where in step 1 we have expanded using the first column, and in step 2 we have expanded using the
third column.

‘We have
0010 2.0 1 0
02 2 0 0 0 2 0
A+I=145 0 0 o A=I=14 ¢ 2 ¢
01 1 2 0 1 1 0

In A+ I the nonzero rows are clearly linearly independent, so the rank is three. In A — I the middle
two rows are multiples of each other but the first, second and fourth rows are linearly independent,
so the rank is again three.

It follows from (a) that the JNF of A contains only blocks of type J(1,k) or J(—1,k). Theo-
rem 14.7(b) tells us that the number of blocks of type J(1,k) is 4 — rank(A — I'), which is equal to 1
by (b). We thus have only one block of type J(1, k), which has to contribute a factor (¢ —1)? in the
characteristic polynomial, so it must be J(1,2). Similarly, we have only one block of type J(—1,k)
and it must be J(—1,2). Thus the JNF of A is J(1,2) @& J(—1,2).
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(d) Tt follows from (c) that
Ma ~ B(1,2) ® B(—1,2) = C[z]/(x — 1)* ® C[z]/(x + 1)* ~ C[z]/((z — 1)*(z + 1)?).

(The last equality uses the Chinese Remainder Theorem, which is valid because (z —1)? and (z +1)?
are coprime.) It follows that M, is cyclic, as claimed.

Exercise 14.6:

(a) (t—1)*(t+1)?

(b) 3 and 3.

(c) It follows from (a) that the JNF of A contains only blocks of type J(1,k) or J(—1,k). Theo-
rem 14.7(b) tells us that the number of blocks of type J(1,k) is 4 — rank(A — I'), which is equal to 1
by (b). We thus have only one block of type J(1,k), which has to contribute a factor (¢t —1)? in the
characteristic polynomial, so it must be J(1,2). Similarly, we hav only one block of type J(—1,k)
and it must be J(—1,2). Thus the JNF of A is J(1,2) @& J(—1,2).

(d) It follows from (c) that

Ma = B(1,2) ® B(~1,2) = Cla] /(¢ — 1)? ® Cle]/(a + 1)* = Cla]/((z — 1)*(x + 1)?).

(The last equality uses the Chinese Remainder Theorem, which is valid because (x —1)? and (z+1)?
are coprime.) It follows that M4 is cyclic, as claimed.
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