MAS290 PROBLEMS

Exercise 1. Consider the following phase portrait:
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Which of the following statements are true?

(a) Point A is an equilibrium point.

) Point B is a saddle.

(c) If a solution has (x,y) = C at t = 0, then (z,y) = E at some time ¢ > 0.

(d) At point D we have # > 0 and g > 0.

) Point E lies on the z-nullcline.
) If a solution has (z,y) = F at t = 0, then it also has (z,y) = F at some time ¢ > 0.
) If a solution has (z,y) = G at t = 0, then it also has (z,y) = G at some time ¢t > 0.

Solution:

(a) This is false. A solution starting at A will move immediately to the left.

(b) This is false. The flow lines near B circulate around B, so it is a centre, not a saddle.

(¢) This is false. Point C is the limit of two different flow lines, which means it must be an equilibrium
point (and in fact a saddle). This means that a flow line starting at C' just stays there, it does
not move towards E.

(d) This is false. The flow line through D points to the right (so ¢ > 0) and down (so ¥ < 0).

(e) This is true. In fact E is an equilibrium point (just like C'), so it lies on both the z-nullcline and
the y-nullcline.

(f) This is true. The flow line through F' is a closed curve, so after a finite time the solution starting
at F will travel all the way around the curve and return to F.

(g) This is false (assuming that the flow lines behave in the obvious way outside the box that we

have shown). The solution starting at G will move continually to the right and will never return
to G.



Exercise 2. Draw the nullclines and equilibrium points for the following phase portrait.

Solution: Each circular flow line has two points (one on the left and one on the right) where the line
is vertical and so £ = 0. Joining up these points gives the z-nullcline, which consists of two diagonal
lines. Similarly, at the top and bottom of each circular flow line the line is horizontal, so ¢ = 0. Joining
up these points gives the y-axis, which is part of the y-nullcline. Moreover, the whole of the z-axis is
another flow line which is horizontal and so is part of the y-nullcline. Thus, the y-nullcline is the union

of the two axes.
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Exercise 3. Draw the nullclines and equilibrium points for the following phase portrait.

Hint: the y-nullcline consists of three straight lines, and the z-nullcline consists of three curves. The
whole picture should be very symmetrical.

Solution: The z-axis is a flow line which is horizontal and so is part of the y-nullcline. On each of the
other flow lines, there is a point where the line is horizontal. These points are easy to find on the flow
lines that are highly curved, and the hint tells us that we can just connect them together with straight
lines. This gives the y-nullcline. Similarly, to find the z-nullcline, we look for points where the flow lines
are vertical, and join them together with a smooth curve.




Exerci

(a)
(b)
(c)
(d)
The ph

se 4. Consider the following four systems:
=z -yt g=2+1

=2+t y=a+1

=z, §y=a>+1>

& =a%+2zy — 3, y =22 — 20y — o>

z
z

ase portraits are shown below, in a different order:

(a)

By considering equilibrium points, nullclines and so on, work out which phase portrait belongs to which

system.

Solution: The nullclines and equilibrium points are as follows.

(a)

(b)

The z-nullcline is given by x? — y? = 0, which means that y = 4, so we have two diagonal
lines through the origin. The y-nullcline is given by x = —1. The equilibrium points are where
x=—1and y = £, so they are (—1,—1) and (—1,1).

Here the z-nullcline is given by z? + y? = 0, which is only satisfied when z = y = 0. Thus, the
z-nullcline is a single point at the origin. At all other points we have & > 0, so the flow lines
move to the right. The y-nullcline is a vertical line given by x = —1. The z-nullcline and the
y-nullcline do not intersect, so there are no equilibrium points.

Here the y-nullcline is just a single point at the origin, and at all other points the flow lines move
upwards. The z-nullcline is given by x = 0. To the left of this line we have £ < 0 and so the
flow lines move further to the left. Similarly, to the right of z = 0 we have © > 0 and so the lines
move further to the right.

The z-nullcline is given by 22 4+ 2xy — y? = 0. This is a quadratic equation for 3, which we can
solve to get y = (—2x 4+ v4x? + 422)/(—2), or y = (1 £ v/2)x. Thus, the z-nullcline consists of
two straight lines through the origin, with slopes 1 — /2 ~ —0.41 and 1+ /2 ~ 2.41. Similarly,
the y-nullcline is given by 22 — 2zy — y?> = 0 or y = (=1 % v/2)z, so it consists of two more
straight lines through th origin, of slope approximately 0.41 and —2.41

Now consider the pictures. In picture (p) the lines all move upwards, and they move left when z < 0
and right when z > 0; this matches with system (c). In picture (q) there are two equilibrium points: a
saddle near the bottom left, and a focus directly above the saddle near the top left. This matches with
the behaviour of system (a). In picture (r) we can see that the only equilibrium point is at the origin.

We can
points 1

sketch the z-nullcline by looking for points where the flow lines are vertical. We find that these
ie on two straight lines through the origin. Similarly, we can sketch that y-nullcline by by looking

for points where the flow lines are horizontal. We find that these points again lie on two straight lines
through the origin. This matches with system (d). Finally, picture (s) shows no equilibrium points at

all, so t

his must be system (b).

Exercise 5. Find the trace, determinant and eigenvalues of the following matrices.

I B e B O B

Solution:

(a)

Matrix A has trace 7 = a + ¢ and determinant § = ac, so the characteristic polynomial is
2 —1t+6=1t>—(a+c)t+ac=(t—a)(t—-c),

so the eigenvalues are a and c.



(b) Matrix B has trace 7 = 2cos(f) = € + e~ and determinant § = cos(#)? + sin(9)? = 1. It
follows that the characteristic polynomial is

Tt o=1"— (¥ +e Nt +1=(t—e?)(t—e),

and the eigenvalues are ¢ and e =%,

(c) Matrix C has trace 7 = 2a and determinant § = a—b2. It follows that 72— 46 = 4a®—4a?+4b =
4b?, so the eigenvalues are

Hr+ V72 =1(2a+2b)=a+b, a—b.

(d) Matrix D has trace 7 = 0 and determinant § = —ab, so the characteristic polynomial is t? — ab,
and the eigenvalues are ++v/ab.

Exercise 6. Solve the system @ = 13v, ¥ = —13u — 10v with u =a and v =b at t = 0.

0 13
—-13 -10
—10 and the determinant is § = 132 = 169, so 72 — 4§ = —576 < 0. Thus, the eigenvalues are
(=10 £ v/576i)/2 = —5 £ 12i. We therefore have a stable focus with A = —5 and w = 12. The
corresponding matrix P is

Solution: The problem can be written as [ﬂ =A {Z], where A = [ ] The trace is 7 =

P = eM(cos(wt)] +w ™t sin(wt)(A — AI)) = e~ (cos(12t)1 + % sin(12t)(A + 51)).

Here
A+51 R 13] | 5/12 13/12
2 -13 5|  |-13/12 —5/12|’
S0
P ot cos(12t) + -2 sin(12t) 3 s1n(12t)
— 13 sin(12¢) cos(12t) — Zsin(12¢) |

Thus, the solution starting at [2} is

ul _ plal _ -5t acos(12t) 4 595130 sin(12¢)
b beos(12t) — 132830 gin(12¢) | -

Exercise 7. For each of the following linear systems, classify the equilibrium point at the origin.



Solution:

system A T § | T2 =45 M, type

2 1

(a) 4 1 3 4 1,3 unstable node
1 2
2 1 1+/29

(b) —1|-7 29 —5 saddle
1 -3
1 -4

(c) 0| 7| —-28 +/7i centre
2 -1
0 2 1 V35

(d) -1| 6 —23 | =5 | stable focus
-3 -1
-1 8

(e) 6 |9 0 3,3 unstable node
-2 7
-7 3

() -4 3 4 -3,—1 stable node
-8 3

Exercise 8. Suppose we have five different linear differential equations with properties described below.
In each case, find the type of equilibrium point at the origin.

e The matrix for system A has eigenvalues —2 and 3.
The matrix for system B has 7 =0 and ¢ = 16.

3e72t 4 2¢73¢
3e 3t + 2€2t:| '

One of the solutions for system C is [ﬂ = [

e System D has the following phase portrait:

e System E corresponds to the following point in the (7, d) plane:
5

T

Solution:

A This system has one negative eigenvalue and one positive eigenvalue, so it must be a saddle.

B This system has 7 = 0 and § > 0 so it is a centre. The eigenvalues are £+v/—4 x 16 = £8i, so the
angular frequency is w = 8. We do not have enough information to decide whether the rotation
is clockwise or anticlockwise.

C As e~2" and e=3! appear in the solution, the eigenvalues must be —2 and —3. As these are both
negative real numbers, we have a stable node.

D As the flow lines spiral outwards, this is an unstable focus.

6



E The given point is in the top right quadrant where 7 > 0 and 6 > 0. It lies below the parabola with
equation § = 72/4, s0 § < 72/4, so 72 —46 > 0. This means that the eigenvalues (7+£v/72 — 45)/2
are both positive, so we have an unstable node.

Exercise 9. Give examples of linear differential equations of the following types. Try to make your
examples as simple as possible.

(a) A stable node.

(b) A saddle.

(¢) A clockwise centre.

(d) An anticlockwise unstable focus.

Solution:

(a) We need a system with two distinct, negative eigenvalues. The simplest example is the matrix

0 -2
(b) We need a system with one positive eigenvalue and one negative eigenvalue. The simplest example

{_1 0 } , or the corresponding system & = —x, y = —2y.

. et . . .
is the matrix {0 OJ , or the corresponding system & = x, y = —y.

-1 0
The first of these gives an anticlockwise rotation, so we use the second one. The corresponding
equations are £ = y and y = —ux.
(d) We need a system with 72 — 4§ < 0 (for a focus) and 7 > 0 (to make it unstable). The bottom
left entry in the matrix should also be positive, to ensure that the rotation is anticlockwise. A

(¢c) We need a system with 7 = 0 and § > 0. The two simplest examples are {(1) 01} and [ 0 1} .

simple example is [(1) _11] , which has 7 = 6 = 1. The corresponding equations are & = —y and

y=x+y.

Exercise 10. Consider the matrix A = {__140 ?] .

(a) Find the trace, determinant, eigenvalues and eigenvectors of A.
(b) Hence find a diagonal matrix D and an invertible matrix V such that A = VDV~
(¢) Find a matrix P depending on ¢ such that P = I when t =0, and P = AP.

)

(d) Find a vector u depending on ¢ such that u = B] at t =0, and @ = Au.

Solution:
(a) The trace is 7 = —4 4+ 7 = 3, and the determinant is 6 = (—4) x 7 — 3 x (—10) = 2. This means
that 72 — 45 = 9 — 8 = 1. The eigenvalues are (7 + /72 — 46)/2, which gives A\; = 1 and Ay = 2.

-5 3]
, SO we can

An eigenvector vy of eigenvalue 1 must satisfy (A — I)v; =0, but A— I = [_10 6

take v; = [g} Similarly, an eigenvector ve of eigenvalue 2 must satisfy (A — 2I)vy = 0, but
—6 3

A=2=1_19 5

(b) The general method here is to take

so we can take vy = B]

1o
175 2
Ino0] o
D“[o AJ"[O 2]'
Note here that det(V) =3 x2—1x5=1 and so
Lo (2 -1
e

(c) In the lectures we gave two different methods for this. The first method says that P = VEV 1

where o .
e 0 e 0
=y a=[o &

e

Vz[vl




This works out as
p_ {3 1] [et 0 ] [ 2 —1] _ {3 1} { 2¢! —et} _ [ 6e’ — Be?t  —3e’ 4 3e?! '
5 2/ |0 e¥||-5 3 5 2| |—be? 3% 10et — 10e?* —bet + 6e?
The second approach uses the formula
P = (X — A1) (At = M)+ (e — M) A).
In our case this becomes

P = (2" — eI+ (*' —eh)A
2et — 2t 0 —4 3 6et — 5e?t  —3et 4 3e?t
= ¢ 2t]+(€2t_€t)[ ] = {

0 2ef —e —-10 7 10e’ —10e*"  —5e’ 4 6e' |’
1] [3et — 262
(d) The relevant vector is u = P L] = L’,mt _ 4€2t:|

Exercise 11. For each of the following matrices Ay, find a matrix Py (depending on t) such that
P, = APy, and P, = I when t = 0.

1 1 1 1 1 1
S R B L S |
Solution: All three matrices Ay have trace 7 = 2, and the determinants are 0,1 and 2. The correspond-
ing values of 72 — 44 are 4, 0 and —4.

(a) For Ag, the eigenvalues are (24-+/4)/2, which gives A; = 0 and Ay = 2 (both real). The standard
formula in this context is
1
A2 — A1

P= (()\Qe/\lt — )\16’\2t)I + (e’\275 — e/\lt)A) .

In the present case, this becomes

P = % ((2¢° = 0T + (' — %) Ag) = % (B (2)] (=) E ﬂ)

1 et 1 et —1
T o le?t—1 e 41|

(b) For Ay, the eigenvalues are (24 +/0)/2, so A = 1 is a repeated eigenvalue. The standard formula
in this context is

P =M+ (A - \)).

In the present case, this becomes

n=e (el )= [o )

(¢) For A, the eigenvalues are (2++/—4)/2, which gives 144. The standard formula in this context
is

P =M (cos(wt)I +w ' sin(wt)(A — ).

In the present case we have A = w = 1, giving

e 10 . 0 1|\ 4| cos(t) sin(¢)
P=e (cos(t) {0 1] +sin(t) [—1 0]) - ¢ [— sin(t) cos(t)| "
Exercise 12. Consider the matrix
P2 7 cos(3t) 4 sin(3t) 4 cos(3t) — 3sin(3t)
- cos(3t) + sin(3t) cos(3t) '

Find a matrix A such that P = AP. Is P the fundamental solution for A?
8



Solution: Write s = sin(3t) and ¢ = cos(3t) and A = [ZL Z} . We then have

P = 9p2t [70 +s 4dc— 35] 42t [—21s +3¢c —12s — 96]

c+s c | —3s+ 3¢ —3s
¢ 5¢c — s 2¢c — 3s
[m n] [704—3 4c — 3s]
P q c+ s c |
_ [(Tm+n)c+ (m+n)s (4m+n)c— 3ms]
(Tp+q@)c+(+aqs  (4p+q)c—3ps

ot [17¢ =195 —c — 183]

AP = e

We therefore want

™m+n=17 m+n=-—19
dm+n=-1 —3m = —18
p+q=5 ptqg=-1
dp+q =2 —3p = 3.

6 —25
1 -2
the fundamental solution for A then we would not only have P = AP, but also P = I when t = 0. In

fact we have P = E ﬂ when ¢t = 0, so P is not the fundamental solution.

These are easily solved to give m =6 and n = —-25and p=1and ¢ = —2,s0 A = [ } If P was

Exercise 13. Give examples as follows. The numbers in every matrix should be real numbers.

(a) Give an example of a linear system with an anticlockwise centre at the origin.

(b) Give an example of a matrix B where 7 =3 and § = 0.

(¢) Give an example of a matrix C' where the eigenvalues are 1+ ¢ and 1 — 3.

(d) Give an example of a linear system for which the function U = zy is a conserved quantity.
(e) Give an example of a linear system with solution (z,y) = (e’, tet).

Solution:
(a) We need & = ax 4+ by and y = cx + dy with 7 =a+d =0 and 6 = ad — bec > 0 and ¢ > 0. The
simplest way to do this is with a =d =0 and b = —1 and ¢ =1, giving ¢ = —y and y = x.
(b) We need B = {CCL Z] with @ +d = 3 and ad — be = 0. The simplest way to do this is with a = 3

30

0 0

andb:c=d:0g1v1ngB:{ 1 92

(c) We need

] . Another possibility is B = {1 2] .

T:)\1+>\2:(172‘)+(1+i):2
S=Mh=(1-9)1+i)=1-4*=2.
1 1
-1 1
(d) The simplest way to do this is with & = z and § = —y. (This gives U = &y + 2 = zy — zy = 0.
Alternatively, the solutions have the form (z,y) = (zoe!, yoe™), giving U = zoyo for all t.)

(e) These functions satisfy # = x and § = x + y. (This is easy to see, because # = e’ = z and
y=c +tet =x+y.)

The simplest way to do this is with D = {

Exercise 14. For each of the following (essentially linear) systems, find the equilibrium points.
(a) & =10x — 100,y =y — 1lx
(b) 2 =10z — 100y, y =y — 11z
(¢) w=100u+ v — 506, ¥ = u + 10v — 65
(d)p=p+q+lg=p+q+1
() t=z—y+1l,y=y—z+1

Solution:



(a) The equilibrium points are the points where & = 0 and ¢ = 0, so 102 — 100 = 0 and y — 11z = 0.
The first equation gives z = 10, and we can put z = 10 in the second equation to get y = 110.
Thus, the only equilibrium point is (10, 110).

(b) Here we need to solve 10z — 100y = 0 and y — 11z = 0. The first equation gives x = 10y, and
the second gives y = 11z, so x = 110z, so x = 0, so y = 0. Thus, the only equilibrium point is
(0,0).

(¢) Here we need to solve 100u 4+ v = 506 and u 4+ 10v = 65. You can see by inspection that u =5
and v = 6. Alternatively, you can multiply the first equation by 10 and subtract the second
equation to get 999u = 5060 — 65 = 4995, so u = 4995/999 = 5. The second equation then gives
v = (65 —u)/10 = 6. Thus, the only equilibrium point is (5, 6).

(d) Here both of the equations p =0 and ¢ =0 give p+ ¢+ 1 =0, so ¢ = —1 — p with p arbitrary.
This means that all points of the form (p, —1 — p) are equilibrium points.

(e) Here we must solve z —y+1=0and y — 2 + 1 = 0. Adding these equations gives 2 = 0, which
is impossible. Thus, this system does not have any equilibrium points.

1

Exercise 15. Consider the matrix A = {3

_ag}. Analyse how the equilibrium type of A depends on

the parameter a.
Solution: We have r=14aand d =a+9 =748 and
A=712—-45=(a+1)* —4a —36 = (a — 1)* — 36.

In particular, we have 7 < 0 iffa < —1 and § < 0 iff a < —9 and A < 0 iff (a —1)?2 < 36 iff -5 <a < 7.
Thus:

For a < —9 we have § < 0, so the equilibrium point is a saddle.

For —9 < a < —5 we have § > 0 and A > 0 and 7 < 0, so the equilibrium point is a stable node.
For —5 < a < —1 we have 6 > 0 and A < 0 and 7 < 0, so the equilibrium point is a stable focus.
For —1 < a < 7 we have § > 0 and A < 0 and 7 > 0, so the equilibrium point is an unstable
focus.

For 7 < a we have § > 0 and A > 0 and 7 > 0, so the equilibrium point is an unstable node.

k) T2 —45=0

e

Exercise 16. Consider the equations
= (a+b)x+2by y=—bx+ (a—b)y,

where a and b are nonzero real constants. Show that the system always has a focus at (0,0). Give
examples to show that the focus can be stable or unstable, and clockwise or anticlockwise, depending on
the values of a and b.

a+b
—b

§ = (a+b)(a—Db) —2b.(=b) = a® — b* + 20> = a® + b°.
10

Solution: The corresponding matrix is A = { a2_b b} , with trace 7 = 2a and determinant



This gives
7% — 45 = 4a® — 4(a® + V?) = —4b* < 0,

so we have a focus or centre . However, we have 7 = 2a and a # 0 by assumption so we cannot have a
centre, and we must instead have a focus . If a < 0 then 7 < 0 so the focus is stable; similarly, if a > 0
then the focus is unstable . The direction of rotation is controlled by the bottom left entry in A, which
is —b. If b < 0 then —b > 0 so the rotation is anticlockwise, but if b > 0 then the rotation is clockwise.

Exercise 17. Which of the following matrices corresponds to a system with a clockwise centre at the

1 ] B A O I IR

Solution: Consider a matrix A = {Z Z] with 7 = a+ b and § = ad — be. This corresponds to a centre
if 7 =0 and § > 0; if so, then the rotation is clockwise if ¢ < 0 < b and anticlockwise if b < 0 < c.

Only the 4th and 5th matrices in the list have ¢ < 0. The 4th one has § = 3, and the 5th has § = —3,
and both have 7 = 0. It follows that the 4th matrix [12 21} is the only one that gives an clockwise

centre.

Exercise 18. For each of the following nonlinear systems, find the equilibrium points:

(a) @ =y>—5y+6, y=2a%—91+20
(b) b= y2 1, j=a?—y? 11
(c)i=a2+y> -1, g=a?+9%2 -1
(d) d=a®+y*—1, y=a® -y

Solution:

(a) At an equilibrium point we must have & = y 2 _5y+6 = 0, but this factorises as (y—2)(y—3) =
soy = 2ory = 3. We must also have § = 22 —92+20 = 0, but this factorises as (x—4)(z—5) =
soxz =4 or x = 5. It follows that there are four equilibrium points: (4,2), (4, 3), (5,2) an ( 3)

(b) At an equilibrium point we must have & = 2%+ y2 + 1 = 0, but this is impossible because 2 > 0
and y? > 0 so 2 + 42 4+ 1 > 1. Thus, there are no equilibrium points.

(c) At an equilibrium point we must have @ = 2% + y? — 1 = 0, which means that (z,y) lies on the
unit circle, so it can be written in the form (z,¢) = (cos(0),sin(f)) for some angle . Moreover,
y is the same as @, so the equation ¢y = 0 does not give anything new. Thus, all the points on
the unit circle are equilibrium points, and there are no other equilibrium points.

(d) Here again the equation i = 22 + y?> — 1 = 0 means that all equilibrium points lie on the unit
circle. However, we now have §§ = 22 — y?> = 0, so 22 = 32, so * = £y. Putting this in the
equation 22 4+ y% — 1 = 0 gives 222 = 1, so x = +/2/2. It follows that there are four equilibrium

v2 M2y (2, —¥2) (—¥Z 2 and (-2, -42).

pOiIltS: (7,7)7 ( 2 T T2 9

Exercise 19. Find and classify the equilibrium points for the system

= f(z,y)=1+y
y=g(xy) =1-2a

Solution: For an equilibrium point, we need 1 +y =0 and 1 — 22 =0, so x = 1/2 and y = —1. Thus,

there is a unique equilibrium point at (1/2, —1). The Jacobian is [ _02 0 } , which has trace 7 = 0 and

determinant § = 2. As 7 = 0 and 6 > 0, this is a centre. The bottom left entry in J is —2 < 0, so the

rotation is clockwise. In this case the functions f and g are just linear 4+ constant, so there is no error in

linearization, and the whole phase diagram is exactly the same as the usual phase diagram for a centre,
11



except that it has been shifted away from the origin. The picture is as follows:

.

Q)

Exercise 20. Find and classify the equilibrium points for the system

Z

~

= flz,y)=y—1
Solution: For an equilibrium point, we need y — 1 = z — 1 = 0. Thus, there is a unique equilibrium

1 . .
(1) 0l which has trace 7 = 0 and determinant § = —1. As § < 0,
this is a saddle. In this case the functions f and g are just linear + constant, so there is no error in
linearization, and the whole phase diagram is exactly the same as the usual phase diagram for a saddle,

except that it has been shifted away from the origin. The picture is as follows:

IS

point at (1,1). The Jacobian is

W) =\

—

Exercise 21. Find and classify the equilibrium points for the system
i = f(x,y) =25 — 162% — 9y
y = g(x,y) = 922 + 16y — 25.

12



Sketch the nullclines.

Solution: If we divide the equation © = 0 by 16 and divide the equation §y = 0 by 9 and add them

together we get

25 9 9 5 9 16 5 25

— -zt - — —y°—— =0.

T T
This simplifies to (19—6 - %)y2 = % — %7 but %6 — % = % = % — % so we get y2 = 1. We can substitute
y? = 1 in the equation & = 25 — 1622 — 9y? = 0 to get 16 — 1622 = 0, so 22 = 1 as well. We now see that

x = +1 and y = +£1, so there are four equilibrium points:
a; = (1a 1) Az = (71, *1) asz = (1a 71) a4 = (717 1)
To classify these, we use the Jacobian:

g of/0x Of /0y —-32x —18y
| 0g/0x 0Og/0y 18z 32y |’

so the trace is 7 = 32(y — =) and the determinant is § = (=322 + 182)zy = —700zy. We therefore have
the following table:

aq as as a4
T 0 0 —64 | 64
0 —700 | =700 | 700 | 700

72 — 45 | 2800 | 2800 | 1296 | 1296

At a1 and as we have 6 < 0, so these points are saddles. At as and as we have 72 — 48 > 0, so these
points are nodes. At as we have 7 < 0, so this is a stable node. At a3 we have 7 > 0, so this is an
unstable node.

The z-nullcline has equation 16z 4 9y2 = 25, which describes an ellipse. In more detail, we have
2822 4+ Zy? = 1, or in other words (£2)? + (2y)? = 1. This means that the point (1, 2y) lies on the
unit circle, so it is (cos(6),sin(¢)) for some 6. This gives z = 2 cos(d) and y = 2Zsin(f), which is an
ellipse. As % > %, the height of this ellipse is larger than the width. Similarly, the y-nullcline is given
by 9z2 + 16y* = 25, or (z,y) = (2 cos(f), 2 sin(#)). This is another ellipse, but in this case the width is
larger than the height. The phase portrait is as follows:

WA

| &4
\ X
N \\\\\\

Exercise 22. Consider the system

t=y —y=yly+1y—1)

y:x—m?’:x(l—i—x)(l—x).

(a) Show that the function U = (2% — 1)2/4 + (y*> — 1)?/4 is a conserved quantity.
13



(b)

Find and classify the equilibrium points.

Solution:

(a)

We have
UxZ%z?(xQ—l)><233/4:(a72—1)x:x3—x
oU
Uy:FyZQ(yQ—l)><2y/4=(y2—1)y=y3—y

U=Uf+Uyg=(2*—2)4°—y) + @ —y)(z -2 =0.

Thus, U is conserved.

The x-nullcline consists of three horizontal lines, with equations y = 0, y = 1 and y = —1.
Similarly, the y-nullcline consists of three vertical lines, with equations x =0, z = 1 and z = —1.
This means that there are nine equilibrium points (n,m) with n,m € {—1,0,1}. The Jacobian

is
J— of |0z af/ay]_[ 0 3y —1
“ | 9g9/0x dg/dy | | 1— 322 0 ’

so the trace is 7 = 0 and the determinant is 6 = (1 — 322)(1 — 3y?). As 7 = 0 we see that
the equilibrium points are centres if § > 0, and saddles if § < 0. If = and y are both zero then
6 = 1, corresponding to a centre. We have seen other examples where the linearised system has
a centre but the original nonlinear system has a slow spiral. However, that cannot happen here
because we have a conserved quantity, which forces the flow lines to close up as circles. The
bottom left entry in .J is 1 — 322 = 1 > 0, so the rotation is anticlockwise. If z = 0 and y = +1
then § = —2 < 0, corresponding to a saddle. The same applies if x = +1 and y = 0. Finally, if
both = and y are +1 then 6 > 0, which means we have another centre. The bottom left entry is
—2 < 0, so the rotation is clockwise.

The phase portrait for this system was shown in lectures:

)
N
D ——

e S

- —
-—
e

Q
@

—
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Exercise 23. Consider the system

()
(b)
()

&= f(z,y) = sin(ry)
¥ = g(z,y) = sin(mx).

Show that the function U = cos(mx) — cos(my) is a conserved quantity.
Find and classify the equilibrium points.
Sketch the phase portrait.

Solution:

14



(a) We have
U=U,f+U,g = —nsin(rz).sin(ry) + 7 sin(my) sin(rz) = 0,

so U is conserved.

(b) The z-nullcline is given by sin(wy) = 0, which means that y must be an integer. Similarly, the
y-nullcline is given by sin(wz) = 0, which means that  must be an integer. Thus, the equilibrium
points are of the form (n,m), where n and m are both integers. The Jacobian is

J— of/ox 0f/0y | _ 0 7 cos(my)
| 0g/0x 0g/0y | | mcos(mx) 0

so the trace is 7 = 0 and the determinant is § = —72 cos(wz) cos(my). At an equilibrium point
(n,m) we have cos(mx) = (—1)" and cos(my) = (—1)™, so § = (—1)"*™+172 If n and m are
both odd, or both even, then we have § = —72 < 0, so (n,m) is a saddle. If n is odd and m is

even then § = 72 > 0 and 7 = 0 so we have a centre, at least for the linearised system. We have
seen other examples where the linearised system has a centre but the original nonlinear system
has a slow spiral. However, that cannot happen here because we have a conserved quantity, which
forces the flow lines to close up as circles. The bottom left entry in J is cos(mz) = (—1)" = —1,
so the rotation is clockwise. Similarly, if n is even and m is odd then we again have a centre,
but in this case the rotation is anticlockwise.

(¢) The phase portrait is as follows:

-
G0 00
0 600
o

N

o

Exercise 24. Sketch the phase portrait of the system & = 3, § = —2 — 22 — y in a neighbourhood of
the origin.

Solution:
15



Exercise 25. Let a,b,c,d,p and ¢ be constants with a £ 0 and d # 0 and ad — bc # 0. Consider the
system

&= f(z,y) = z(az + by — p)
y=g(z,y) =ylcx +dy — q).
Find the four equilibrium points, and give a formula for the Jacobian matrix at each of these points.

Solution: For an equilibrium point, we must have either x = 0 or axz + by = p, and also y = 0 or
cx + dy = q. If © = 0 then the equation cx + dy = g becomes y = ¢/d, and if y = 0 then the equation
ar + by = p becomes x = p/a. If x and y are both nonzero then we must have ax + by = p and
cx + dy = ¢q. If we multiply the first equation by d and the second equation by b and subtract, we get
(ad — be)x = dp — bq, so x = ZZ:ZZ. Similarly, we can multiply the first equation by ¢ and the second
equation by a and subtract to get (bc — ad)y = cp — aq, so y = 4=, We thus have four equilibrium
points:

il (1 I P R K R = PR

The Jacobian matrix is

g of/ox Of/0y | | 2ax+by—p bz
| 9g/0x 0Og/0y | cy cr+2dy —q |-
Evaluating this at the equilibrium points a4, ..., a4 gives
le[—p 0 ] JQZ[(bq—dp)/d 0} Jsz{p bp/a }

0 —q cq/d q 0 (ecp—aq)/a

and
P a(dp —bg) b(dp — bq)
Y ad—be | clag—cp) d(ag—cp) |’

Exercise 26. In lectures we considered the system

i=x—2° y:yfyg.
Suppose that xg,yo > 0. Show that the formulae
v = (14 (g2 = D)2 v= (14 (g7~ e )

give an explicit solution for this system, with (z,y) = (zo, yo0) at t = 0.
16



Solution: Tt will be convenient to put C' = 52 — 1, so x = (1 4+ Ce~2*)~1/2. This gives
i=—2(1+ Ce™2)73/2 5 (=2) x Ce™ = (1 + Ce™2)73/20e2
r—2d =232 1) = (14+Ce 2321+ Ce™ — 1) = (1 + Ce ) 3/2Ce™2 = i,

as required. Also, at t = 0 we have e = 1so z = (14 C)7V/2 = (25?)7'/2 = . Essentially the same
argument gives 7y =y — 4> and y = yo at t = 0.

Exercise 27. Consider the system & = ¢ = xy.

(a) Find a conserved quantity. (There is a very simple one.)
(b) Show that for any zg,yo > 0 we have a solution

zo(zo — Yo) o Yo(yo — xo)
xo — Yoel(@o—vo) y= Yo — woetWo—zo)’

(¢) Check that the solution in (b) becomes infinite when ¢ = (In(zo) — In(yo))/(zo — yo)-
(d) What is the value of the conserved quantity on the solution in (b)?

Solution:

(a) As & =y we see that the function U = x — y has U= 0, so U is a conserved quantity.
(b) It will be convenient to put a = x¢ — yo and u = €. In terms of these, we have
Toa —Yoa Yoau

To — Yolu Yo — To/u  To — You

Note also that a is constant and % = ae®* = au. This gives

Toa x0y0a2u

( ) 2
yoau

(zo — you)?
A similar argument also gives ¢ = xy.

(¢) Put t* = (In(zo) — In(yo))/(x0 — yo). We then have at* = In(zg) — In(yo) = In(xo/yo), so when
t = t* we have u = " = 2o/yo. This means that the denominator zy — you is zero, so the
solution goes to infinity.

(d) At t=0we haveu=1andsox=x¢pand y=yp and U =z —y = 2o — yo. As U is conserved,
we must have U = xy — yo for all ¢. This can also be seen explicitly:

L= - (—you) = T = zy.

To — you)2

U_ _ xea yoau  (wo —you)a
=r—y= — = =a =1 — Yo-
Lo — YoUu  To — YoU Lo — YoU
Exercise 28. Consider the system
i =% — > y = 2xy.

(a) Show that the origin is the only equilibrium point, and that the Jacobian is zero at the origin.
(b) Show that the formulae

A=aj+yp
u=umx9—tA v=1-2trg+ 1?4
x=ufv Y =yo/v

give an explicit solution with (z,y) = (20, yo) when ¢t = 0.

(c) Let R be a large positive number. Show that the solution starting at (R%/(R*+1), R/(R*+1))
(very close to the origin) reaches the point (0, R) (very far from the origin) at ¢ = R. This shows
that the origin is unstable.

Solution:
(a) At an equilibrium point we must have 22 — y?> = 0 (so * = +y) and 2zy = 0 (so either z or
y is zero). The only way to satisfy both conditions is if = y = 0, so the origin is the only
equilibrium point. The Jacobian is

| 2z =2y
J[Qy 2m]’

which becomes zero when = =y = 0.
17



(b) First note that when ¢t = 0 we have u = 29 and v =1 80 & = u/v = zg and y = yo/v = yo as
expected. We also have

i=—A
v = —2x¢ + 2tA
i = “”v;g““ = (—A(1 — 2txo + 12A2) — (g — tA)(—2x0 + 2tA)) /v?

= (—A+ 2tAxy — t2A3 + 22 — 2t Axy — 2 Axy + 262 A%) /0?
0

(—A+ 222 — 2tAxg + 2 A%) J0?

= (28 — y2 — 2tAxg + 1?2 A?) J0?

You

w2

2

2

uT—y

2 2 _ 0
-y = 3
v

= (22 — 2tAxo + 12 A% — y2) J0?
22y = 2uyo/v? = 2(xg — tA)yo /v

2yo(xg — tA) /112

From this it is clear that & = 22 — y? and ¢ = 2xy, as required.
(c) Now take o = R3/(R*+ 1) and yo = R/(R*+ 1) and t = R. This gives

RS+ R*> R(R*+4+1)  R?

— 2 2 _
ASTTN = R T R R
R R
vt A= piy T iy =0
I R? R 1

+ R?

=1-—2¢ t?A=1-2 =1- -
v o + Ry R+ 1 Ri+1 Ri+1

x=uf/v=0
R 1

mil/my

Yy=1yo/v=
Exercise 29. Consider the system

i=flz,y)=a"—y*—1/4
v =g(z,y) = 2xy.

(a) Show that the a-nullcline consists of all points of the form (% cosh(s)/2,sinh(s)/2).
(b) Find the y-nullcline.

(¢) Find and classify the equilibrium points.

(d) Sketch the phase portrait.

Solution:

(a) If (z,y) lies on the x-nullcline we must have 22 — y? — 1/4 = 0, which can be rearranged as
2z — 2y)(2z + 2y) = 1. Put u = 22 + 2y so u~' = 22 — 2y. Adding these equations gives
z = (u+u~')/4, and subtracting them gives y = (u —u~™1)/4. If u > 0 we can put s = In(u)
and we find that z = (e® + e~ ®)/4 = cosh(s)/2 and y = (e®* — e~*)/4 = sinh(s)/2. On the other
hand, if u < 0 we can put s = —In(—u) and we find that x = (—e~* — e°)/4 = — cosh(s)/2 and
y=(—e %+ e%)/4 = sinh(s)/2.

(b) The y-nullcline is given by 22y =0, so z =0 or y = 0.

(c) At an equilibrium point, we must have 22 — %> — 1/4 = 0 and also 2y = 0, so either z = 0 or
y = 0. If = 0 then the equation 22 — y? — 1/4 = 0 becomes 3> + 1/4 = 0, which is impossible
because y? > 0. If y = 0 then the equation 22 — y* — 1/4 = 0 becomes % — 1/4 = 0, which gives
z = +2. Thus, the equilibrium points are a; = (—1/2,0) and as = (1/2,0).

The Jacobian is J = [ 2w 2y

2y 2z

an improper stable node and ay is an improper unstable node.
18
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(d) The phase portrait is as follows:

lk\\\ ////.

=22 —y? + 2xy g=a%—y® -2y

Exercise 30. The system

has some solutions of the form (z,y) = (a/t,b/t). Find the relevant values of a and b.
Solution: If z = a/t and y = b/t then
&= —a/t?
y=—b/t*
2 — 9% + 22y = (a® — b* + 2ab) /t?
z? —y? — 2zy = (a® — b — 2ab) /%

Thus, we have a solution to the given system if

(A) —a = a® — b* + 2ab
(B) —b=a® —b* — 2ab.
If we add and subtract these equations, we get
(®) —a—b=2(a®—-b*) =2(a+b)(a—D)
(D) b—a = 4ab.
Equation (C) can be rearranged as (a + b)(2a — 2b+ 1) = 0, so either b= —a or b=a + 1.
(a) If b = —a then equation (D) becomes —2a = —4a?, so 24> = a, so a(1l — 2a) = 0, so a = 0 or
a= % Ifa=0then b=0, and ifa = % then b = —%. We thus have two solutions to the original

system: the constant solution (z,y) = (0,0), and the solution (z,y) = (1/(2t), —1/(2t)).

(b) Suppose instead that b = a + 3. Then equation (D) becomes 3 = 4a(a + 3), and this can be

rearranged as 4a® + 2a — % =0, or a® + %a — % = 0. This has solutions

a= (-3 /I +D/2=(-1=V3)/L

The corresponding values of b = a + % are (+1++/3)/4. We therefore have two solutions to the
original system:

-1+v3 1++3 -1-v3 1-43
o (TpELA) ey (AE10)

4t 4t 4t 41

In the following picture, the above solutions are the straight blue lines. Some other flow lines are shown
in red.

19
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Exercise 31. The system
b=t (2 —y?)/4
g=y- (@ —y)/4

has the following phase portrait:

N\

(a) Find and classify the equilibrium points.

(b) Add some arrows to the diagram to indicate the direction of flow.

(¢) There are nonzero constants a,b,c such that (z,y) = (at,bt + ¢) is a solution. Find these
constants.

(d) Where does your solution to (c) appear in the phase portrait?

Solution:

(a) At an equilibrium point we must have & = —x + (22 —y?)/4 = 0 and § = y — (2® — y?)/4 =
0. Adding these equations gives y — x = 0, so y = x. Substituting y = z in the relation
—x + (22 — y?)/4 = 0 gives * = 0. Thus, the only equilibrium point is at the origin. The

20



Jacobian is

g [ of/ox Of/0y } _ [ —14+z/2 —y/2
0g/0x 0g/dy —x/2 1+y/2 |-

-1 0
0 1
the diagonal entries, which are 1 and —1. As one eigenvalue is positive and the other is negative,
we have a saddle.
(b)  — At apoint (z,y) = (u,u) with u > 0 we have & = —u+ (u? —u?)/d = —u < 0and § = u > 0
so the flow line points up and to the left.
— At a point (z,y) = (u, —u) with u > 0 we have £ = —u = —u < 0 and y = —u < 0 so the
flow line points down and to the left.
— At a point (z,y) = (—u,u) with u > 0 we have £ = u > 0 and § = u > 0 so the flow line
points up and to the right.
— At a point (z,y) = (—u, —u) with v > 0 we have & = u > 0 and § = —u < 0 so the flow line
points down and to the right.
For the actual picture, see part (d).
(¢c) If x = at and y = bt + ¢ then

At the origin this becomes J = . As this is a diagonal matrix, the eigenvalues are just

y=">
—z+ (2% —y?) /4 = —at + (a*t* — b*t* — 2bct — c*) /4
=1@® - *)t? — (Jbc+a)t — 12
y— (2% —y?)/4 = bt +c — (a®t* — b*t? — 2bct — c*) /4
= 1% — a®)t? + (3be+ b)t + (c + 1c2).

Thus, we have a solution if the following equations hold for all ¢:

(a® = b°)t* — ($bc+ a)t — 2
(b* — a®)t* + (3bc + b)t + (c — 1c?).

W= =

We can equate the coefficients of 1, ¢ and 2 to get

a:—%c2 %bc—l—a:O a? - =0
b:cfic2 %bcqtb:() B —a2=0.

As %bc+ a and %chr b are both zero, we must have b = a. We can substitute this in %bc +a=0
to get a(c+ 2) = 0 but a # 0 by assumption, so ¢ = —2. We now have a = —%02 = —1 and
b = a = —1. Thus, the relevant solution is (x,y) = (—¢,—t — 2). This covers the line where
x—y=2.

21



(d) This picture shows the direction arrows from (a) as well as the solution from (c) (in blue).

2 N

N o/

Exercise 32. Consider the system

3

i = f(z,y) =2z —y—2° -y’
g=g(x,y) =v+y—a’y -y’
Put U = 22+y?and V =1/U — 1 and W = arctan(y/x). Show that U = 2(U — U?) and V = —2V and
W = 1. Using this, solve the equations, and show that there is a limit cycle.
Solution: First, we have
U=U,f +Uyg=2x(x —y—2° —zy?) + 2y(z +y — 2%y — v°)

=222 — 2zy — 22 — 22%y% + 22y + 2% — 22%y% — 2t

=222 + 29% — 22 — da?y? — 2yt = 2U — 2U°
This gives

V=-U72U==202U-U%=-20U0"1-1)=-2V.

It follows that V = Vpe ™2t for some constant Vg, and so U = 1/(1+ V) = 1/(1 + Ve 2).
Next, remember that arctan’(t) = 1/(1 + ¢2). This gives

o dly/z)/dt _ (gz—yd)/a® gz —yf
L+ (y/z)? 1+ (y/x)? x? 492
gr—yf=(+y—2’y—y’)r —ylz —y—2° — ay?)

— 2+ oy — By — 2P — wy + o2 + 23y + 2y® = 2 + ¢

W =1

This means that W = Wy + t for some constant t. Now, the polar coordinates of (x,y) are r = VU =
(14 Voe 2)"Y2 and § = W = W, + t, so we have

z = (14 Voe 272 cos(Wy + t)

y = (14 Voe 2~V 25in(Wy + 1).
As t = 0o we have e™2* — 0 and so U — 1, which means that

)= e,

so the solution curve approaches the unit circle, which is a limit cycle for the system.
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Exercise 33. Find and classify the equilibrium points for the system

&= flr,y) =2 +2y° —y
Y=gz, y) =2z +2y.
Solution: For an equilibrium point we must have 2+ 2y? —y = 0 and 22+ 2y = 0. The second equation

gives y = —x, and substituting this into the first equation gives 322 + z = 0 or z(3x + 1) = 0. We thus
have x = 0 or = —1/3, so the two equilibria are a; = (0,0) and ag = (—1/3,1/3). The Jacobian is

7= of/0x Of/0y | | 2z 4dy—1
| 8g/0x 0Og/Oy | | 2 2 ’
Evaluating this at the equilibrium points gives

83 e[ )

For J; we have 7 =2 and 6 =2s0o 72 —48 = —4 < 0. As 7 > 0 and 72 — 46 < 0 we see that the point
a1 is an unstable focus. As the bottom left entry in J is positive, it is an anticlockwise focus.
For J; we have 7 =4/3 and § = —2. As § < 0, this is a saddle.

—

Exercise 34. Analyse the following system (which describes the populations of two species that compete
for food):

t=2zx(1—z—y) y=y(1 -2y —2x).

Solution: On the z-nullcline we have 2z(1 —x —y) = 0, so either z = 0 or y = 1 — z. On the y-nullcline

we have y(1 — 2y — 2x) =0, so either y =0 or y = % — z. In principle there are now four possibilities for

(z,y), but the equations y =1 —z and y = % — x are incompatible, so in fact there are only three:

e The origin is an equilibrium point a; = (0,0).
e There is another equilibrium point with x = 0 and y = %—:107 soy = %, so the point is ag = (0, %)
e There is another equilibrium point with y = 1 —2z and y = 0, so = 1, so the point is a3 = (1,0)

Recall that

f=2x(1—-x—vy)=2x— 22> 2y
g=y(l—2y—2x) =y —2y* — 2y.
The Jacobian is
g of /0x Of /0y ] _ [ 2 —d4x — 2y —2z

| 9g/0x 0Og/dy | —2y 1—4y—2x |~
23



Evaluating this at the equilibrium points gives

2 0
1= 0 1}
[1 0
2= -1 —1]
(-2 —2
Recall that for a matrix of the form {Ccl 2 or 8 Z} , the eigenvalues are just the same as the diagonal

entries a and d. Thus, the eigenvalues for J; are 1 and 2 (so a; is an unstable node), the eigenvalues for
Jo are 1 and —1 (so as is a saddle), and the eigenvalues for J; are —2 and —1 (so a3 is a stable node).
The phase portrait is as follows:

The variables x and y represent populations of competing species, so they cannot be negative, so we
have shown only the region where x > 0 and y > 0. All the flow lines converge to as, where z = 1 and
y = 0. This means that the y species will become extinct and will be replaced by the x species.

Exercise 35. Consider a system of the form & = y = f(x,y). What can you say about the phase
portrait?

Solution: As gy = &, the difference y —x is constant, so each flow line is (part of) a straight line y = z+ec.
This means that the exact form of the function f is mostly irrelevant, the phase portrait just looks like
this:

\

7

Exercise 36. Consider a system of the form @ = 1, § = f’(z), for some given function f with f(0) = 0.
What can you say about the solutions and the phase portrait?

Solution: Consider a solution that starts at a point (0, yo) on the y-axis. We have & = 1 so z = t+c for

some constant ¢, but = 0 when t = 0, so = t. We also have y = f'(z) = f'(t), so y — f(¢) is constant,

say y = f(t) +d. At t =0 we have y = yo and f(0) = 0 so d = yo. This means that the solution is just

y = f(t) + yo. In particular, all the solutions are the same except for the vertical shift by yo. Thus, the
24



phase portrait might look something like this:

7N\

Exercise 37. For each of the following quadratic functions, decide whether it is positive definite, negative
definite or indefinite.

Q1=uzy Qr=a"—y° Qs = (z+y)°
Q4 = 2> + zy + 1> Qs = 322 — dzy + 5y Q¢ = Sxy — 322 — by?.

Solution:
e (1 is indefinite because Q1 =0 at (z,y) = (0, 1).
e (- is indefinite because Q2 = 0 at (x,y) = (1,1).
e (3 is indefinite because Q3 = 0 at (z,y) = (1,—1).
e Q4 is positive definite. To see this, note that Q4 = ax? 4 2bzy + cy* with a =c =1 and b= 1.
Here ac — b? = % > 0 and a,c > 0, so the standard method tells us that @4 is positive definite.
Alternatively, one can check that
3 1
=Sty -

@i=7

From this it is clear that Q4 > 0, and that @4 can only be equal to 0 if t +y =0 and x —y = 0,
which means that x =y = 0.

2

N
<
~

e ()5 is again positive definite. Indeed, here we have a = 3 and b = —2 and ¢ = 5 so a,c¢ > 0 and
ac—b? =11>0.
o ()¢ is indefinite. Indeed, here we have a = —3 and b = 4 and ¢ = —5 s0 ac — b*> = —1 < 0.

Alternatively, we can just note that Qg = 0 when (x,y) = (1, 1).

Exercise 38. For each of the following functions, discuss whether it is positive definite, negative definite
or indefinite about the origin, either on the whole plane or on some smaller domain.

Vi=e @V Va=e @V —1 V3 =2 — cos(z) — cos(y)
24,2 24,2
Tt +y Tt +y
V. = 3 2 2 3 Vi = Vi =
=z +xy+zy +y 5 T2+ 6 T—2—y
Solution:

o As e! > 0 for all ¢, we have V; > 0 at all points (x,y). In particular, V; = 1 at (0,0), but we
only say that a function is positive definite around the origin if it takes the value 0 at the origin.
Thus, V7 is not positive definite.

o At (z,y) = (0,0) we have 22 +y? = 050 Vo = ¢’ —1 = 0. At all other points, we have 22 +y? > 0
soe" ™V < 1so0 V5 < 0. Thus, V5 is negative definite.

e For all z and y we have —1 < cos(z),cos(y) < 1 and so V5 = (1 — cos(z)) + (1 — cos(y)) > 0.
From this it is also clear that V3 can only be zero if cos(z) = 1 and cos(y) = 1, which means
that « and y are both multiples of 2. In particular, V3 is zero at the point (27, 0), which means
that V3 is not positive definite on the whole plane. However, we can instead put

R={(z,y)| — 27 <z,y < 27}.

We find that the only point in R where V5 = 0 is (0,0), so V3 is positive definite about the origin
on R.
e The function V} is zero at (z,y) = (1, —1), so V4 is neither positive definite nor negative definite
on the whole plane. In fact, for any small € > 0 we have a point (e, —€) (very close to the origin)
25
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where V;, = 0. This means that V} is not positive or negative definite on any neighbourhood of
the origin.

o Asz?2 +92 > 0and 1+ 22 +y2 > 0 for all =,y we find that V5 > 0 everywhere. Moreover, Vs
can only be zero if 2 4+ y? = 0 which means that x = y = 0. Thus, Vs is positive definite on the
whole plane.

e The function Vg is undefined if 22 + y? = 1, and is negative if 22 + y? > 1. Thus, we should
consider only the domain

R={(z,y) | 2* +4* < 1},
which is an open disc centred at the origin. In this region we have 22432 > 0 and 1 —z2 —y2 > 0
so Vs > 0. Moreover, Vg can only be zero if 22 4+ y? = 0 which means that z = y = 0. Thus, Vj
is positive definite on the region R.

Exercise 39. Consider a function of the form V = ax® 4 bx*y + cxy* + dy®, where a, b, ¢ and d are
constants. Show that V' is neither positive definite nor negative definite around the origin.

Solution: At (1,0) we have V = @, and at (—1,0) we have V = —a. These cannot both be strictly
positive, so V' is not positive definite. Similarly, a and —a cannot both be strictly negative, so V is not
negative definite.

Exercise 40. Suppose we have a linear system @ = Au with a stable node or a stable focus at the origin,
and that U is a conserved quantity that is defined and continuous over the whole plane. Show that U is
just a constant.

Solution: Put C' = U(0,0) (the value of the conserved quantity at the origin). Consider an arbitrary
point (xg,y0). Let (z,y) be the solution that starts at (xg,yo) at time ¢ = 0. As the system is a stable
node or focus, we have (z,y) — (0,0) as t — oo. As U is continuous, we have U(z,y) — U(0,0) = C
as t — oo. However, U is a conserved quantity, so U(x,y) is independent of ¢. The only way it can be
independent of ¢ and converge to C' is if it is equal to C' all the time. We thus have U(z,y) = C for all
t, so in particular this holds when ¢ = 0, which means that U(zg,y9) = C. This holds for all z¢ and yp,
so U is constant.

Exercise 41. Consider the system

i = -2y g =z -3y’
Find a Lyapunov function V of the form V = ax? + by* (for some constants a and b). Deduce that the

origin is a stable equilibrium point.

Solution: Consider a function V = az? + by*. We want V to be positive definite, so we must have
a,b > 0. Note that

V = Vi + Vg = 2a2(—2y%) + 4by® (x — 3y®) = (4b — 4a)zy® — 12by°.

The term zy> can be positive or negative depending on the signs of = and y. It is simplest to make this
term go away by choosing a = b = 1. Out function is then V' = 22 +y*, with V = —12y%. This means we
always have V' < 0, but V = 0 everywhere on the z-axis, so V is negative semidefinite but not negative
definite. Thus, V is a weak Lyapunov function but not a strong Lyapunov function, and the origin is

stable but not necessarily asymptotically stable. (In fact the origin s asymptotically stable, but we need
a different argument to prove it.)

Exercise 42. Consider the system
=32y y = x° — 25

Find a Lyapunov function of the form V = ax?" + By?>™ (for certain constants o, 3,1, m), and deduce
that the origin is a stable equilibrium point. Can we conclude that it is asymptotically stable?

Solution: Consider a function V' = ax?™ 4 Sy?™. If we take n and m to be positive integers and o, 3 > 0
then V will be positive definite. We also have

V =V,i+ Vyy = 2nax®H(=32® — y) + 2mBy*™ 1 (2® — 2%)
= —6naz® ™2 — 2nax® "ty + 2mBaty* ™ — dmBy* T2,

The middle two terms have odd exponents, so they can be either positive or negative. It is best to make
them cancel out. For that, we need 2na = 2mg and 2n — 1 =5 and 2m — 1 = 1. This gives m = 1 and
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n = 3 and 6 = 28. We can choose a = 1 and then 8 = 3. With these choices, the function becomes
V =% + 342, and
V = —6naz®? — 4mpBy*"t? = —184% — 12y,

It is clear from this that V is negative definite, so V is a strong Lyapunov function, and the origin is an
asymptotically stable equilibrium.

Exercise 43. Consider the system
i=vy g =—x+y(x®+y%—1).

Find a Lyapunov function of the form V = ax?" + By*™ (for certain constants «, 3,1, m), and deduce
that the origin is a stable equilibrium point. Can we conclude that it is asymptotically stable?

Solution: Consider a function V' = az?" + By?™. If we take n and m to be positive integers and o, 5 > 0
then V will be positive definite. We also have

V = Vi + Vg = 2naz®ty + 2mBy*™ H (—x 4 y(2? + ¢ — 1))
= 2nax® "ty — 2mBry*™ ! — 2mpBy* ™ (1 — 2?2 — y?).
The first two terms have odd exponents, so they can be either positive or negative. It is best to make

them cancel out. For that, we need 2n — 1 =1 and 2m — 1 = 1 and 2na = 2mB, son = m = 1 and
a = 3. We choose e =1, so V = 22 + y? and

V= —2mBy’(1 —a® — %) = -2 (1 — 2 — o).
If we restrict attention to the unit disc
R={(z,y) | 2* +y* <1},

then we have V < 0. This means that V' is a weak Lyapunov function, so the origin is a stable equilibrium
point. However, we have V = 0 at all points where y = 0, so V' is not a strong Lyapunov function, and
we cannot immediately conclude that the origin is asymptotically stable.
Exercise 44. Consider a linear system & = py — gz, § = rx — sy where p,q,7,s > 0 and 4qs > (p+71)%.
(a) Show that the function 22 + y? is a strong Lyapunov function.
(b) Show that ¢s — pr > 0.
(¢) Classify the equilibrium point at the origin.
Solution:

(a) Tt is clear that V is positive definite. First, we have
V = 2zi + 2yy = 2pry — 2z + 2ray — 2sy® = —2qa% + 2(p + r)xy — 25y

In other words, we have V = az? + 2bxy + cy?, where a = —2¢ and b=p+r and ¢ = —2s. The
standard criterion says that V is negative definite if a, ¢ < 0 and ac > b2, or equivalently ¢, s > 0
and 4gs > (p+7)?. These are precisely the assumptions in the question, so V is negative definite.
This means that V is a strong Lyapunov function, and that the origin is an asymptotically stable
equilibrium point.

(b) We are given that 4gs > (p + )2, so

4qs — 4pr > (p—i—r)2 —dpr =p* +2pr + 1% —dpr =p® — 2pr + 12 = (p—r)2 > 0.
This shows that 4gs — 4pr > 0, so gs — pr > 0.

(¢) The system can be written as 5 =A z , where A = ;q _p } . This has trace 7 = —(g+s) <
0 and determinant § = gs — pr > 0 (by part (b)). We also have
72— 46 = (¢ + 5)* — 4qs + 4pr = ¢* + 2qs + s* — 4qs + 4pr
=q* —2qs + s° +4pr = (¢ — 5)* + 4pr.

Now p,7 > 0 by assumption, so 4pr > 0, and (¢ — s)? > 0 automatically, so 72 — 46 > 0. As
d>0and 7 <0 and 72 — 4§ > 0, we have a stable node at the origin.
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stable node

T

Exercise 45. Let «, 3,7, d be positive constants, and let m,n, p, ¢ be nonnegative integers. Put
fla,y) = —az®*! — (m + 1)fy*"
g(w,y) = (n+ 1)ya?"+t — gyatt
V(z,y) = vz 2 4 gyt
Show that if £ = f and y = ¢ then
V = —=2(n+ 1)ayz? P _9(m 4 1)ByAmtath)

and so V is a strong Lyapunov function for this system.

Y

Solution: Write this.

Exercise 46. Find a Lyapunov function of the form ax? + by? for the system & = zy? — 23, § =

—(22%y + »?). What can we conclude about the nature of the equilibrium at the origin?
Solution: If V = ax? + by? then
V = 2ax(zy? — %) + 2by(—222y — 1) = 2a2y® — 2a2* — 4ba?y? — 2by* = —2ax* + (20 — 4b)z?y? — 2by*.

The simplest thing to do is to choose a =2 and b =1,s0 V = 222 + y2, which is positive definite. The
equation above then becomes V = —4z* — 2y*, which is negative definite. This means that V is a strong
Lyapunov function, and the origin is asymptotically stable.

Exercise 47. Find a Lyapunov function of the form az?+by? for the system & = f%xg +2z9%, = —y°.

What can we conclude about the nature of the equilibrium at the origin?

Solution: It will work out that az? + by? is a strong Lyapunov function provided that a,b > 0 and
b > 2a. To be definite, we will take @ = 1 and b = 3, so V = 22 + 3y2. This is clearly positive definite.
We also have

V= 2x(f%x3 + 2zy?) + 6y(—1y>) = —at + 422y? — 6y* = —(2? — 2y%)% — 2%,

From this representation it is clear that V < 0, and that V can only equal zero if 22 — 2y? = 0 and
y = 0, which gives (z,y) = (0,0). Thus, V is negative definite, so V is a strong Lyapunov function, so
the origin is asymptotically stable.
Exercise 48. Use quadratic Lyapunov functions to determine the stability of the origin for the following
systems:

(a) & =—2—2y% y=uay—y’

(b) & =2y? — 2, = —4day.
Solution:

(a) Consider the function V = 22 + 2y?, which is positive definite. We then have

V = 2x(—x — 20%) + 2y(zy — v°) = —22% — day® + dxy? — 24" = —2(2% + y*),

which is negative definite. This means that V is a strong Lyapunov function, so the origin is
asymptotically stable.
(b) Consider the function V' = 222 + 42, which is positive definite. We then have

V = 4x(2y% — 2°) + 2y(—4day) = 8zy? — 4zt — 8xy? = —dat.

This is negative semidefinite, but not negative definite (because V =0 at all points of the form
(0,9)). It follows that the origin is stable, but not necessarily asymptotically stable.

Exercise 49. Consider a system of the form & = px — qy, y = rz — py. Show that the function
U = ra? — 2pxy + qy? is a conserved quantity. When is it positive definite?
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Solution: First, we have

U =Uyd + U,y = (2rz — 2py)(px — qy) + (—2px + 2qy)(rz — py)
=2(rz — py)(pr — qy) — 2(pz — qy)(rz — py) = 0.

This shows that U is conserved. Moreover, U is a quadratic function so we can use the standard test for
definiteness. This says that U is positive definite if ¢, > 0 and gr > p2.

Exercise 50. Consider the system & = z(1+y?), § = —y(1 +2?). Use Lyapunov’s method to show that
the origin is an unstable equilibrium.

Solution: Put V = 22 — y2. Then
V = Vi + Vg = 22d — 2y5 = 222 (1 + 42) + 202 (1 + 2%) = 222 4 2% + 4oy

This is clearly positive definite. Moreover, for any small ¢ > 0 we have a point (¢,0) (very close to the
origin) where V = €2 > 0. Thus, V has the conditions required for Lyapunov’s method, and we conclude
that the origin is unstable.

Exercise 51. Consider the linear system where & = —z — y and ¢ = = — y, and the function

U = arctan(y/z) + % In(2® + y°).

(a) Show that there is a stable focus at the origin.

(b) Find the solution starting at (r,0) at ¢ = 0.

(c) Use the rule U = U, f + Uy,g to show that U is conserved.

(d) Use the solution from (b) to give another proof that U is conserved.

(e) In the lectures we explained that a focus cannot have a conserved quantity. How can this be
correct?

Solution:

(a) The system has matrix A = _11 :ﬂ, with 7 = —2 and § = 2 s0 72 — 45 = —4 < 0. This

means that the eigenvalues are A &+ iw where A = —1 and w = 1. As the eigenvalues are complex

with negative real part, we must have a stable focus.
(b) We use the formula

P =M (cos(wt)I + w ™' sin(wt)(A — AI))
e O ) I e
b=l - esst]

(c) Put V = arctan(y/z) and W = 1 In(z?+y?) so U = V +W. Recall that arctan’(z) = 1/(1+22).
Using this, we get

_ d 1 yxr —yi
U = arctan'(y/x)@(y/x) = 1+ y2/x2 T2

_(r—yr—yl-z—y) 24y

= = =1
$2+y2 x2_’_y2
11 d,, 223 + 2yy
B 2x2+y2dt(x )= 2(z2 4+ y2)
_alce—ytyle—y) -2ty
332"'2/2 x2_|_y2

U=V+W=1-1=0.
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(d) If z =retcos(t) and y = re*sin(t) as in (b), then we have
re tsin(t)  sin(t

v/ = re~t cos(t) B cos(t

~~

arctan(y/x) = arctan(tan(t)) =
22 +y? = re?"(cos?(t) +sin?(t)) = r2e
iln(z* +y%) =In(r) — ¢
U = arctan(y/z) + 2 In(2® + y*) = t + (In(r) — t) = In(r).

As expected, this does not depend on t.

(e) The point is that U is not really well-defined (because you can add multiples of 7 to the arctan
term). We can make try to make it well-defined by always taking the value of arctan that lies in
(—m/2,7/2]. However, with this convention, U is discontinuous when y = 0. Also, U will always
be discontinuous at the point (0,0), whatever convention we make. The theorem in the lectures
only covers the case where U is well-defined and continuous, so there is no contradiction.

Exercise 52. Find the general solution for the equation 3" + 3py’ + 2p*y = 0 (where p is constant).

Solution: Here the coefficients are constant so we do not need power series methods. The auxiliary
polynomial is A2 4+ 3pA + 2p? = (A + p)(A + 2p), with roots —p and —2p. If p # 0 then these roots are
distinct and so the general solution is y = Ae P* 4+ Be~2P%, If p = 0 then the equation is just ¢’ = 0
and the solutions are y = Ax + B.

Exercise 53. Find the general solution for the equation 3" + 2py’ + p?y = 0 (where p is constant).

Solution: Here the coefficients are constant so we do not need power series methods. The auxiliary
polynomial is A2 +2pA+p? = (A+p)?, so —p is the only root. The general solution is y = (A+ Bx)e P~.

Exercise 54. Solve the following boundary value problems (or prove that there is no solution).
(a) ¥ —y =0 with y(0) =0 and y(In(2)) = 1.
(b) ¥ +y =0 with y(0) =1 and y(r/2) = 2.
(¢) ¥ +y =0 with y(0) =1 and y(27) = 1.
(d) " +y =0 with y(0) = 1 and y(7) = 1.
(e) y" +m?y =0 with y(0) + y(1) = 0 and ¢/'(0) + y'(1) = 0.

Solution:

(a) The equation y” —y = 0 has auxiliary polynomial ¢> — 1 = 0, with roots +1, so the solutions are
y = Ae” + Be™® with A and B constant. The boundary condition y(0) = 0 gives A+ B = 0.
The boundary condition y(In(2)) = 1 gives Ae™?) + Be="(®) =1, but e"® =2 and e~ =1
so 2A + 3B = 1. The equations A+ B = 0 and 24 + 3B = 1 can be solved to give A = Z and
B = —2. Thus, the solution is y = 2(e® — ™).

(b) The equation y” + y = 0 has solutions y = Acos(x) + Bsin(x) with A and B constant. When
x =0 we have y = A, and when x = /2 we have y = B. Thus, the boundary condition y(0) =1
and y(7/2) =2 give A =1 and B = 2. It follows that the solution is y = cos(x) + 2sin(z).

(¢) We again have y = A cos(z) + Bsin(z). When & = 0 we have y = A, and when z = 27 we again
have y = A. The boundary conditions y(0) = y(27) = 1 therefore just give A = 1, and B is
arbitrary. Thus, the boundary value problem has solutions y = cos(z) + Bsin(z), where B can
be any constant.

(d) We again have y = A cos(z) 4+ Bsin(x). As sin(0) = sin(7) = 0 and cos(0) = 1 and cos(w) = —1
we see that y(0) = A and y(r) = —A. Thus, it is impossible to satisfy the given boundary
conditions y(0) = y(m) = 1; there are no solutions.

(e) The equation y” + 72y = 0 has solutions y = A cos(rz) + Bsin(rz). This means that

/

y' = —mAsin(nzx) + 7B cos(nx)
y(0) + y(1) = Acos(0) + Bsin(0) + A cos(m) + Bsin(m)
=A4+0-A+0=0
y'(0) + ¢/'(1) = —7wAsin(0) + 7B cos(0) — wAsin(m) + wB cos(m)
=04+7B-0—-7B=0.
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Thus, the boundary conditions are satisfied automatically, so every function of the form A cos(rz)+
Bsin(wz) is a solution for the boundary value problem.

Exercise 55. For each of the following problems, find the values of A for which a nonzero solution exists,
and then find y.

()
(b)
()

y" + Ay = 0 with y(0) = ¢/(7) = 0.
y" — 2y + My = 0 with y(0) = y(1) = 0.
(zy") + Xz~ ly = 0 with y(1) = y(e™) = 0.

Hint for (c): first look for solutions of the form y = xP, remembering that z* = ¢™"(®) = cos(uIn(z)) +
isin(uln(x)).

Solution:

(a)

First consider the case where A = 0, so 3" = 0. The solutions have the form y = A + Bz, where
A and B are constant. The condition y(0) = 0 gives A = 0, so y = Bz, so y’ = B. The condition
y'(m) = 0 therefore gives B = 0 and so y = 0. Thus, there are no nontrivial solutions for y when
A=0.

Now consider the case where A < 0, say A = —u? with > 0. The solutions for y” + \y =
y" — 2y = 0 have the form Aet' + Be # with A and B constant. The condition y(0) = 0
gives A+ B =0, so y = A(e!t — e7#). Tt follows that 4/ = Au(et 4+ e7#), and so y'(7) =
Ap(er™ + e #™). Now p and e*™ + e H™ are both strictly positive, but y/(7) is required to be
zero, so A =0, so y = 0. Thus, there are again no nontrivial solutions.

Finally, consider the case where A > 0, say A = p? with gz > 0. The solutions for y" + \y =
y"+u’y = 0 are y = Acos(uz)+ Bsin(ur). The condition y(0) = 0 gives A = 0, so y = B sin(ux)
and y' = Bucos(ux). We are asked to find nonzero solutions, so we must have B # 0. We also
have /() = 0, so cos(um) = 0, which means that ;1 =m + 1 for some integer m.

In conclusion, If A = (m+ %)2 for some integer m then we have solutions y = Bsin((m+ %)x),

but for all other A the only solution is y = 0.
The equation 3" — 2y’ + Ay = 0 has auxiliary polynomial t2 —2t+ X, with roots (2+£+v/4 — 4))/2 =
1+£+/1— A If A =1 then the roots are both 1, so the solutions have the form (A 4+ Bz)e®. The
boundary conditions y(0) = y(1) =0 give A= (A+ B)e=0,s0 A= B =0, so y = 0, so there
are no nontrivial solutions.

Consider instead the case where A # 1, and write « = 1 —+/1 — A and § = 1++/1 — X (which
will be complex if A > 1). Then the solutions must have the form y = Ae** + Be*. The first
boundary condition gives A + B =0, so

y = A(eat o e,@t) — Aet(e\/l—kt o 6_\/1_/\t).

The second boundary condition therefore gives
Ae(eV1™r — e VIZN) =0,

For a nontrivial solution we must have A # 0 and so eVi=x — e‘m, which means that
e2VI=X = 1, so 2v/1 — A = 2nmi for some integer n. After squaring both sides and rearranging
we get A = 1 +n?72. To get a real solution, A must be imaginary, say A = C//(2i) for some real
number C. This gives y = Ce” sin(nwx).

Now consider the operator Ly = (xy')’ + Az~1y. If y = 2P then 2y’ = pa? so (zvy')’ = p?xP~!
and Ly = (p® + \)aP~L.

Suppose that A < 0, so A = —u? for some p > 0. We then find that the functions L(z#) =
L(z=*) = 0. This gives two linearly independent solutions, so all functions with Ly = 0 have
y = Ax* + Bx~# for some constants A and B. The boundary condition y(1) = 0 gives B = —A,
so y = A(z* — x™#). The boundary condition y(e™) = 0 then gives A(e’™ — e #™) = 0 but
el —e P >0s0 A=0so0y=0.

Consider instead the case where A > 0, so A = p? for some g > 0. In the same way, we find
that y = A(z** — 2 =) for some constant A, and we must have

A(et™ —e™HT) = 0.

For a nontrivial solution we must have A # 0 so e*™ = e #™ 50 ¢2#™ = 1, which means that
must be an integer. Note also that

™ — 7% = cos(pln(x)) + isin(pln(z)) — (cos(uIn(z)) — isin(pln(z))) = 2isin(pIn(x)).
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We conclude that y = C'sin(uIn(x)), where C = A/(24) is a real constant.

Finally, consider the case A\ = 0. Here the equation is (zy’)’ = 0, so zy’ is constant, say
zy’ = A. This gives y = A/z soy = [A/xdx = Aln(z) + B for some constant B. The
boundary condition y(1) = 0 gives B = 0, and the condition y(e™) = 0 gives Ax + B = 0, so
A = B =0. Thus, we only have the trivial solution in this case.

Exercise 56. Consider the differential equation
(622 — 52 + 1)y” + (242 — 10)y’ 4+ 12y = 0.

Suppose we have a function y = >, axz® (with a;, = 0 for k < 0). Show that the above equation is
satisfied if and only if

Q42 — Oak41 + 6ax =0

for all k > 0. Show that this holds if a;, = 2* or if a;, = 3*. Using this, find the general solution for the
differential equation.

Solution:

(622 — 52+ 1)y = Z 6k(k — aga”® — Z5k(k — Dagz" 1 + Z k(k — 1)apz*2
k k k

= 6j(j — Daja? = > 5(j + 1jajaa? + > (G +2)(j + Dajyoa’
J J J

(242 —10)y’ =Y 24kapz® — > 10kapa*!
k k

= Z 24ja;zl — Z 10(j + Daj 127

J J

12y = > 12a;a7.
J

It follows that the coefficient of 27 in (622 — 5z + 1)y” + (24x — 10)y’ + 12y is
65(j — Da; —5(j +1)jaj+1+ (G +2)(F + 1)ajte + 245a; — 10(j + D)ajy1 + 12q;
=(65 — 65 4 245 +12)a; + (—55% — 55 — 105 — 10)a;41 + (> + 35 + 2)a; 42
=(5 + 3§ + 2)(aj12 — 5a;11 + 6a;).

For j > 0 we have j2 + 35 +2 > 0 so the above coefficient can only vanish if a; 2 — 5a;41 + 6a; = 0, as
claimed.
Now take a; = 2¥. We then have

Uy — Bag1 + 6ap = 2872 — 5281 L 6.2% = 2F(4 — 10 + 6) = 0.
It follows that the function y = )", 2k2k is a solution to the original differential equation. This is just a
geometric progression, so the sum is y = 1/(1 — 2x).
Similarly, if a; = 3% then

Qo — Bagy1 + 6ap = 382 — 5381 1635 =359 - 15+ 6) =0,

so the function y = >, 3¥2% = 1/(1 — 3z) is another solution. This gives two linearly independent
solutions, so any other solution has the form

for some constants A and B.

Exercise 57. Find a power series solutions for the equation 3" — 2%’ — 923y =0 withy =1 and ' =0
at z = 0.
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Solution: We takey =), apz® with ap = 0 for k < 0. We are given that y = 1 and 3’ = 0 when z = 0,
which means that ag = 1 and a; = 0. We also have

= k(k—Dapa*? = (1 +2)(j + Dajy2a’
- ,

—2% = —2® Z kapzF~1 = Z —kayat T8 = Z —(j — 8)a;_ga’
k k J

—928y = Z —9ay,xkt8 = Z —9a;_ga”,
k J
so we need (j+2)(j+1)ajy2 —(j —8)a;—s —9a;_s = 0. This simplifies to (j+2)(j+1)ajy2 = (j+1)aj_s.
If we put m = j + 2, this becomes m(m — 1)a,, = (m — Day—10- If m > 1 we can divide both

sides by m(m — 1) to get a,, = am—10/m. In particular, if a,,—19 = 0 then a,, = 0. For example,
a_g = 0 (because ar = 0 whenever k < 0), so az = 0, so aj2 = 0, so azs = 0 and so on; in general
a10i+2 = 0 for all 4. Similarly a_7 = 0, so ag = 0, so a;3 = 0 and so on. By this argument we see that
G10k+2, A10k+3, - - - » B10k+9 are all zero. Moreover, we are given that a; = 0, so ajgx4+1 = 0 for all k. Thus,
only the coefficients ajox can be nonzero. Using the relation a,, = am—10/m (for m > 1) we get

0,021

1

010*1*0

1

920 = 9020 T 102 x 2

I

9307902030 103 x 2.3 10 x 3!
1 1

asn =

10.20.30.40  10% x 4!
and in general ajor, = 10%ay/k!. This means that

210k 1 /10 k 210
v= o =3 a2 () —ee ()
k

Exercise 58. Find a power series solution about z = 0 for the equation y” — 2%y’ + zy = 0.

Solution: Suppose that y = > ;- axz”® (and we take aj, = 0 for k < 0). We then have
= k(k—Dapa*? = (1 +2)(j + Dajp2a’
- -

—2?y = —2? Z kapz* ! = Z —kapaFtt = Z —(j - 1)aj,1xj
k k j
Ty = E apaktt = Zaj,lxj,
k J

so we must have (j42)(j+1)aj42—(j—1)a;—1+a;—1 = 0. This simplifies to (j4+2)(j+1)aj+2 = (j—2)a;j_1.
If we put m = j + 2, this becomes m(m — 1)a,, = (m — 4)a,,—3. For m > 1 this can be rearranged

as ., = #‘a)am 3. As a_; = 0, it follows that ay = 0, then a5 = 0 then ag = 0, and in general

asp+2 = 0 for all k. The coefficient a; can be nonzero, but then ay = 441 = 0, and then a7 = 0, then

a10 = 0 and so on; so agi+1 = 0 whenever k > 0. Next, we have

4><3

1
agz—gao

2  _r -t __1
6= x5 T 15 6 0T Tg0”
a—ia ——La

97 9x8% T 1206 °

and so on. The solution is therefore
1 1 1
_ 1— = 3 _ = 6 9 )
y=awFao(l - gr” = geat = go5em )
agp; this can easily be checked by induction.
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Exercise 59. Let m be a natural number, and consider the Hermite equation y” — 2z’ + 2my = 0.
(a) If m is even, show that there is a solution y = h,,(x) where h,, is a polynomial (not an infinite
power series) satisfying h(0) = 1 and h’(0) = 0. For example, we have ho(xz) = 1 and hq(z) =
1— 222,
(b) If m is odd, show that there is a solution y = h,,(z) where h,, is a polynomial (not an infinite
power series) satisfying h(0) = 0 and A/(0) = 1.

Solution: Put y = hy,(z) = Y, axz® (with ax, = 0 for k < 0). We then have

y' = k(k—aga*? =D (G +2)( + ajoa’
k J
—2zy = —2x Z kaja®—! = Z —2ja;x’!
k J
2my = Z 2majxj,
J

so we need (j + 2)(j + 1)aj42 + 2(m — j)a; = 0. If we put k = j + 2, this becomes k(k — 1)ar, =
2(k —2 —m)ag—s. For k > 1 we can rewrite this as a = 2(k —2 — m)/(k(k — 1))ak—2. In particular,
this gives a,,4+2 = 0, and then a,,+4 = 0 and a,,+¢ = 0 and so on.

Now suppose that m is even. We look for the solution where h,,(0) = 1 and h/,,(0) = 0, or equivalently
ap=1and a; =0. As a; = 0 we have a3 = 0, then a5 = 0 and so on, so a; = 0 whenever k is odd. We
also have a2 = apmqqa = -+ = 0, so agr = 0 whenever k is even and greater than m. This means that
only finitely many of the coefficients are nonzero, so h,,(z) is a polynomial.

The case where m is odd is similar. Here we look for the solution where ag =0 and a; = 1. Asag =0
we have ag = 0, then a4 = 0 and so on, so a; = 0 for all even k. We also have ap,12 = apysa =--- =0,
so a, = 0 for all odd k > m. It follows again that only finitely many coefficients are nonzero, so h,(x)
is polynomial.

Exercise 60. Suppose that y and z are nonzero functions with y” + A%y = 0 and 2" + u2z = 0, where
A, 10> 0 and X # p. Suppose also that y(0) = y(7/2) = 2(0) = 2(x/2) = 0.

/2
0

(b) Solve the equations explicitly to find A, i, y and z. Use this to prove again that foﬂ/Q yzdx = 0.

(a) Integrate y'z' dx by parts in two different ways, and use this to show that foﬁ/z yzdx = 0.

Solution:

(a) First, we have

/2 /2 /2 /2
| ae =i = [ de = (2 )2 - )0 4 i [ yrde =g [ e
0 0 0 0

(We have used the fact that y(7/2) = y(0) = 0 and that 2" = —p?z.) Similarly, we have
/2 9 /2 /2 /2
/ y'2 dr = [y’z]g/ - / y'zdx =1y (n/2)2(7/2) — y'(0)2(0) + )\2/ yzdr = )\2/ yzdz.
0 0 0 0

These two answers must be the same, so (u? — \?) fﬂ/2 yzdx = 0. Moreover, as A\, u > 0 with

0
A\ # p, we have p? — A2 # 0, so foﬂ/Qyzd:r =0.

(b) As y” + A%y = 0 we have y = A cos(Az) + Bsin(Az) for some constants A and B. As y(0) = 0 we
have A =0, so y = Bsin(Azx), and B # 0 because y is assumed to be nonzero. As y(7/2) =0 we
also have Bsin(Ar/2) = 0, so sin(Ar/2) = 0, so A = 2n for some integer n > 0. In conclusion,
y = Bsin(2nx) for some integer n > 0 and some constant B # 0. Similarly z = C'sin(2maz) for
some integer m > 0 and some constant C' # 0. This gives

/2 /2 /2
/ yzdr = BC/ sin(2nx) sin(2mz) do = %BC’/ cos(2(n — m)x) — cos(2(n + m)x) dx
0 0 0

/2

1 sin(2(n —m)z)  sin(2(n +m)z)
_QBC[ 2(n —m) 2(n+m) ]0

Here the functions sin(2(n — m)z) and sin(2(n + m)z) are both zero when z = 0 or = 7/2, so

we conclude that fow/ *yzdx = 0 as expected.
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Exercise 61. Consider the equation
3zy” + (1 —2x)y’ — 2y = 0.

(a) Show that the roots of the indicial polynomial are 0 and 2/3.

(b) Find two linearly independent solutions. In each case, you should give the first four nonzero
terms of the series.

(c¢) Find the solution where y = 7 and ¢’ is finite when x = 0.

(d) For which values of x will your series in (c¢) converge?

Solution:

2 —1 2

(a) First, the equation is equivalent to y” + (%w’l -3y - %mfly =0,s0 P = %x — 3 and

Q= —%x_l. Recall that pg is the coefficient of =1 in P, which is %, and qq is the coefficient of
272 in @, which is 0. The indicial polynomial is

ala—1)+poa+qo =’ —a+ ja=ala—3),

w

so the roots are & = 0 and o = 2/3, as required.
(b) We first consider the root @ = 0 and so look for a solution of the form y = > 72 apz® with
ap = 1 (and take a = 0 for k < 0 as usual). We have

3zy’ = 3k(k — 1)apz" ! = 3(j + Djaj 12’
k J
y = Z kapat1 = Z(] + Dajp127
k J
—2zy = — ZQkakxk = - Z2jajaj
k J

—2y = 722ajxj.
J

Thus, the coefficient of 7 in the relation 3zy” + (1 — 2x)y’ — 2y = 0 gives
3(j + 1)jaji1 + (5 + Daji1 = 2ja; + 2a;,

or equivalently (3j +1)(j + 1)a;+1 = 2(j + 1)a;. If we put m = j +1 and assume that m > 0 we
get anm = 2a,,—1/(3m — 2). By assumption we have ag = 1, so we get

ay = 2ag/1 =2

as =2a1/4=1

as = 2ay/7=2/7,
giving

y:1—|—2x+x2+%aj3—|—--- .

We now look for a second solution of the form z = 3", by2z%/3* with by = 1 and by = 0 for

k < 0. We have
Baz = 3k + 3)(k — y)bga” /P =Y 30+ ) + Dbjara?/3HE
A ,
o = Z(k + %)bkxq/sw _ ZJ:(] + %)bj+1x2/3+j
A ,
202 = =) 2k + §bua®/ T - D20+ b
k ,
—2z = i%sz/gﬂ.
J

Thus, the coefficient of 22/3%7 in the relation 3z2” + (1 — 2x)2’ — 2z = 0 gives
37+ 3)(J + 3)bj1 + (G + §)bj1 = 25 + 5)b; + 20,
or equivalently

(37 +3)(J + 2)bjt1 = 2(j + 2)b;.
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Here 7 is an integer so j + % is never zero so we can divide by it to get 3(j + 1)bj41 = 2b;, or
equivalently 3mb,, = 2b,,—1. If m > 0 then we can divide by 3m to get b, = %bm_l/m. This

gives
by =2bo/1 =2
2 1 2
b= h/2= (3) x5 =
23 (2P bt
b= 50/3=(5) % 355~ 5r
giving

2 4 )
_ .2/3 2 5/3 8/3 11/3 | ..
zZ=x + 31’ + 995 81:1: + .

In fact, in this case it is easy to see that by = (2/3)*/k! and so we have

k
2= z2/3 Zbkxk — 22/3 Z (23x> v % — 2/3522/3
k. .

(c) We now see that all solutions have the form u = Ay + Bz, where A and B are constant, and y
and z are as in part (b). This gives v’ = Ay’ + B2/, where

y’:2+2z+§z2+~~

S 2p28 10208 2‘; 5/3 .
Now ¢’ stays finite as x — 0 but 2’ — co. Thus, for v’ to stay finite we must have B = 0 and so
u = Ay. At z = 0 we have y = 1 but we are asked to find a solution with u = 7 so we must take
A =7 and so

wu="Ty="7+ 14z + 72>+ 223+ .

(d) For the coefficients a,, in y, we saw in (b) that a,, = 2a;,—1/(3m—2), 80 @m—1/am = (3m—2)/2,

which tends to infinity. Thus, the series has infinite radius of convergence, so it converges for all
x. Similarly, in the series for z we have b,,—1/b,, = 3m/2, which again tends to infinity. Thus,
this series also converges for all x.

Exercise 62. Consider the equation
2%y +ay' + (2 = )y = 0.

(a) Show that the function y = 2~/?sin(x) is one solution.
(b) Use reduction of order to find another solution.
(Hint: | —cot(z) + ¢.)

sm(ac)2 =
Solution:
(a) Ify =2 1/2 sin(:c) then

Yy 12 sin(z) + 272 cos(x) = x_3/2(—% sin(z) + x cos(z))
y” 12 sin(z) + 2 x (— s =32 cos(x)) — 21/ ? sin(x)
*5/2(( — %) sin(z) — z cos(z))
2y +ay' + (2% = Dy

=

zx_l/z((z — 2®) sin(z) — z cos(z) + (—3 sin(z) + z cos(z)) + (z° — 1) sin(z))
:x*1/2((% —2? — 1 + 2% — L)sin(z) + (—2 + 2) cos(z)) = 0.
(b) Our equation can be written as
y' a7y + (1= 2y =0,

~1/2gin(z). In the reduction of order

soP=zland Q=1-— Zx_Q. Our first solution is y = x
method we therefore have v = [ Pdx = In(x), so

y~ 2" = zsin(x) " ?z~! = sin(x)
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We thus have

B S N
u /y e Vdx = /sm(:v) dx = — cot(z) = sn(z)’
and
z=uy = _cos(x)x_l/g sin(x) = —z~Y/2 cos(x).

Exercise 63. Show that the function
y = cosh(V2z) — sinh(V2z) /V2z
satisfies 22%y" + 2y’ — (x + 1)y = 0.
Solution: Put t = v/2z, so x = 1t2, so da/dt = t, so dt/dx = t='. Write & = du/dt and v’ = du/dz, so
, du dt du 14,

YT dr T dwdt

Thus
u = () =@t =ty
=t (=t 2+t ) =t 20— t 3.
This gives
222y +xy' — (x+ 1)y
=2 x (5%)% x (7% —t7%9) + 58° x (t719) — (582 + Dy
=it%j—Lty+ Lty — (32 + 1)y
=17 — (32 + 1)y.
Now
y = cosh(t) — sinh(¢)t !
y = sinh(t) — cosh(t)t~! 4 sinh(¢)t 2
= sinh(t)(1 4+ ¢t~2) — cosh(t)t !
i = cosh(t)(1 +t~2) + sinh(#)(—2t ) — sinh(t)t ' + cosh(t)t >
= cosh(t)(1 + 2¢t2) + sinh(¢)(—t "~ — 2¢73)
= (cosh(t) — sinh(t)t~1)(1 4+ 2¢72) = y(1 + 2¢~2).
This gives

- A2+ )y=221+2t )y — (3P + 1)y =0
as required.

Exercise 64. Show that the function y = (1 — z)e™® satisfies 3y’ + (z7! + 1)y’ + 2271y = 0.

Solution:
y=Q0—-=z)e"
Yy =—e"+(1-a)(—e") =(x—2)e"
yYV'=e "+ (xz-2)(-e ") =B -x) "
s0

Y @ )y 22y =T (B —2) + (2 + 1) (z - 2) + 2071 — )
=e "B-z+1-20 +r—-2+22"1-2)=0.

Exercise 65. Solve Ly = 0, where Lu = 2?(1 — x)u” + (1 — 3z)u’ — u.
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Solution: This is equivalent to vy’ + Py’ + Qy = 0, where

(1 — 3x) _41—-3z _ 2 _1
-1 —2 2 -2 -1
We therefore have a regular singular point with pg = 1 and gy = —1. The indicial polynomial is
Xt)=tt—1)+pot+q==1"—t+t—1=t>—1=(t—1)(t+1),
so the roots are « = 1 and § = —1. There is a solution y = Zk apx®th = Ek a1 with ag = 1. This

has
2y = Z(l + k)kapz'
—a3y = Z —(1 + k)kapa*tr = Z —j(j — 1) aj_12*ti
vy’ = (1+k)aga'tF
—3x%y = Z —3(1 + k)apa®tk = Z —3jaj_q1z't

—y = Z —apz'tF,
It follows that the coefficient of z'*7 in Ly is
(A +d)ja; =i —Vaj1+ A +5)a; —3jaj1—a;
=(+7*+ 147 = Da; — (7 =5+ 3j)aj1 = (7 + 2j)a; — (5 + 2j)a;
=5+ 2)(a; — aj-1).
For Ly = 0 we must have j(j + 2)(a; — aj—1) = 0, so for j > 0 we have a; = a;_1. As ap = 1 we have

a; =1 for all j > 0, giving
— o z
Yy Z 1—12"

>0
To find a second solution, we use reduction of order. We have P = (3x — 1)/(z(x — 1)). The method of
partial fractions says that P = A/x + B/(x — 1) for some constants A and B. This gives

3z —1 A B A(x—1)+ Bz (A+B)xz—A

z(z—1) =z  x-1  zxz-1) z@x-1)
so we need A+ B =3 and A =1, so B=2. This means that P =1/x + 2/(x — 1). Next, we have

v:/de:/%—i— 21dm:ln(x)+2ln(x—1)zln(x(m—l)Q),

T —
so eV =2 1(z —1)72. Recall also that y = z/(1 — ), so
1— 2
u = /y_2e_” dr = / 7( 296) Nz —1)?de = /x_?’ dxr = —%m_Q.
T
Finally, our second solution is
1,.-2_7T 1
1—2 2z(z—1)

Exercise 66. Solve Ly = 0, where Lu = 2%(2? — 2)u” — (2% + 2)au’ + (2% + 2)u = 0.
Solution: This is equivalent to y” + Py’ + Qy = 0, where

(22 +2)z 142?20
P=————"—-= —— = o(1
x2(x? —2) ‘ 1—22/2 z+00)
2% +2 o1+ 2%/2 9
= = —y - = —x O -1 .
@ x?(x? —2) . 1—22/2 T+ 06T
We therefore have a regular singular point at = 0, with pg = 1 and g9 = —1. The indicial polynomial

is
X(t)=tt—1)+pt+q==1"—t+t—1=t>—1=(t—1)(t+1),
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so the roots are « = 1 and 8 = —1. There is a solution y = Zk apx®th = Zk a1 with ag = 1. This
has

dy =3 (14 Rkt =3 (- 1) - 2)a;_sa’

k J
—22%y" = Z —2(1 + k)k aga' ™"
k
T Z —(1 4 k)ara®™ = Z —(j — Daj_qz't
k J

—2zy’ = Z —2(1 + k)aga't*
k
:EQy _ Z akm3+k _ Zajfz:EHj
k J
2y = Z 2a,z tF.
k

Thus, the coefficient of 2'*7 in our differential equation is
(=D = 2aj—2 =21 +j)ja; — (j — Daj—2 — 2(1 + j)a; + a;—2 + 2a;
=(2=3j+2—j+1+1Daj_o+ (25 — 25> — 2 —2j + 2)a,
=(j% — 45 + 4aj-2 — (2% + 4j)q
=(j — 2)%aj-2 — 2j(j + 2)a;.
For j > 0 we therefore have
G-
7255 +2)
As a_; = 0 we see that a; = 0 then ag = 0 and so on, so a; = 0 whenever j is odd. We can also put
j = 2 in the above formula to get a; = 0, and then a4 = 0 and ag = 0 and so on. It follows that all the
coefficients a; are zero except for ag = 1, so we just have y = =.

We could find a second solution by reduction of order, but we will use a different method instead.
The main theorem says that there is a second solution of the form

z=rcyln(x) + Zbkx_l_k
k

aj—2.

with by = 1 and by, = 0 for k < 0. Here y = z. Put u = z In(x) and v = 5_ byz® =1 so that z = cu + v.
Now v/ =1In(z) + 1 and v’ = 27! so

Lu = 2%(2? = 2)u" — (22 + 2)zu’ + (22 + 2)u
= (z* = 22H)2™! — (2% + 22)(In(x) + 1) + (2* + 2)(z In(x))
=23 -2z —2® — 224 (=23 — 2z + 2 4 22) In(x)
= —4z,

so Ly = cLu + Lv = (Lv) — 4cx. We therefore want to have Lv = 4cx. On the other hand, we have

et =3 (k = 1)(k - 2) bt = 3" (j — 2)(j - 3)bj12

k J
200" =" =2(k — 1)(k — 2) bt = =2j(j — 1)bj 127
k J
A T— Z —(k = Dbpa*t! = Z —(j —2)bj_12’
k J

—2av" = =2(k — Dbyt =" —24b; 127
k J
22 = Z bzt = Z bj_la:j
k J
20 = Z 22kt = Z 2bj+1xj.
k J
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It follows that the coefficient of 27 in Luv is
((G=20-3)-0-2)+ Db+ (=2 1) =2 +2)bjna
=(5% = 65 + 9)bj—1 + (2 = 25%)b;
=(j — 3)%bj—1 + 2(1 — 5*)bj41.

We want Lv = 4cx, so the above coeflicient should be zero for j # 1. Taking j = 0 gives by = 0, then
taking j = 2 gives b3 = 0 and so on, so b; = 0 whenever j is odd. For j = 0 we instead get 4by = 4c, but
bp = 1so c=1. For j = 3 we get by = 0, and then it follows that bg = 0, then bg = 0 and so on. We
thus have v = 27! + byx. We can choose by arbitrarily. It is simplest to take by = 0, giving v = 27! and
z=uzIn(z) +z7 1.

Exercise 67. Consider the equation y” 4+ y = 0. One solution is y = cos(z). Use reduction of order to
find another solution. (Of course you know already what is the second solution, but it is nice to see how
reduction of order works in this simple case.)

Solution: Our equation is ¥ + Py’ + Qy = 0, where P =0 and Q =1. We put v = [ Pdz =0, so

72671) 2 2

= cos(x)”° = sec(z)” = — tan(x),

y dx

S0
u = /y_Qe_“ dx = /sec(ac)2 dx = tan(x),

S0
sin(x)

cos(x)

z = uy = tan(z) cos(x) = cos(x) = sin(x).
Thus, the second solution is sin(z), as expected.

Exercise 68. Put

Lu = 2°u” — (2 + 202)u’ + (110 + 10z)u.
The equation Ly = 0 has a solution of the form y = z®. Find «, then use reduction of order to find
another solution.

Solution: If y = x® then

22y’ = a(a —1)z”

_IZy/ — _aanrl
—20xy’ = —20cx®
110y = 110z*

102y = 102+,
S0
Ly = (o — a — 20a + 110)2* 4 (—a + 10)z*

= (a? — 2la + 110)2* — (a — 10)z**!

= (a—10)(a — 11)2* — (o — 10)z**.
We can make this zero by taking o = 10, so y = 2'°. Next, our equation can be written as ¢y’ + Py’ +Qy =
0, where P = —1 — 20z~ ! and Q = 110z2 + 10z~!. We put

v = /de = —2 —201In(z)

y 27 =z Pexp(x +20In(z)) = 27 02?0 = ¢”

uz/yiQefvdx:/exdz:em

z=uy = z'%°.

Exercise 69. Find the normal form of the equation z2y” + (1 + 2a)xy’ + o?y = 0. You should see
that the normal form is the same as an example that was discussed in the lectures. Use this to find the
general solution for the original equations.
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Solution: We first divide by 22 to get y” + (1 + 2a)x 1y’ + o272y = 0. This is ¥ + Py + Qy = 0,
where P = (14 2a)z~! and Q = o?2~2. To normalise it, we put

m = exp(—3 /P) = exp(—3(1 + 2a) In(z)) = 23

R=Q-1iP —iP*=0c’27" - 1(1+2a)(—27%) — (1 + 2a)°z %)
= o2z72 + %x” + az™? 2 —ar 2 —a%z2

_ 1.2
—41} .

_1
1

We conclude that the solutions are of the form y = x_a_%z, where 2 satisfies 2” + 22722 = 0. This
is the first example that we discussed of an equation with a regular singular point at the origin. The
solution was given there but we will do it again for completeness. We first look for solutions of the form
z = z*. This gives

L e e S e

We can thus take p = %, and we see that z = z'/2 is one solution for the normalised equation. We can
find another solution by the reduction of order method, which means we look for a solution of the form
2z = ux'/?. We then have

'+ = 2?4 20 x (%x‘lﬂ) +ux (—%x‘g/z) + ix_g/Qu

_ (u// er*lu/):vl/z.

We therefore need v + =4/ = 0. One solution is v’ = =% and u = In(z). Thus, we have a second
solution z = In(z)x'/2 for the equation 2" + 1zz = 0, giving the general solution z = (AIn(z) + B)x!'/2.
We saw above that the function

1
y=mz=x ""2(Aln(z) + B)zY? = (Aln(z) + B)z ™
is the general solution for the original equation z%y” + (1 + 2a)zy’ + o?y = 0.

Exercise 70. Recall the Bessel equation 2%y” + 2y’ + (22 —n?)y = 0. The normal form of this equation
was given in lectures. Use it to solve the Bessel equation when n = 1/2.
1—4n?

4x2
When n = 1/2 the differential equation is just z” 4+ z = 0, so z = A cos(x) + Bsin(x) for some constants
A and B. Tt follows that y = (A cos(z) + Bsin(z))z /2.

1/2

Solution: We saw in lectures that the normal form is 2" + (1 + ) z =0, and that y = z7"/~z.

Exercise 71. Find the normal form of the equation 2%y” — 2nzy’ + (n? +n + 22)y = 0. Hence find the
general solution.

Solution: The equation is equivalent to y” — 2nax='y + ((n? +n)xz=2 + 1)y = 0, so P = —2nz~! and
Q=1+ (n? +n)z~2. This gives — [ Pdz =nln(z), so m = exp(—3 [ Pdx) = 2". Next, we have

P =2nz?
R=Q-3iP —iPP=1+(n*+n)z?—na > —n’2 2 =1

This means that the normal form is z” 4+ z = 0, with solutions z = A cos(z) + Bsin(z). It follows that
y =mz = z"(Acos(x) + Bsin(z)).

Exercise 72. Consider the operator Lu = u” /(1 + 2x)? — 2u//(1 + 22)3, and the eigenvalue problem
Lu = A\u with the Dirichlet boundary condition that «w =0 when x =0 or z = 1.

(a) Convert L to Sturm-Liouville form.

(b) Suppose that Lu = Au and Lv = pv with A # p (and that w and v satisfy the boundary
conditions). Write down the orthogonality relation for u and v.

(c) Put t = x + 22 and @ = du/dt. What is the relationship between u' and 4? What are the
boundary conditions in terms of ¢?

(d) Rewrite L in terms of ¢ and thus find the values of A such that Lu = Au has a nontrivial solution.

Solution:
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(a) We have A = (1 +2z) 2 and B = —2(1 +2z)2 and C = 0 so B/A = —2/(1 + 2xz). It follows
that [ B/Adz = —In(1+2x),so p=exp ([ B/Adz) = (1+2x)~'. We then have ¢ = pC/A =0
and r = p/A =1+ 2z. This gives

Lu= (u'/(1+22)) /(1 + 2z).

(b) The standard orthogonality relation is f; ruv = 0. Our boundary conditions are at a = 0 and
b =1, and we have r = 1 + 2x, so the orthogonality relation is

/ (14 2z)u(z)v(z)de =0.

=0
(¢) We have dt/dz =1+ 2z and so

du du dz ,
= —=—/— 1+ 2x).
=g T @ )
The boundary conditions are at # = 0 and # = 1, which corresponds to t = 0 4+ 02 = 0 and

t=1+1*=2.
(d) Note that (c) can be used twice to get

i = (@) /(1+ 22) = (' /(1 + 22)) /(1 + 22) = Lu.

Thus, our problem is to find A and u with u # 0, but with & = Au, and v = 0 when t = 0 or
t = 2. For this we can take

u = sin(3nrt) = sin(Inm(z + 2?))
and A = —n?7? /4. The method used in Exercise 55 shows that there are no other possibilities.
Exercise 73. Consider the operator
Lu = cos(x)*u”" — 2sin(x) cos(x) (1 + cos(z)?)u’ + Su.

(a) Rewrite L in Sturm-Liouville form.

(b) Put t = tan(z) and @ = du/dt. What is the relationship between u' and 4?

(d) Rewrite L in terms of ¢, and show that it becomes one of the standard equations discussed in
the notes. Find a solution that is a polynomial function of ¢.

SO]?;;O;IV:e have A = cos(z)! and B = —2sin(x) cos(x)(1 + cos(x)?) and C' = 8. This gives
BiA= 2 s 2
/ g dz = — cos(z) "2 + 21In(cos(z))
p=exp (/ B/A d:c> — exp(— cos(x) ) cos(x)?
q = pC/A = 8exp(— cos(x)?) cos(x)
r = p/A = exp(— cos(x) %) cos(x) 2,

Lu = ((exp(— cos(x)_z) cos(x)Qu’)’ + 8exp(— COS(l‘)_Q) cos(x)_Qu) exp(cos(a:)_Q) cos(a:)Q.

(b) We have We have dt/dx = tan’(z) = cos(z) "2, so
_du  du,dt 9
b= = ! ag ~ cos@r
(¢) We now have
i = cos(z)?(4)" = cos(z)?(cos(z)*u’)’

3 /

= cos(x)u” — 2 cos(x)? sin(x)u
Lu — ii = —2sin(x) cos(x)u’ 4+ 8u = —2tan(x) cos(x)*u’ + 8u
= —2tan(x)u + 8u = —2tu + 8u
Lu = u — 2tu + 8u.
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Exercise 74. Consider the operator Lu = x

This means that the equation Lu = 0 is equivalent to the Hermite equation (for u as a function
of t) with n = 4. We saw in Exercise 59 that there is a solution which is a polynomial of degree
4, involving only even powers of t. This means that u = ag + ast? + a4t* say. This gives

il = 2ag + 12a4t*
—2ti = —4ayt® — Sayt?
8u = 8ag + Qaqt? + 8a4t4
i — 2ti + 8u = (8ag + 2az2) + (4az + 12a4)t*

Thus, to have Lu = 0 we need as = —4ag and ay = —as/3. We can choose ag = 3 and then we
get as = —12 and a4 = 4, giving

u=3—12t* + 4t* = 3 — 12tan(z)? + 4 tan(x)*.

“2y" — 2734/, and the eigenvalue problem Lu = Au with

the Dirichlet boundary condition that w =0 when x =0 or x = 1.

()
(b)

()

(d)
(e)

Convert L to Sturm-Liouville form.

Suppose that Lu = Au and Lv = pv with A # p (and that uw and v satisfy the boundary
conditions). Write down the orthogonality relation for u and v.

Use power series to find a function y = f(z) with Ly = —4n2y, where y = 722 + O(z%). Find a
simple formula for x in terms of standard functions, and thus check that y satisfies the boundary
conditions.

For the function f(z) in (c), show that the function z, = f(y/nz) also satisfies the boundary
conditions and is an eigenfunction of L, for any integer n > 0.

Check the orthogonality relation for z, and z,, (where n # m) by direct calculation.

Solution:

(a)

We have A =272 and B = —z % and C = 0so B/A = —1/xz. It follows that [ B/Adz = —In(z),
so p=exp ([ B/Adx) = x~'. We then have ¢ = pC/A =0 and r = p/A = 27! /272 = z. This
gives

Lu= (u'/z) /x.
The standard orthogonality relation is f; ruv = 0. Our boundary conditions are at a = 0 and
b =1, and we have r = z, so the orthogonality relation is

/:_0 zu(x)v(z)de = 0.

We want y = Y, apz® with ap = a1 = a3 = 0 and as = 7 and Ly = —4n?y. This gives

Yz = Z kayazh 2
k
0 o) f = Sk — Dkara* = 5G4 2)( + A)ayyar?

k J
—Ar?y = Z —47r2ajacj.

J
Thus, we need aj 14 = —472a;/((j +2)(j +4)). In particular, if a; = 0 then a;+4 = 0. As ap =
a1 = a3 = 0 we see that a; = 0 unless j has the form j = 4¢+2 for some ¢ > 0. If we put b; = a4,42
then we have by = 7 and y = >, b;z*"2 and the relation aj 4 = —4n%a;/((j+2)(j+4)) becomes

b: - —47T2bi - —7T'2bi
T i+ Di+6)  (20+2)(2i+3)

Using this we can show by induction that b; = (—1)w?*1/(2i + 1)!. This gives

71'1'2
o) == St = S0 G

2i+1
= sin(wz?).

In particular, we have f(0) =sin(0) =0 and f(1) = sin(r) = 0, so the boundary conditions are
satisfied.
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(d) Now put z, = f(y/nx) = sin(nra?). This is again zero when z = 0 or z = 1. We also have
2! Jx = 2nmx cos(nma?) /o = 2nm cos(nma?)
(2! /z) |z = 2n7 x (—2n7xsin(nra?))/x
= —4n’n?sin(nra?) = —4n’n’z,.
Thus, z, is an eigenfunction, with eigenvalue —4n?m2.
(e) The orthogonality relation for z, and z,, says that the integral

1
I= / z sin(nra?) sin(mmrz?) da

is zero. To check this directly, just substitute t = 22, so zdx = %dt, and the endpoints z = 0,1
are just the same as ¢ = 0,1. This gives

1t 1!
1= 3 / sin(nzt) sin(mmt) dt = 1 / cos((n — m)nwt) — cos((n + m)wt) dt
t=0 t=0

 [sin((n —m)at) sin((n —m)xt)] 0

N 4(n —m) dn+m) |,
Exercise 75. Consider the equations
(A) y'+aty =
(B) 2?2 + a4 (2t — 1)z =

d*z  dz

(C) t2ﬁ+ta+(t2—%)z=o

Note that (C) is just a Bessel equation.

(a) Show that if we put y = /22 then A is equivalent to B.
(b) Show that if we put ¢t = 22/2 then B is equivalent to C.
(c) Hence give the general solution to A in terms of Bessel functions.

Solution:
(a) If y = 2'/22 then
Y = %:1}71/22 Ll
y// — —ix_?’/Qz + $—1/2z/ + .7;1/22’”
y// +:1:2y _ 7ix73/2z+z71/221 +1_1/2211 +1'5/2Z
=g 73/? (222" + 22’ + (2 — 1)2).

This makes it clear that A is equivalent to B.
(b) Now put t = 2?/2, so 2 = V2t and 9% = z. This gives

dz (dt\ 'dz
— = |- — =z 'z
dt dx dx

2z (dt\"' d [dz 1
dt2_(d:c> d;v(dt>_x (@2)

— 5671(—1‘722:/ 4 z—lz//) — 1,—22,// _ foZ/
S0
o d*z  dz 9 1
4
:%(xﬁz" —z732) + %xilz’ + %z T
1 1
=1 (222" — 22’ + 222" + 2%z — 12) = 1 (222" + 22’ + (2* — 1)2).

This makes it clear that C is equivalent to B.
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(c) Equation C is the Bessel equation with n = 1/4, so the solutions are z = AJy /4(t)+BY7 4(t), with
A and B constant. Here t = 22/2, so this can be rewritten as z = AJ1/4(J:2/2) + BJ1/4(902/2).
It follows in turn that

y=at/?z = Ax1/2J1/4(x2/2) + Bx1/2J1/4(x2/2).

Exercise 76. Consider the equations

(A) y' + a2ty =0
(B) 2?2 + a4+ (2 —1)z=0
(C) #i3+#l+@?—%y:0

dt? dt
Note that (C) is just a Bessel equation.

(a) Show that if we put y = /22 then A is equivalent to B.
(b) Show that if we put ¢t = 23/3 then B is equivalent to C.
(¢) Hence give the general solution to A in terms of Bessel functions.

Solution: This is essentially the same as the previous exercise except that the numbers are different.
(a) If y = z'/22 then
y = ém_1/2z+x1/2 /
y" = _i =3/2, 4 o=1/2,0 4 o 1/2.0
Yy + y__7 =8/2, L o=1/2,0 4 L 1/2. 0 4 o 0/2,
=z 3/? (222" + 22’ + (2% — 1)z).

This makes it clear that A is equivalent to B.
(b) Now put t = 2%/3, so 2 = z2. This gives

dz_ (dt\TTdz o,
dt  \dz de

2z (dt\"' d (dz o oy
dt_<d9c) m(&)—x (@72)

= ( 20~ 32:/4-1‘ 2 ”)—x_4z"—2x_5z’

S0
d*z dz
2 2 1
£ g + (= )
6 3 6
1
:% (x4 —22752) + % 72 + % 7= 357

:;(2" 2x2 +3z2 +x z—iz):%(xQZ//‘FxZ + (2% = 1)2).

This makes it clear that C is equivalent to B.

(c) Equation C is the Bessel equation with n = 1/6, so the solutions are z = AJ, /6(t)+BY1/6(t), with
A and B constant. Here ¢ = x3/3, so this can be rewritten as z = AJ; 6(2*/3) + BJy /6(2*/3).
It follows in turn that

y=a/?z = Az1/2J1/6($3/3) + Bo:l/zjl/ﬁ(x?’/i%).
Exercise 77. Consider the Cauchy-Euler equation

d’R dR
2
— —4R=0.
T
Rewrite this in terms of the variable = In(r). Hence find the solution that satisfies R = 0 when r = 2
and R =1 when r = 4.
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Solution: Note that r = e, so r' = dr/dx = €* = r and dz/dr = r .
dR  dx dR
€L T_lRI

dr  dr dx
d’R d, _ de , _ _ _ _
Wzg(r 1R/):$(r 1R/)/=7” 1( 2/R/ 1R//>
— ’I“_l(—T_lR/ + T_lRN) _ T_Q(RH _ R/).
This gives
d’R dR
gt —AR=(R'—R)+ R —4R = R' 4R,

so the original equation is equivalent to R” = 4R, which has solutions R = Ae?* 4+ Be~2*. Here e* = r,
so the solution is R = Ar2 + Br—2. When r = 2 we have R = 44 + iB, but we want R = 0, so we must
have B = —16A and R = A(r? — 16r~2). Now when r = 4 we have R = A(16 — 16/16) = 154, but we
want R = 1, so we must have A = 1/15. Thus, the solution is R = (r? — 16/r%)/15.

Exercise 78. Suppose that y satisfies y”” + 2y = 0 (which is similar to the Airy equation ¢y’ — zy = 0,
except that the sign is different). Put ¢t = 22%/2 and @ = du/dt. Show that the function z = 2~1/2y
satisfies

itz + (2 —-12=0
(which is Bessel’s equation with n = 1/3).
Solution: First note that for any function u we have
, du dt du
YT dwodt
Note also that 2%/2 = 2¢, so z73/2 = %t_l. We thus have

Y= 2z
y = a2 4 L2
_x1/2( 1/2 2+ 1x_1/2z—x(z+ 1,-3/2, )
=x(i+ 5t 12)
Y= G+t ) ez + )
=i+ 3tz + 232 (2 + 2t 2y
=i+t 2+ 3t(E+ 3t 2 - 17%)
=343z - Lle =3 (P54 12— §2)
g +ay =3t (25t — L) + 22 = SN2 ts - L2) + Ste
=37 PE 4+ 2+ (P - 1))

The claim is clear from this.
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